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Abstract. We proposea variationalmodelwhich permitsto simultaneouslyde-
blur and oversamplean image.Indeed,after somerecallson an existing varia-
tionalmodelfor imageoversamplingwe shav how to modify it in orderto prop-
erly achieve our two goals.We discusshe modificationboth undera theoretical
point of view (the analysisof the preseration of somestructuralelementsjand
thepracticalpointof view of experimentatesults We alsodescribehealgorithm
usedto computea solutionto this model.

1 Intr oduction

This paperdealswith avariationalmethodsvhoseaimis to bothdeblurandoversample

animage.More preciselyfor N € IN, noting T ,y thetorusof size N (theperiodization
b 2

of [0, N[?), we expectto recover animagev € L*(Ty), from adatau € RY ", such

that

Um,n = (s *xv)(m,n) + by

wheres € L2(Tn), (m,n) € {0, .., N —1}2 andb € R™ is aGaussiamoise.Note
thatherethe convolutionis madebetweertwo functionsof T x. For commodity in the
following, we will denoteby IN - the periodizationof {0, ..., N — 1}.

A very usefulframework for this kind of problemis the Fourierdomain.We define
the Fouriertransformof afunctionv € L2(Ty) by

(Ez+ny)

= [ vtmy)e R dudy,
TN

’ﬁi n
N'N
for (¢,n) € ZZ*. ThediscreteFouriertransformof u € RY is definedby

gl gmt
~ _ — Qi SmTnn
g = Y Umne TN

m,n=0

for (&,n) € (-5 +1,...., F}2
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Using the Poissonformula (see[10], pp 29), we can expressthe discreteFourier
transformof u in termsof thediscrete~ouriertransformof b andthe Fouriertransforms
of s, v. Thisgives

Ugn = SL ik, 241V E 4k, 2+ +ben

forary (§,n) € {—% +1,.., %}. Thereforewe remarkthatif thefunctionwv satisfies,
forary (§,7) € {~5 +1,... §},ve 14 n,, = 0,fork # 0orl #0, thiswould bea
deblurringproblem.Onthe otherhaﬁ]d,if we do not take into accounthe blurring and
the noisebut try to extrapolatethe high frequenciesthis is an interpolationproblem.
However, we do believe thatthesetwo issuescannotbe separatedndshouldbetreated
simultaneouslyThisis whatwe will proposen whatfollows.

Thereareonly afew paperswhich dealwith the possibility to simultaneouslyde-
blur andoversampleanimage.Althoughthereis anextensie literaturefor bothimage
deblurringandoversamplingConcerningmagedeblurring,thereadercanreferto [3]
for mostof thelinearmethodsto [5, 12] for variationalones(respectiely basedon a
regularizationwith theentropy andthetotal variation)andto [11, 8] for waveletpaclet
basedmethodsConcerningoversamplingmostof the linearmethodsendto compute
or approximatethe sinc-interpolation(see[14, 15]). Non-linearmethodsoften try to
adaptthe filter to the particularbehaior of the image (edge,smoothregion,...) (see
[2, 13]) or usearegularizationapproacti7, 8].

Thepaperis organizedasfollow , in Sect.2, we make somerecallson avariational
oversamplingmethodintroducedin [9]. Then,in Sect.3, we shav how to adaptthis
modelin orderto take into accountthe noiseb. We alsoshaw that, with regardto the
analysisof the preseration of a family of structuralelementsthis model hasto be
modified. We thenexplain the numericalschemewhich is usedto computea solution
of thismodel.Finally, in Sect4, we presensomenumericalexperimentswvhich confirm
theimportanceof the modificationswve have proposedn Sect.3.

