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I. Two examples of adaptive MCMC samplers

@ an Adaptive MCMC algorithm
@ an Interacting MCMC algorithm
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EXampIe 1 The Adaptlve MetrOpOIIS [HAARIO ET AL. (1999)]

Consider the Metropolis-Hastings algorithm
(] W|th tal’get denSIty 7T on X X C ]Rd,density w.r.t. the Lebesgue measure

e with Gaussian proposal qy(z,y) = Ny(x,0)[y]

— How to choose the design parameter 6 ?
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EXampIe 1 The Adaptlve MetrOpOhS [HAARIO ET AL. (1999)]

Consider the Metropolis-Hastings algorithm
(] W|th tal’get denSIty 7T on X X C ]Rd. density w.r.t. the Lebesgue measure

e with Gaussian proposal qy(z,y) = Ny(x,0)[y]
— How to choose the design parameter 6 7

Ans: covariance matrix of 7 up toa scalar, [Roszrrs 57 ar. (1997)] iteratively estimated

by the empirical covariance matrix or a robust estimator

0n+1 = Len + !

I p— {(Xn+1 — pint1)(Xnt1 = pint1)” +5 Idd}

1
Hn+1 = pn + m(xn-rl — Hn)
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This yields the adaptive Metropolis algorithm: iteratively

] d raw XTL+1 ~ Pen (Xn, ') transition kernel of a HM algo with Gaussian proposal with covariance

matrix o< Oy,

@ update the parameter 6,41, based on 6,, and X1.,,4+1
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This yields the adaptive Metropolis algorithm: iteratively

] d raw XTL+1 ~ Pen (X’I’L7 ') transition kernel of a HM algo with Gaussian proposal with covariance

matrix o< Oy,

@ update the parameter 0,11, based on 0,, and X7.,,11

In this example
o wh=m~x i.e. same invariant distribution

@ 6, € © where O is a finite dimensional parameter space.
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Example 2: The Equi-Energy sampler (simplified) wo s e

— For the simulation of multi-modal density 7.
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Let
@ a transition kernel P such that 7P = 7.
@ a probability of swap: € € (0,1)
@ an auxiliary process {Y,,,n > 0} that “targets’ the tempered density

wi-8 (B € (0,1))
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Let
@ a transition kernel P such that 7P = 7.
@ a probability of swap: € € (0,1)
@ an auxiliary process {Y,,,n > 0} that “targets’ the tempered density

nl=ph (8 € (0,1))

Define iteratively the process of interest {X,,,n > 0}
@ with probability (1 —¢): draw X, 41 ~ P(X,, )
@ with probability e: draw at random Y through the past values Yj.,

and accept or not Y as the new value, with an acceptation-rejection

algorithm.
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The Equi-Energy sampler (simplified)

Let
@ a transition kernel P such that 7P = 7.
@ a probability of swap: € € (0,1)
@ an auxiliary process {Y,,,n > 0} that “targets’ the tempered density

nl=ph (8 € (0,1))

Define iteratively the process of interest {X,,,n > 0}
@ with probability (1 —¢): draw X, 41 ~ P(X,, )
@ with probability e: draw at random Y through the past values Yj.,

and accept or not Y as the new value, with an acceptation-rejection

algorithm. (simplified EE)
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This yields the (simplified) Equi-Energy sampler: X,,11 ~ Py, (X, )

n

1
h n _—75 Y,
where Oni1 TESP Oy

Py, A) = (1 — ) P(x, A) + ¢ { [ atewitan + 14 [0 ata, y))@(dy)}

and a(, ) defined such that 7 Pp = 7 where 65 = limy, 0y, oc 7175
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This yields the (simplified) Equi-Energy sampler: X,,11 ~ Py, (X, )

n

1
h 1 = ——— 0
where On+1 ""'IkZ:on

Py(z,A)=(1—€)P(z,A) +¢ {/A a(z,y)0(dy) + La(z) /(1 — oz, y))9(dy)}

and o (x, ) defined such that = Py = 7 where 05 = limy, 6y, o xl1=8

In this example
o myPy=my i.e. invariant distributions depending upon 6

@ 6, € © where O is an infinite dimensional parameter space.
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Conclusion

Let a family of transition kernels on X, {Py,0 € ©}.
Consider a X x ©-valued process {(X,,0,),n > 0} such that

@ it is adapted to a filtration F,,.

o P(Xpi1 € A|F,) = Py, (Xn, A)

— What kind of conditions on the adaption mecanism {6,,,n > 0} and
on the transition kernels { Py, 0 € ©} imply that there exists a
distribution 7 such that

@ convergence of the marginals: E[f(X,)] — 7(f) f bounded
o law of large numbers: n=1 37, f(X%) 2 7 (f) J unbounded
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Convergence of the marginals for adaptive MCMC samplers

