
Total Variation BasedOversamplingof Noisy Images

François Malgouyres
�

Universityof CaliforniaLos Angeles,Dept.of Mathematics,
Box 951555,Los Angeles,CA 90095-1555

http://www.math.ucla.edu/˜malgouy/

Abstract. We proposea variationalmodelwhich permitsto simultaneouslyde-
blur andoversamplean image.Indeed,after somerecallson an existing varia-
tionalmodelfor imageoversampling,weshow how to modify it in orderto prop-
erly achieve our two goals.We discussthemodificationbothundera theoretical
point of view (theanalysisof thepreservation of somestructuralelements)and
thepracticalpointof view of experimentalresults.Wealsodescribethealgorithm
usedto computea solutionto this model.

1 Intr oduction

Thispaperdealswith avariationalmethodswhoseaimis to bothdeblurandoversample
animage.Moreprecisely, for

����� �
, noting �	� thetorusof size

�
(theperiodization

of 
 �� � 
 � ), we expectto recover an image � ��� ��� �	��� , from a data � ��� � ��� , such
that ����� �! "�$#�%&�'�(�*)+�-,.�0/213��� �
where # �4� �5� � � � , �*)+�-,.� �76 ��98:8;8;� �=<?>�@ � and 1 �A� � � � is a Gaussiannoise.Note
thatheretheconvolution is madebetweentwo functionsof � � . For commodity, in the
following, we will denoteby

� � � theperiodizationof
6 ��98:8;8:� �B<C>5@

.
A veryusefulframework for this kind of problemis theFourierdomain.We define

theFouriertransformof a function � �D� ��� �	�E� byF�HGI �3JI  K L I ���NM.�-O�QPSR �UT;V0W GYX[Z J-\-]I ^ M ^ O��
for �N_Q�-`� �baca � . ThediscreteFouriertransformof � ��� � � � is definedbyF��d � e  � Rgfh�H� ��ikj � �H� � P R �[T;V GYl.Z JUmI �
for �N_Q�-`� �+6S< � � / > �98:8;8:� � � @ � .n
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Using the Poissonformula (see[10], pp 29), we canexpressthe discreteFourier
transformof � in termsof thediscreteFouriertransformof 1 andtheFouriertransforms
of # , � . Thisgives F� d � eo hp � q*r a9a F#sGIut p � JIst q F�vGIut p � JI�t q / F1 d � es�
for any �*_Q�-`� �w6S< � � / > �(8;8;8:� � � @ . Therefore,weremarkthatif thefunction � satisfies,
for any �*_Q�U`� �b6x< � � / > �(8;8;8:� � � @ , �HGIut p � JIut q  y� , for zb{ |� or }s{ |� , this wouldbea
deblurringproblem.On theotherhand,if we do not take into accounttheblurring and
the noisebut try to extrapolatethe high frequencies,this is an interpolationproblem.
However, wedobelievethatthesetwo issuescannotbeseparatedandshouldbetreated
simultaneously. This is whatwewill proposein whatfollows.

Thereareonly a few paperswhich dealwith the possibility to simultaneouslyde-
blur andoversampleanimage.Althoughthereis anextensive literaturefor bothimage
deblurringandoversampling.Concerningimagedeblurring,thereadercanreferto [3]
for mostof the linearmethods,to [5, 12] for variationalones(respectively basedon a
regularizationwith theentropy andthetotal variation)andto [11, 8] for waveletpacket
basedmethods.Concerningoversampling,mostof thelinearmethodstendto compute
or approximatethe sinc-interpolation(see[14, 15]). Non-linearmethodsoften try to
adaptthe filter to the particularbehavior of the image(edge,smoothregion,...) (see
[2, 13]) or usea regularizationapproach[7, 8].

Thepaperis organizedasfollow , in Sect.2, wemakesomerecallson avariational
oversamplingmethodintroducedin [9]. Then,in Sect.3, we show how to adaptthis
modelin orderto take into accountthenoise 1 . We alsoshow that,with regardto the
analysisof the preservation of a family of structuralelements,this model hasto be
modified.We thenexplain the numericalschemewhich is usedto computea solution
of thismodel.Finally, in Sect.4,wepresentsomenumericalexperimentswhichconfirm
theimportanceof themodificationswe haveproposedin Sect.3.