2 Variational Oversampling of NoiseFreelmages

All the resultsannouncedn this sectionare rigorously statedand provenin [9]. In
this paper we studiedthe possibility to oversamplémagesby meanof a MaximumA
Posteriorimodel.More precisely we studieda variationaloversamplingmethodbased
on the minimization of the total variation. This methodconsistsin finding an image
w € L? (Tn) which

minimizes/ |[Vw|, amongw € W, , (1)
Tn

where for ary givendatau € RY andary corvolutionkernels € L? (Ty), wedefine

Weu ={w € L* (Tn), V(m,n) € (Nn)?, 5 xw(m,n) = tmn} -
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Remarkthat,for simplicity, we notethetotalvariationfTN |Vw| insteaddf | Dw|(Tw).
We know that (1) hasa solutionaslong ass is suchthat W; ,, is not emptyand
all the elementsof W; ,, have the samemean.We cannotguarantythe uniquenes®f
this solution. However, we are surethattwo differentsolutionshave locally the same
level linesatlocationswheretheseatterareproperlydefinedandthe solutionsare C*.
We alsoknow a discretizatiorof (1) which permitsto properlyapproximateoneof its
solutions All thesemathematicapropertiegguarantythis problemto bewell posed.

However, a drawbackof this modelis thatif s is too muchlocalizedin spacedo-
main somepointsarenot enoughconstrainedy the datafidelity term. For instancef
s = § (the Dirac deltafunction), the pointsof (IN )2 arethe only oneinvolvedin the
constraintin (1) and,since(IN y)? is of measurezeroin T, the solutionsof (1) are
constantfunctions. Therefore arisesthe questionof knowing whethers suficiently
spreadhe constraintover thewhole domainor not.

We cangiveanansweto thatquestiorby investigatinghepresenationof structural
elementghatarethe“cylindrical functions”. ThesefunctionsarebasicallylD functions
andwasfirst introducedto modelthe ability of an oversamplingmethodsto properly
restoreedgesThey arerigorouslydefinedby

Definition 1. Let uw € RN and (o, B) € Z* \ {(0,0)}. u is cylindrical along the
direction (a, 8) if and only if its Discrete Fourier Transformis supported by

N N _.
{(k,l) € {_5 +1,..., 5}2, Bk —al = 0} .
Giventhis definition,we canstate

Proposition1. Let N be an integer, (o, 3) € R? \ {(0,0)}, u € RN cylindrical
along the direction (a, 3). For any kernel s € L?(Ty), such that

L {F0for () e{-F+1,., 7}
~ '~ | =0, otherwise,

(1) admits a solution cylindrical along the same direction («, 3).

Remarkthat this propositioncan be extendedto otherkinds of convex regularity
criterionsuchthatthereformulationof (1) with this new regularity criterionhasa solu-
tion. However, the advantageof the total variationis thatit allows to reconstrucsome
high frequenciesn a more complex mannerthanjust filling themwith 0. The strong
andthin lineson Fig. 1 representhe spectrunof avariationaloversamplingby (1)) of
acylindrical function.Onceagain,this hasalreadybeendiscussedh [9] whereonecan
find lots of experimentson this property Here,we interpretthe possibility to presere
theselD structureasa criterionto decidewhetherthe constraintis sufficiently spread

! Note that herewe cheata little sincewhens = § all the elementsof W, do not have the
samemeanandwe arethereforenot sureof the existenceof a solution.Note alsothatthisis
coherenwith thefactthatconstanfunctions(which arethe“solutions” of (1) in this case)o,
apriori, notbelongto W .
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Fig. 1. The strongline representshe spectralsupportof a function cylindrical in the direction
(2,1). The thin line representshe supportof the spectrumof the oversamplingof this image
accordingo (1).

or not. Indeed|f it is notthe casewe obtainartifactssuchastheonepresentean Fig.
3 andFig. 4 wherel structuresarebroken.

Weareconsciou®f thefactthattherecouldbemorepreciseconditionson s in order
to spreadthe constraintover Ty (indeed,we do not have ary theoreticalargumentto
asserthattheconditiongivenin Propositionl is necessargr optimal).