I1. Convergence of the marginals for adaptive MCMC samplers

For a bounded function f,

E[f(Xn)] = 7(f) =0

Even in the case the kernels Py have the same invariant distribution, it is NOT
true that ergodicity holds since the kernels are chosen at random. Conditions

on the adaptation mecanism are required



Convergence of Adaptive and Interacting MCMC algorithms
Convergence of the marginals for adaptive MCMC samplers
Sketch of the proof

Sketch of the proof

We write

E[f(X0)] = 7(f) = E [J(Xa) = By [ (Xn-w)]

+E [P f(Xaon) = 70, ()] +E [0,y (1)) = 7(f)
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Sketch of the proof
We write

E[f(Xa)] = 7(f) = E[£(Xa) = P_y f(Xan)]
+E [P (Xnmw) = T, (D] +E [0,y (5] = 7(/)

< [A] condition on the ergodicity of the transition kernels

“Usually”, the transition kernels {Py,0 € ©} are geometrically ergodic :

sup |B' f(x) = mo ()] < Co pyf V(2) po € (0,1)
FIfI<1
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Sketch of the proof
We write

E[f(Xn)] = 7(f) = E [f(Xa) = By F(Xnon)]
+ B[Py f(Xaon) = 7o, (D] +E [ma,_y (£)] = 7(1)

— [B] condition on the adaptation mecanism since
[E [0 = P f(Xan)]|

N-1
< Z (N —Jj)E [SUP ”P"n—NH (@) = Po,_nyjoa (2, ')”Tv
j=1 v
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Sketch of the proof

We write

E[f(Xa)] = 7(f) = B[ £(Xa) = B}l f(Xa-n)]

+E [Py f(Xnn) =0,y (D] +E [m0,_ (£)] = 7($)

< [C] when 7y # 7, condition on the convergence of {my, ,n > 0} to 7
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Sketch of the proof

We write

E[f(Xa)] = n(f) = [F(Xa) = B F(Xumri)]

+E [PGT“L) F(Xn—r) = 0, _,) (f)] +E [m’n—r(m (f)] —(f)

n—r(n)

The conditions can be weakened by replacing N by 7(n). This allows to
consider situations when the transition kernels are not simultaneously

ergodic

sup [Py f(z) —mo(f)] < Co py V() peo € (0,1)
FAVEES!

and even cases where  Cy. V(1 —pg,)~' is not bounded (as. ).
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Main result

ReSU It [FORT ET AL. 2010]

A. (Ergodicity of the transition kernels)
o dmg s.t. me Py = 1o
e for any € > 0, there exists a non-decreasing positive sequence

{re(n),n > 0} such that limsup,,_, . r<(n)/n =0 and

v [, =] <
B. (Diminishing adaptation) For any € > 0,
re(n)—1
o ol gt ]

C. (Convergence of the invariant distributions) 3 7 and a bounded

non-negative function f s.t. lim,, g, (f) = 7(f) as.

Then lim, E [f(X,)] = 7 (f)
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Comparison with the literature

Com pa rison With the I iteratu re pioneering work by [Roberts & Rosenthal, 2007]

1. Our conditions both weaken the containment condition and the
diminishing adaptation condition of [Roberts & Rosentnat, 2007. We are able to
consider cases when the transition kernels are ergodic but not
necessarily uniformly-in-6.

sup |B' f(x) = mo(f)| < Co pg V(2)
flfIs1

Nevertheless, it is required to have an explicit control of ergodicity s.t.

Cp, V (1 — ps, )~ does not “explode too rapidly”.



Convergence of Adaptive and Interacting MCMC algorithms
Convergence of the marginals for adaptive MCMC samplers

Comparison with the literature

Com pa rison With the I iteratu re pioneering work by [Roberts & Rosenthal, 2007]

1. Our conditions both weaken the containment condition and the
diminishing adaptation condition of [Roberts & Rosentnat, 2007. We are able to
consider cases when the transition kernels are ergodic but not
necessarily uniformly-in-6.

sup |B' f(x) = mo(f)| < Co pg V(2)
flfIs1

Nevertheless, it is required to have an explicit control of ergodicity s.t.

Cp, V (1 — ps, )~ does not “explode too rapidly”.