2 Variational Oversamplingof NoiseFreeImages

All the resultsannouncedin this sectionare rigorously statedand proven in [9]. In
this paper, we studiedthepossibility to oversampleimagesby meanof a MaximumA
Posteriorimodel.More precisely, we studieda variationaloversamplingmethodbased
on the minimizationof the total variation.This methodconsistsin finding an image~ �D� ��� � � � which

minimizes
K L I4� � ~ � , among~ �D�C� � � � (1)

where,for any givendata� ��� � � � andany convolutionkernel # �A� ��� � � � , wedefine� � � �! �� ~ �A� � � � � �k�k���N)w�U,.� � � � � � � � �[#�% ~ �N)w�U,.�& ������ �g�	8
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Remarkthat,for simplicity, wenotethetotalvariation � L I � � ~ � insteadof � � ~ � � � � � .
We know that (1) hasa solutionas long as # is suchthat

�C� � � is not emptyand
all the elementsof

�?� � � have the samemean.We cannotguarantythe uniquenessof
this solution.However, we aresurethat two differentsolutionshave locally the same
level linesat locationswheretheselatterareproperlydefinedandthesolutionsare � f .
We alsoknow a discretizationof (1) which permitsto properlyapproximateoneof its
solutions.All thesemathematicalpropertiesguarantythisproblemto bewell posed.

However, a drawbackof this modelis that if # is too muchlocalizedin spacedo-
mainsomepointsarenot enoughconstrainedby thedatafidelity term.For instanceif#� �� (theDirac deltafunction),thepointsof � � � ����� aretheonly oneinvolvedin the
constraintin (1) and,since � � � �E�-� is of measurezeroin �	� , the solutionsof (1) are
constantfunctions1. Therefore,arisesthe questionof knowing whether # sufficiently
spreadtheconstraintover thewholedomainor not.

Wecangiveananswerto thatquestionby investigatingthepreservationof structural
elementsthatarethe“cylindrical functions”.Thesefunctionsarebasically1D functions
andwasfirst introducedto modelthe ability of an oversamplingmethodsto properly
restoreedges.They arerigorouslydefinedby

Definition 1. Let � ��� � � �
and �N�s�-�0� ��aca ��� 6 �N��[�S� @ . � is cylindrical along the

direction �$�&�U��� if and only if its Discrete Fourier Transform is supported by� ��z��U}�� �b6x< � � / > �98:8;8:� � � @ � ����z < ��}. |�k��8
Giventhis definition,we canstate

Proposition1. Let
�

be an integer, �$�&�U��� ��� � ��� 6 �N��[�S� @ , � �"� � � �
cylindrical

along the direction �N�s�-��� . For any kernel # ��� �S� �	��� , such thatF#�GI � JI � { y� , for �N_Q�-`� �+6S< � � / > �98:8;8:� � � @ � y� , otherwise,

(1) admits a solution cylindrical along the same direction �N�s�-�0� .
Remarkthat this propositioncanbe extendedto otherkinds of convex regularity

criterionsuchthatthereformulationof (1) with thisnew regularitycriterionhasasolu-
tion. However, theadvantageof thetotal variationis that it allows to reconstructsome
high frequenciesin a morecomplex mannerthanjust filling themwith � . The strong
andthin linesonFig. 1 representthespectrumof avariationaloversampling(by (1)) of
acylindrical function.Onceagain,thishasalreadybeendiscussedin [9] whereonecan
find lots of experimentson this property. Here,we interpretthepossibility to preserve
these1D structureasa criterion to decidewhethertheconstraintis sufficiently spread

1 Note that herewe cheata little sincewhen �¡ �¢ all the elementsof £b¤U¥ ¦ do not have the
samemeanandwe arethereforenot sureof theexistenceof a solution.Notealsothat this is
coherentwith thefactthatconstantfunctions(whicharethe“solutions”of (1) in thiscase)do,
a priori, notbelongto £ ¤U¥ ¦ .
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Fig.1. The strongline representsthe spectralsupportof a function cylindrical in the direction°N±³² ¬µ´
. The thin line representsthe supportof the spectrumof the oversamplingof this image

accordingto (1).

or not. Indeed,if it is not thecase,weobtainartifactssuchastheonepresentedonFig.
3 andFig. 4 where1 structuresarebroken.

Weareconsciousof thefactthattherecouldbemorepreciseconditionson # in order
to spreadtheconstraintover � � (indeed,we do not have any theoreticalargumentto
assertthattheconditiongivenin Proposition1 is necessaryor optimal).