3 Variation Oversampling of Noisy Images

3.1 The Model

The model of the precedingsectiondoesnot take into accountthe corruptionof the
imageby noise.This leadsus to introducea modelwherethe constraintis “weaker”

thanin (1). Thefollowing modelis very closeto the one of Rudin-OshetFatemi(see
[12]) for thedeblurringissue However, thistime, we do take into accounthe sampling
andthealiasingasbeingpartof thedegradationprocessThis modificationhasalready
beenevokedbut not fully exploredin [8].
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More preciselyanadaptatiorof Rudin-OsheiFatemimethodwhichwouldtake into
accounthe samplingprocessouldbe the minimization,among w € BV (Tx),
N-1
/ [Vw| + A Z |s % w(m,n) — wmn|*, 2
Ty m,n=0
for aparameten > 0.

However, similarly to previously, a drawvbackof this modelis that the datafidelity
termmay not be sufficiently spreadoverthewholetorus(it maybe concentratedh the
vicinity of pointswith integer coordinates)We can,however, statea resultsimilar to
Propositionl for this modelwhich suggest$o modify (2) in suchaway thatwe avoid
this artifact.

Proposition2. Let N be an integer, (o, 8) € R2 \ {(0,0)}, v € RN cylindrical
along the direction («, 3). For any kernel s € L?(T ), such that

. £0, for (5,@)6{—%+1,...,§ 2
~w~ | =0, otherwise,

the minimization of (2) admits a solution cylindrical along the same direction (a, 3).

The proof of this propositionis very closeto the oneof Propositionl (se€[8]).
Proposition2 suggestso modify (2) andto minimize

N-1

/ [Vw| + A Z |5 w(m,n) — umnl?, (3)
TN

m,n=0

where) is aparameteands is definedby
(8 a it (g e{-F+1,. T}
fF =

£ n
N°'N

0 , otherwise.

(Vo3

In orderto understandhe consequencef this modification,we expressusingPoisson
formula, the datafidelity termof (2) in frequeng domain.We find that

N-1 N-1
2 5 . N
2 s * w(m, n) — tum,n|” = Z SEtk, 2 HWE vk, B4 — Yem| - (4)
m,n=0 &n=0 |k 1c 27

Therefore,ary changein the repartitionof 4. , over (w%H,%H)MEZ, suchthat
Zk’lez §§+k,%+lw%+k,%+l remainsunchangedyields the samevaluesfor this
datafidelity term. Therefore the minimizationof (2) may spreadiy,, over theseco-
efficient. This yields, in spacedomain,a resultwhich looks like a sumof functions
which arealmostDirac deltafunctions.

On the otherhand,a formula similar to (4), for the model(3), shows thatthe data
fidelity termdealsonly with low frequenciegtheonein {—% + %, - %}2). Therefore,
we aresureto presere the main structureof theimage.The heuristicof this modelis
to considerthe aliasingasanoise.

2 One canrefer to [6] for a definition of BV (Tx). It canheuristicallybe understoodas the
spaceof thefunctionsw € L*(Tx), suchthathN [Vuw| < oo.
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3.2 Numerical Implementation

In Sect.4, we presensomeimageswhich aresolutionsof (2) and(3). Thesesolutions
arecomputedusingthe sameandmoregeneraklgorithm:onewhich minimizes(2) for
anarbitrarykernels. Let usdescribehis algorithm.

Thefirst issuein orderto minimize (2) is to discretizeit. Therefore we have only
consideredoversamplingof level K = 2. This meansthat in practicethe resultis
simply an array of size KN x KN. Moreover, we have discretizeVw by a simple
finite differenceschemenddefinedthe partialderivatives

Axwm,n = Wm+1,n — Wm,n andAywm,n = Wm,n+1 — Wm,n -

Moreover, in orderto have a properdescentdirection,we have replacedthe total
variationby

KN-1

Z \/’82 + (A:cwm,n)2 + (Aywm,n)2 )

3,j=0

for 3 € R. We call Eg the sumof this term andof the datafidelity term. Note that,
in practice,we let 8 decreasdo 0 during the iteration process.Theseideasare now
classicalandarealreadydiscussedn [1, 4].