2. mp can depend upon 6 provided we are able to prove that my, (f)

converges to m(f).
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[1l. Law of large numbers for adaptive MCMC samplers

For an (unbounded) function f s.t.

n

L3 AR 2 w().

k=1
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Sketch of the proof

We write
Y P () = YA = T, (D} Ym0, () = ()

For the second term, < [A] condition on 7y (f) =2 m(f)
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Sketch of the proof

n n

03 F(X) () =07 { () — T ( }+ Zvrekl

k=1 k=1

For the first term, Tool : Poisson equation so that

YK (D} =T YA+ R
n kz::l{ k) — o }=n > AMy B

~ , Rest due to the adaptation

sum of martingale increments

+RY

—~—

Rest
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Sketch of the proof

n n

nUY FX)—w(f) =0Tt {F(XR) = ma, ( }+ Zwek (H)=m(f)

k=1 k=1

For the first term, Tool : Poisson equation so that

= v
\ , Rest due to the adaptation Rest

sum of martingale increments

nY {fX) — e (N} =nTt Y AMy + R +RY
P —

e Martingale increments : < [B] moment conditions of the form

1
Ja > 1, Z T E[|[AM|*|Fr-1] < +00 a.s.
k
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Sketch of the proof

n n

Y F(Xe)=m(f) =0T {F(Xk) = 7o, ( }+ Zﬂekl 7(f)

k=1 k=1

For the first term, Tool : Poisson equation so that

= v
\ , Rest due to the adaptation Rest

sum of martingale increments

Y XK —me (N} =0t D AME + RY +R®
el ~~

° RS):(—> [C] condition on the adaptation: “diminishing adaptation”

2 .
° R; ) very weak conditions | (more or less, a consequence of the

other conditions).
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Main result

ReSU It [FORT ET AL. 2010]

A. (Ergodicity of the transition kernels) There exist Cy, py € (0, 1) s.t.
|1Pg' (2, -) — mallv < Co pg V()
B. (Martingale term) Ja > 1
; kia (Cop V(1= po,) ™)™ Py, V(Xi) < +00 ass.

C. (Strenghtened diminishing adaptation)

P -P
;% (Coy, v (1 - Pek)_l)ﬁ V(Xy) sup ffﬁiv | gkf(x)v(x)g’“’lf(w)' < oo as.

D. (Convergence of the inv. distributions) for f s.t. |f| <V a € (0,1)
7o, (f) == 7(f)

Then, n=t Y f(Xe) 25 w(f)
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Comparison with the literature

CO mpa riSO n W|th th e I |te rature [Atchadé & Rosenthal (2005), Andrieu & Moulines (2006), Roberts

& Rosenthal (2007), Saksman & Vihola (2008), Vihola (2009), Atchadé & Fort (2010), Atchad et al. (2010) - - - |

@ We are able to prove a strong law of large numbers, for unbounded
functions

@ without assuming a uniform-in-6 ergodic behavior on the transition
kernels (neither the state space X nor the parameter space © have to be compact/countable/finite)

@ under the condition that the adaptation is diminishing which does
not require that the sequence {6,,,n > 0} converges (for example,
adaptation based on a stochastic approximation dynamic: “0n, = 6,, _1 + ¥n Hn (6, Wp_1)" is OK)

e without assuming the stability of the sequence {6,,,n > 0} for
example in the finite dimensional case, control of the form “lim sup,, n "7 [0y, | < +oo as. for 7 > 0" is OK (at

least when 7y = 7 -+ - see next section)
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IV. Convergence of the stationary distributions

Under the (min) assumption There exists 0, s.t. forany x € X, A € X
HQZ’A, P(Qm,A) =1 Yw € Qac,A lim P0n(w) (x, A) = Pg* (1‘, A)
we prove that for any bounded and continuous function f,

HQ*, P(Q*) =1 Yw € Q, limﬂ'gn(w)(f) = T, (f) .

well, we have even a stronger result, 24 does not depend upon f
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We write

7o, (f) — o, (f) = (7, (f) — Py f(z))
+ (Py f(x) = Py f(2)) + (Pg. f(z) — ma,(f))

and control the blue terms by a condition on the ergodicity of the

transition kernels.
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Convergence of the stationary distributions 0y

We write

7o, (f) — o, (f) = (7, (f) — Py f(z))
+ (Py f(x) = Py f(2)) + (Pg. f(z) — ma,(f))

and control the blue terms by a condition on the ergodicity of the
transition kernels.

For the control of the red term, we write

P f(x) - P f(a) = / (Py, (.dy) — Py, (,dy)) PE~ £ (3)

+ / Py, (2, dy) (PE F(y) — PE1£(1)
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Convergence of the stationary distributions 0y

Starting from :

VeeX,AeX, I, PQua)=1 YweQa limPps, o (z,A) =P, (z,A)
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Convergence of the stationary distributions 0y

Starting from :

VreX,A€X, Iua, PQa)=1 YweQa lmPy,e)( A4) =P, (z,A)
the steps are:

VreX, 3, P(Q)=1 YweQ  limPy () > Po(,)

— Tool: separable metric space X (ex. Polish)
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Convergence of the stationary distributions 0y

Starting from :

VreX,A€X, Iua, PQa)=1 YweQa lmPy,e)( A4) =P, (z,A)
the steps are:

VreX, 3, P(Q)=1 YweQ  limPy () > Po(,)