3 Variation Oversamplingof Noisy Images

3.1 The Model

The modelof the precedingsectiondoesnot take into accountthe corruptionof the
imageby noise.This leadsus to introducea modelwherethe constraintis “weaker”
thanin (1). The following modelis very closeto the oneof Rudin-Osher-Fatemi(see
[12]) for thedeblurringissue.However, this time,wedotake into accountthesampling
andthealiasingasbeingpartof thedegradationprocess.Thismodificationhasalready
beenevokedbut not fully exploredin [8].
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Morepreciselyanadaptationof Rudin-Osher-Fatemimethodwhichwouldtakeinto
accountthesamplingprocesscouldbetheminimization,among2 ~ ��¶¡· � � � � ,K L I � � ~ � /2¸ � Rgfh�H� ��ikj � #u% ~ �N)w�U,.� < ����� � � � � (2)

for aparameteŗ�¹�� .
However, similarly to previously, a drawbackof this modelis that thedatafidelity

termmaynot besufficiently spreadover thewholetorus(it maybeconcentratedin the
vicinity of pointswith integercoordinates).We can,however, statea resultsimilar to
Proposition1 for this modelwhich suggeststo modify (2) in sucha way thatwe avoid
this artifact.

Proposition2. Let
�

be an integer, �$�&�U��� ��� � ��� 6 �N��[�S� @ , � �"� � � �
cylindrical

along the direction �N�s�-��� . For any kernel # ��� �S� � � � , such thatF#�GI � JI � { y� , for �N_Q�-`� �+6S< � � / > �98:8;8:� � � @ � y� , otherwise,

the minimization of (2) admits a solution cylindrical along the same direction �$�&�U��� .
Theproofof this propositionis verycloseto theoneof Proposition1 (see[8]).

Proposition2 suggeststo modify (2) andto minimizeK L I � � ~ � /2¸ � Rgfh�H� ��ikj �»º#u% ~ �N)w�U,.� < ����� � � � � (3)

where ¸ is a parameterand º# is definedbyF º#uGI � JI  � F#uGI �¼JI , if �N_Q�-`� �w6S< � � / > �98:8;8;� � � @ �� , otherwise.

In orderto understandtheconsequenceof this modification,we express,usingPoisson
formula,thedatafidelity termof (2) in frequency domain.We find that� Rgfh��� �5igj � #�% ~ �N)w�U,.� < � ��� � � �  � Rkfhd � eµigj

½½½½½½ hp � q¾r a¿a F#uGIut p � JIut q F~ GIut p � JIut q < F�Àd � e ½½½½½½ � 8 (4)

Therefore,any changein the repartitionof
F� d � e over � ~ GIut p �µJIut q � p � q¾r a¿a , suchthatÁ p � q*r a9a F#�GIut p �µJIut q F~ GIut p �3JIst q remainsunchanged,yields the samevaluesfor this

datafidelity term. Therefore,the minimizationof (2) may spread
F� d � e over theseco-

efficient. This yields, in spacedomain,a result which looks like a sumof functions
which arealmostDiracdeltafunctions.

On theotherhand,a formulasimilar to (4), for themodel(3), shows that the data
fidelity termdealsonly with low frequencies(theonein

6x< f� / f� �(8;8;8:� f� @ � ). Therefore,
we aresureto preserve themainstructuresof theimage.Theheuristicof this modelis
to considerthealiasingasanoise.

2 Onecanrefer to [6] for a definition of Â�Ã ° Ä § ´ . It canheuristicallybe understoodas the
spaceof thefunctionsÅ?Æ«Ç ¨ ° Ä § ´ , suchthat È É I4Ê Ë Å Ê�Ì+Í .
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3.2 Numerical Implementation

In Sect.4, we presentsomeimageswhich aresolutionsof (2) and(3). Thesesolutions
arecomputedusingthesameandmoregeneralalgorithm:onewhichminimizes(2) for
anarbitrarykernel # . Let usdescribethis algorithm.

Thefirst issuein orderto minimize (2) is to discretizeit. Therefore,we have only
consideredoversamplingof level Î ¹ �

. This meansthat in practicethe result is
simply an arrayof size Î �ÐÏ Î � . Moreover, we have discretize � ~ by a simple
finite differenceschemeanddefinedthepartialderivativesÑ!Ò ~ ��� �« ~ � t f � � < ~ ��� � and

Ñ!Ó ~ ��� �Ô ~ ��� � t f < ~ �H� �E8
Moreover, in order to have a properdescentdirection,we have replacedthe total

variationby Õ � RkfhT � ÖUikjb× � � /|� Ñ Ò ~ ��� �Ø� � /�� Ñ Ó ~ �H� �� � �
for � ��� �

. We call Ù�Ú the sumof this term andof the datafidelity term.Note that,
in practice,we let � decreaseto � during the iterationprocess.Theseideasarenow
classicalandarealreadydiscussedin [1, 4].