As we saidpreviously, the main differencewith the usualminimizationof Rudin-
OsherFatemifunctionalis thatthe datafidelity term now takesinto accountthe sam-
pling processThe computationof the datafidelity term andof its gradientarein this
casesimplerin Fourierdomain.Thereforewe expresst by anadaptatiorof (4).

More precisely (4) becomesiow

2

N-1 N-1 |K-1
2 ~ A ~
E s xw(m,n) —umn|” = E , E , SE4kNpHNWELEN p+IN — Ug,n|
m,n=0 £,n=0 |k,l=0

wherethe hatsdenoteeitherthediscreteFouriertransformof a signalof size N x N or
KN x KN.

Therefore,a simple computationpermitsto find that the Fourier transformof the
gradientof thistermis, atthefrequeng (£ + kN,n + IN), for (¢,7) € {0,..., N — 1}
and(k,!l) € {0,...,K — 1},

K—-1

2 8¢ 4 kN, +IN E 8¢+k' N+l NWe+ k' N g+ N — Ug
B =0

wherethe bardenotegshe complex conjugate.

Finally, thediscretizatiorof thefunctional(2) is minimizedwith a gradientdescent
algorithm with an optimal step. More precisely we start from the zero-padding(or
sinc interpolation,see[15]) oversamplingof the blurredimageandcall it «°. To get
uwitt fromwu?, for j € IN, thegradientof the functionalatu’, V Eg(u?), is calculated,
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asexplainedabove, at eachstepof the algorithm. Thenthe optimal amplitudeof the
variationof theimagein thedirection—V Eg(u?) is estimatedy the resolutionof

min By(wl — 5 VE(u))

usingadichotomymethod.Oncethe optimalamplitudes, is calculatedye let
't =l — 59 VEg(u?).

We theniteratethis process.

Notethatin orderto increasethe speedof this algorithm,we canstartfrom a de-
blurredversionof u?, insteadof «°. Moreover, it is betterto startwith alarge 8 andto
letit decreaséo 0.

4 Experiments

All theimagespresentedierecomefrom manipulationgdegradationsandreconstruc-
tions) of the imagedisplayedon Fig. 2. Moreover, for simplicity of display all the
experimentdealwith downsamplingandoversamplingof factor2.

PSfragreplacemen

Fig. 2. Referencémage.Thisis theimageusedin all the experimentsof Sectior4.
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4.1 The NoiseFreeCase

We presentin this sectionsomeexperimentswhich shav to evidencethe relevanceof

our interpretatiorof Proposition2 whenthereis no noise.Remarkthatin sucha case,
thechoiceof the paramete in (2) and(3) is arbitraryaslong as\ is sufficiently large
andthe sampledmagedoesnot containtoo muchaliasing.

PSfragreplacemen

Fig. 3. Up-Left: theinitial image.Up-Right: the dovnsamplingof the initial imagewith s = 4.
Down-Left: oversamplingoy minimizing (2). Down-Right: oversamplingoy minimizing (3).

OnFig. 3, we displaysomeextractedpart of

— Up-Left: thereferencémage.

— Up-Right: the downsampledmage(with s = §) of the referenceémage (without
noise).

— Down-Left: anoversamplingf thedownsampledmageby meanof (2), with s = ¢
and X = 10. Sincein (2) we took s = 4, we clearly seeon this imagethe points
of thegrid which areconstrainedNotethatthis dravbackis still presenfor all the
valuesof A we have tested.

— Down-Right: an oversamplingof the downsampledmage by meanof (3), with
A = 10. Note that the points which were visible on the previous imageare no
longerpresenbnthisimage.

OnFig. 4, wedisplay

— Up-Left: thereferencémage.



Total VariationBasedOversampling 9

PSfragreplacemeniSi

Fig. 4. Up-Left: the initial image.Up-Right: the dovnsamplingof the initial imagewith s =
1‘[_%,%12. Down-Left: oversamplingby minimizing (2). Down-Right: oversamplingby mini-
mizing (3).

