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(smooth) regularized Empiricak Risk

Minimization

• Given a set of n observations {yi, i ∈ [n]}.

• Goal: solve the possibly non-convex problem

arg min
Θ
F , F (θ) := −

1

n

n∑
i=1

log g(yi,θ) + R(θ)

when Θ ⊆ Rd and intractable positive function g

g(yi,θ) =

∫
Z

f (z , yi ;θ)µ(dz)

Setting: Maximum Likelihood Estimation

in latent variable models from

exponential family

• parametric model, θ 7→ g(yi,θ) is the likelihood of yi ,
• latent variable z ∈ Z; f (z , yi ;θ) is complete likelihood.
• Focus on the Exponential Family Distribution:

f (zi, yi ;θ) = ρ(zi, yi) exp
(〈
S(zi, yi) |φ(θ)

〉
− ψ(θ)

)
• Tool: Expectation Maximization (EM) (Dempster et al., 1977)

algorithm which takes advantage of the latent structure.

EM for Exponential Family

F E-operation:

s(θ) :=
1

n

n∑
i=1

si(θ), si(θ) :=

∫
Z

S(z , yi)p(z |yi ;θ)µ(dz)

where z 7→ p(z |yi ;θ) ∝ f (yi, z ;θ) is the a posteriori
distribution of the latent variable z .

F M-operation: for any s ,

T(s) := argmin
θ∈Θ

{
R(θ) + ψ(θ)−

〈
s |φ(θ)

〉}
Batch EM Algorithm: given ŝ(0), repeat for k ≥ 0,

1. (M-step) τ (k+1) = T(ŝ(k))

2. (E-step) ŝ(k+1) = s(τ (k+1)) = s ◦ T(ŝ(k))

• Fixed points:

{s : h(s) = 0}, h(s) := s ◦ T(s)− s

For large n, the E-step is computationally
expensive!

Variance reduced Stochastic Approximation within EM

Idea: Take advantage of the Stochastic Approximation (SA) context

h(s) = 0⇐⇒ E [sI ◦ T(s)− s ] = 0, I uniform on [n]

combined with Variance Reduction (vr)

h(s) = 0⇐⇒ E [sI ◦ T(s)− s + V ] = 0,with E[V ] = 0.

vr-SA within EM (gal form):
- constant stepsize γ, mini-batch Bt,k+1 in [n],
- possibly nested loops (outer #t, inner #k),

ŝ(t,k+1) = ŝ(t,k)+γ
(
sBt,k+1

◦T(ŝ(t,k))−ŝ(t,k)+ S(t,k+1)
)

F SPIDER-EM. Init: S(t,0) = s ◦ T(ŝ(t−1,kin−1))

S(t,k+1) = S(t,k) − sBt,k+1
◦ T(ŝ(t,k−1))

inspired by Fang et al., 2018; see also Nguyen et al. 2017, Wang et al. 2019

• online-EM: (Cappé & Moulines, 2009) unique outer, S(k+1) = 0.
• sEM-VR: (Chen et al., 2018) Init: S(t,0) = s ◦ T(ŝ(t−1,kin))

S(t,k+1) = S(t,0) − sBt,k+1
◦ T(ŝ(t−1,kin))

• fiEM: (Karimi et al., 2019) unique outer, a memory S
(k)
i for

i ∈ [n],

S(k+1) = S(k+1)−S
(k)
Bk+1
, S(k+1)

= S(k)
+n−1

∑
i∈B′k+1

(
S

(k+1)
i − S

(k)
i

)
, S

(k+1)
i = S

(k)
i 1i /∈B′k+1

+si◦T(ŝk)1i∈B′k+1

SPIDER-EM
• Termination numbers τ ∼ U([kout]), ξ ∼ U([kin])− 1
• Initialization: ŝ(1,0) = ŝ(1,−1) = ŝinit, S(1,0) = s ◦ T(ŝinit)
• For t = 1, . . . , τ :
• For k = 0, . . . , kin − 2:
· Sample Bt,k+1 in [n]
· S(t,k+1) = S(t,k) − sBt,k+1

◦ T(ŝt,k−1)

· ŝ(t,k+1) = ŝ(t,k) + γ
(
S(t,k+1) + sBt,k+1

◦ T(ŝt,k)− ŝ(t,k)
)

• ŝ(t+1,−1) = ŝ(t,kin−1)

• S(t+1,0) = s ◦ T(ŝ(t+1,−1))

• ŝ(t+1,0) = ŝ(t+1,−1) + γ
(
S(t+1,0) − ŝ(t+1,−1)

)
• Return: ŝ(τ,ξ−1)

SPIDER-EM: state of the art complexity bounds

• Assumptions. (i) T(s) exists and is unique; (ii) φ,ψ,R and F are C 1; (iii) ∇(φ ◦ T)(s) is a symmetric matrix with
eigenvalues uniformly bounded in [vmin, vmax] such that vmin > 0; (iv) for all i , si ◦ T is globally Lipschitz with constant
Li ; (v) the function s 7→ ∇(F ◦ T)(s) is globally Lipschitz with constant LẆ
• Property. The Lyapunov function W := F ◦ T has a globally Lipschitz gradient and ‖∇W (s)‖2 ≤ v 2

max‖h(s)‖2.
• Upper bounds for convergence. Minibatch size: b.

Theorem Set L2 := n−1
∑
i L

2
i . Choose γ := α/L where α ∈ (0, vmin/µ?(kin, b)) and µ?(kin, b) := vmax

√
kin/b +

LẆ/(2L).

E
[
‖h(ŝτ,ξ−1)‖2

]
≤
(

1

kin
+
α2

b

)
2L

α{vmin − αµ?(kin, b)}
1

kout

(
E
[
W (ŝinit)

]
−minW

)
• Complexity bounds. KCE: total nbr of conditional number of per-sample conditional expectations si evaluations;
Kopt: total nbr of optimization steps T(ŝ).

SPIDER-EM
• Find b, kin and kout as a function of n, ε s.t.

E
[
‖h(ŝτ,ξ−1)‖2

]
≤ ε

• Optimal strategy:

b = O(
√
n), kin = O(

√
n), kout = O(ε−1/

√
n)

Comparison
KCE Kopt Optimal KCE

EM n + nkmax 1 + kmax –
online-EM n + bkmax 1 + kmax ε−2

fiEM n + 2bkmax 1 + kmax ε−1n2/3

sEM-vr n + 2nkout + bkinkout 1 + kinkout ε−1n2/3

SPIDER-EM n + nkout + 2bkinkout 1 + kinkout ε−1
√
n

kmax = kinkout for algorithms with a single outer loop

Fitting a Gaussian Mixture Model

(GMM)

I Synthetic data Efficiency against the problem size
n. Dataset is a GMM in R with 2 components. θ
collects the means.
• Median estimated nbr KCE − n (estimated over 50

runs) needed to reach an accuracy of 2.5e − 5.
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I MNIST dataset n = 6e4 images classified into
12 classes. θ: parameters of a GMM in R20 (784
pixels reduced to 20 features through PCA)
• Quantile 0.75 of the distribution of ‖h(ŝt,−1)‖2
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• Evolution of the objective fct W
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