As we saidpreviously, themain differencewith the usualminimizationof Rudin-
Osher-Fatemifunctionalis that thedatafidelity termnow takesinto accountthe sam-
pling process.Thecomputationof thedatafidelity termandof its gradientarein this
casesimplerin Fourierdomain.Therefore,we expressit by anadaptationof (4).

Moreprecisely, (4) becomesnow� Rkfh��� �5ikj � #u% ~ �*)+�-,.� < � ��� � � �  � Rgfhd � eµigj
½½½½½½
Õ Rgfhp � qÛikj F#(d t p � � e t q � F~ d t p � � e t q � < F��d � e

½½½½½½ � �
wherethehatsdenoteeitherthediscreteFouriertransformof asignalof size

�ÜÏÝ�
orÎ ��Ï Î � .

Therefore,a simplecomputationpermitsto find that the Fourier transformof the
gradientof this termis, at thefrequency �*_v/2z � �-`E/2} � � , for �*_Q�-`� �w6 �Ø�(8;8:8;� �Ü<2>�@
and �$z��[}$� �+6 �Ø�(8;8:8;�UÎ <C>5@

,�sÞ F#µd t p � � e t q �Üßà
Õ Rgfhp3á � q á igj F#9d t p á � � e t q á � F~ d t p á � � e t q á � < F�Àd � eãâä

wherethebardenotesthecomplex conjugate.

Finally, thediscretizationof thefunctional(2) is minimizedwith agradientdescent
algorithm with an optimal step.More precisely, we start from the zero-padding(or
sinc interpolation,see[15]) oversamplingof the blurredimageandcall it � j . To get� Ö t f from � Ö , for å �4� � , thegradientof thefunctionalat � Ö , � Ù�Ú.�*� Ö � , is calculated,
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asexplainedabove, at eachstepof the algorithm.Thenthe optimal amplitudeof the
variationof theimagein thedirection

< � Ù�Ú.�N� Ö � is estimatedby theresolutionofæ!ç;è�[é j Ù Ú �N� Ö < # � Ù Ú �*� Ö �-�
usingadichotomymethod.Oncetheoptimalamplitude# j is calculated,we let� Ö t f  �� Ö < # j � Ù Ú �*� Ö ��8
We theniteratethis process.

Note that in orderto increasethe speedof this algorithm,we canstartfrom a de-
blurredversionof � j , insteadof � j . Moreover, it is betterto startwith a large � andto
let it decreaseto � .
4 Experiments

All theimagespresentedherecomefrom manipulations(degradationsandreconstruc-
tions) of the imagedisplayedon Fig. 2. Moreover, for simplicity of display, all the
experimentsdealwith downsamplingandoversamplingof factor

�
.

PSfragreplacements

Fig.2. Referenceimage.This is theimageusedin all theexperimentsof Section4.
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4.1 The NoiseFreeCase

We presentin this sectionsomeexperimentswhich show to evidencetherelevanceof
our interpretationof Proposition2 whenthereis no noise.Remarkthat in sucha case,
thechoiceof theparameteŗ in (2) and(3) is arbitraryaslongas ¸ is sufficiently large
andthesampledimagedoesnot containtoo muchaliasing.

PSfragreplacements

Fig.3. Up-Left: the initial image.Up-Right: thedownsamplingof the initial imagewith �E �¢ .
Down-Left: oversamplingby minimizing (2). Down-Right:oversamplingby minimizing (3).

OnFig. 3, we displaysomeextractedpartof

– Up-Left: thereferenceimage.
– Up-Right: the downsampledimage(with #� ê� ) of the referenceimage(without

noise).
– Down-Left: anoversamplingof thedownsampledimageby meanof (2),with #� |�

and ¸� > � . Sincein (2) we took #Ô ë� , we clearlyseeon this imagethe points
of thegrid whichareconstrained.Notethatthisdrawbackis still presentfor all the
valuesof ¸ we havetested.

– Down-Right: an oversamplingof the downsampledimageby meanof (3), with¸" > � . Note that the points which were visible on the previous imageare no
longerpresenton this image.