— Up-Right: the downsampledmage (with s = 1
(without noise).

— Down-Left: anoversamplingof the downsampledmageby meanof (2), with s =
L1 1pe and A = 10. The texture is distorted.Note that the only way to avoid
this distortionis to remove the texture. We experimentallyfind thatthis occursfor
AS0.1.

— Down-Right:anoversamplingf thedownsampledmageby meanof (3), with A =
10. This time the textureis presered. This illustratesthe interestof Proposition2
andof the modificationintroducedn (3).

12) of the referenceimage

11
313

This latterexperimentshavs thatevenwhenthe sequencés * w(m, n))(m,n)EIN?v de-

pendson all the values of w(z, y), the modificationsuggestedy Proposition2 still
permitsto improve the method.

4.2 The Noisy Case

Let usnow investigatehe possibilityto remove anoisewhile oversamplinganddeblur
ring theimage.

% More preciselytheredoesnotexist any opensets2 suchthat,for ary arbitrarymodificationof
won {2, (s*w(m, "))(m,n)emg, remainsunchanged



10 Franois Malgouyres

|
PSfragreplacemen

Fig. 5. Up-Left: the initial image.Up-Right: the dovnsamplingof the initial imagewith s =
1‘[_%,%12 plusaGaussiamoiseof standaraleviation 3. Down-Left: oversamplindy minimizing
(2). Down-Right: oversamplingoy minimizing (3).

In orderto testour algorithm,we do the sameexperimentasfor thecreationof Fig.
4 (theonewith s = 1;;_1 1,.) exceptthatwe addaGaussiamoiseof standardieviation
3. We displaythe resultsof this experimenton Fig. 5. For both reconstructedmages
theparameten is fixedin suchaway thatthe amountof remainingnoiseis reasonable
in anhomogeneousgion (seeFig. 6 wherealargerpartof thereconstructiorby mean
of (3) is displayed) We take A = 0.5 for the oversamplingoy meanof (2) and\ = 0.3
for the onewhich uses(3). Note thatthefactthatfor acomparablemountof noisewe
needasmallerA with model(3) is not surprising sincethe datafidelity termof (3) does
more constrainthe imagethanthe one of (2). The main commenton theseimagesis
that,despitethe noise,our interpretatiorof Proposition2 still makessense.

We alsocompareour resultsto the oneobtainedby a simplecombinationof linear
algorithms. Onceagain,we comparghemfor thedownsamplingof theimagedisplayed
onFig. 2 with s = 1|[_%,%]2 anda Gaussiamoiseof standarddeviation 3. Therefore,
we displayon Fig. 6, on left, an oversamplingobtainedby composinga wienerfilter
(se€3]) appliedto thesampledmage to debluranddenoisét, andasinc-interpolation
(se€[15]), in orderto oversamplat (Up: theresult,Down: its spectrum)We tried to fix
theparametepf thewienerfilter (theassumedtandardleviation of the noise)in order
to have the sameamountof noiseon thisimageason the oversamplingoy meanof (3).
However, it is notpossibleto find suchavaluefor the parametewithoutremaoving most
of theinformationscontainedn theimage.Thereforetheleft imagesdisplayedon Fig.
6 correspondo avalueof ¢ = 20 andstill containa significantamountof noise.
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PSfragreplacemen

Fig. 6. Left: oversamplingwith alinearfilter (wienerfilter + sinc-interpolationYUp: theimage,
Down: its spectrum)Right: oversamplingoy meanof (3) (Up: theimage,Down: its spectrum).

Theimagesontheright handsideof Fig. 6 correspondo theresultandits spectrum
whenminimizing (3) for a parametet\ = 0.3. We clearly seeherethat (3) permitsto
obtainaresultwhich containdessnoiseandis sharpeithanwith the previous method.
This is alsovisible on the spectrunof theseimages In thefirst casewe justfill in the
highfrequenciesvith zeroandwith (3), we retuild arealisticspectrunout of theinitial
spectradomain.
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