— Tool: separable metric space X (ex. Polish)

30, PQ)=1 VweQ,zeX lim Py, ) (z,") — Po, (z,") ,

— Tool: Polish space X + equicontinuity of {Pyf — Py, f,0 € ©}
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Convergence of the stationary distributions 0y

Starting from :

VreX,A€X, Iua, P(Qua)=1 YweQa limPy,(z,A4)=Po,(z,4)
the steps are:

Ve e X, IQg, P(Q,) =1 Yw € Qy liran Py, () (z,) = Po, (z,")

— Tool: separable metric space X (ex. Polish)
30, PQ)=1 VweQ,zeX lim Py, ) (z,") — Po, (z,") ,
— Tool: Polish space X + equicontinuity of {Pyf — Py, f,0 € ©}

3., PQ)=1 VYweQ, lim Py, () (2, -) == Py, (z,-),

< Tool: Feller properties of the kernels {Py,6 € ©}
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Convergence of the stationary distributions 0y

ReSU It [FORT ET AL. 2010]

A. (Ergodicity of the transition kernels)
B. X'is Polish

C. Py, is Feller and for any bounded continuous function f,

{Pyf,0 € ©} is equicontinuous.

D. (Convergence of the transition kernels) for any = € X,

Py (z,) = Py, (z,) as..

Then for any bounded continuous function f, g, (f) == mg, (f).
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Convergence of the stationary distributions 0y

ReSU It [FORT ET AL. 2010]

A. (Ergodicity of the transition kernels)
B. X'is Polish

C. Py, is Feller and for any bounded continuous function f,

{Pyf,0 € ©} is equicontinuous.

D. (Convergence of the transition kernels) for any = € X,

Py (z,) = Py, (z,) as..

Then for any bounded continuous function f, 7y, (f) = 7, (f).

Rmk: Extensions to unbounded continuous functions by (standarsy moment

conditions.
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V. Application to the convergence of adaptive and interacting MCMC

algorithms

Ergodicity criteria: checked in practice by
@ drift inequality PV < AV + by
@ minorization condition Py(x,-) > dg vo(-)Le, ()
@ conditions on the decay of the rate ¢ s.t.

limsup, £(n) (bs, V5" V (1= Xg,)71) < +00
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V. Application to the convergence of adaptive and interacting MCMC

algorithms

Ergodicity criteria: checked in practice by
@ drift inequality PV < AV + by
@ minorization condition Py(x,-) > dg vo(-)Le, ()
@ conditions on the decay of the rate ¢ s.t.
limsup,, &(n) (b, V (59_: V(1=Xg,)7!) < +o0

Diminishing adaptation: checked in practice by

distance(Py, Pyr) < C distance(0, ') for some “distance”
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V. Application to the convergence of adaptive and interacting MCMC

algorithms

Ergodicity criteria: checked in practice by
@ drift inequality PV < AV + by
@ minorization condition Py(x,-) > dg vo(-)Le, ()
@ conditions on the decay of the rate ¢ s.t.
limsup,, &(n) (b, V 59_: V(1=Xg,)7!) < +o0

Diminishing adaptation: checked in practice by

distance(Py, Pyr) < C distance(0, ') for some “distance”

Convergence of {mg, (f),n > 0} when 7y # 7: based on the convergence

of {0,,n > 0}
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Adaptive MCMC

We prove
@ when the target density 7 is lighter than exponential

e with Ny (adapted) proposal distribution s.t. the eigenvalues of the

cov matrix are larger than k.

O Ergodicity:  limp supy g < E[f(Xn)] =7(f) . contemporancous
work by (Bai et al., 2010)
@ Strong law of large numbers for any function f such that

|f(£L‘)| S T8 (CC), CES (0, 1) pioneering work by (Saksman & Vihola, 2009); we use many ideas

of their paper!



Convergence of Adaptive and Interacting MCMC algorithms
Applications
Convergence of the (simplified) Equi-Energy sampler

Convergence of the (simplified) Equi-Energy sampler

We prove
@ when the target density 7 is lighter than exponential, on a Polish
space X
@ whatever the nbr of stages, the probability of swap € € (0,1), the
successive tempered distributions and the "hottest” one al/Te
T, >1
@ when the “first” auxiliary process is an ergodic Markov chain
@ when P is a RWHM algorithm with Gaussian proposal distribution
Q Ergodicity:  lim, E[f(X,)] ==(f) for any bounded functions f.
@ Strong law of large numbers for any continuous function f such that
|f(z)| <7 *(x), s € (0,1/T%). extensions of the works by (Atchadé, 2007), (Andrieu et al.

2009)
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Convergence of the (simplified) Equi-Energy sampler

All the details in

G. Fort, E. Moulines, P. Priouret (2010). Convergence of adaptive
MCMC algorithms: ergodicity and law of large numbers