OnFig. 4, we display

– Up-Left: thereferenceimage.
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PSfragreplacements

Fig.4. Up-Left: the initial image.Up-Right: the downsamplingof the initial imagewith �D ¬¿ì í î�ï� ¥ ï�(ð � . Down-Left: oversamplingby minimizing (2). Down-Right: oversamplingby mini-
mizing (3).

– Up-Right: the downsampledimage(with #� >xñ ò R ï� � ï�(ó � ) of the referenceimage
(withoutnoise).

– Down-Left: anoversamplingof thedownsampledimageby meanof (2), with #o >Sñ ò R ï� � ï�µó � and ¸ô > � . The texture is distorted.Note that the only way to avoid
this distortionis to remove thetexture.We experimentallyfind that this occursfor¸Aõ �8 > .

– Down-Right:anoversamplingof thedownsampledimageby meanof (3),with ¸ö > � . This time thetexture is preserved.This illustratesthe interestof Proposition2
andof themodificationintroducedin (3).

This latterexperimentshows thatevenwhenthesequence��#u% ~ �*)+�-,.�U�3÷ �H� ��øYr5ù ú � I de-

pendson all the values3 of ~ �*M��-O� , the modificationsuggestedby Proposition2 still
permitsto improvethemethod.

4.2 The NoisyCase

Let usnow investigatethepossibilityto removeanoisewhile oversamplinganddeblur-
ring theimage.

3 Moreprecisely, theredoesnotexist any openset û suchthat,for any arbitrarymodificationofÅ on û ,
° ��ü0Å °¾ýþ²�ÿ ´c´�� � ¥ �����	� 
 � I remainsunchanged
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Fig.5. Up-Left: the initial image.Up-Right: the downsamplingof the initial imagewith �D ¬¿ì í î�ï� ¥ ï�(ð � plusaGaussiannoiseof standarddeviation � . Down-Left: oversamplingbyminimizing
(2). Down-Right:oversamplingby minimizing (3).

In orderto testouralgorithm,wedo thesameexperimentasfor thecreationof Fig.
4 (theonewith #� > ñ ò R ï� � ï�(ó � ) exceptthatweaddaGaussiannoiseof standarddeviation�
. We displaythe resultsof this experimenton Fig. 5. For both reconstructedimages

theparameteŗ is fixedin suchaway thattheamountof remainingnoiseis reasonable
in anhomogeneousregion(seeFig. 6 wherea largerpartof thereconstructionby mean
of (3) is displayed).We take ¸þ ��8� for theoversamplingby meanof (2) and ¸þ ��8 �
for theonewhichuses(3). Notethatthefactthatfor acomparableamountof noisewe
needasmalleŗ with model(3) is notsurprising,sincethedatafidelity termof (3) does
moreconstrainthe imagethanthe oneof (2). The main commenton theseimagesis
that,despitethenoise,our interpretationof Proposition2 still makessense.

We alsocompareour resultsto theoneobtainedby a simplecombinationof linear
algorithms.Onceagain,wecomparethemfor thedownsamplingof theimagedisplayed
on Fig. 2 with #« > ñ ò R ï� � ï�µó � anda Gaussiannoiseof standarddeviation

�
. Therefore,

we displayon Fig. 6, on left, an oversamplingobtainedby composinga wienerfilter
(see[3]) appliedto thesampledimage,to debluranddenoiseit, andasinc-interpolation
(see[15]), in orderto oversampleit (Up: theresult,Down: its spectrum).Wetriedto fix
theparameterof thewienerfilter (theassumedstandarddeviationof thenoise)in order
to havethesameamountof noiseon this imageason theoversamplingby meanof (3).
However, it is notpossibleto find suchavaluefor theparameterwithoutremovingmost
of theinformationscontainedin theimage.Therefore,theleft imagesdisplayedonFig.
6 correspondto a valueof �4 � � andstill containa significantamountof noise.
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Fig.6. Left: oversamplingwith a linearfilter (wienerfilter + sinc-interpolation)(Up: the image,
Down: its spectrum).Right:oversamplingby meanof (3) (Up: theimage,Down: its spectrum).

Theimagesontheright handsideof Fig.6 correspondto theresultandits spectrum
whenminimizing (3) for a parameteŗ+ �Ø8 � . We clearlyseeherethat (3) permitsto
obtaina resultwhich containslessnoiseandis sharperthanwith thepreviousmethod.
This is alsovisible on thespectrumof theseimages.In thefirst case,we just fill in the
highfrequencieswith zeroandwith (3),werebuild arealisticspectrumoutof theinitial
spectraldomain.
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