
StochasticFISTAalgorithms: so fast?
G. Fort1, L. Risser1, Y. Atchadé2, E. Moulines3
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Problem
Solve

argminθ∈Θ (f(θ) + g(θ))

where A1) g : Rd → [0,+∞] is convex, not
identically +∞ and lower semi-continuous; f :
Rd → R ∪ {+∞} is continuously differentiable
on Θ := {θ ∈ Rd : g(θ) + |f(θ)| < ∞} and its
gradient is L-lipschitz on Θ.
The function f and its gradient are numerically
intractable
A2) for any θ ∈ Rd,

∇f(θ) =

∫
X

H(θ, x)πθ(dx)

where X is a topological space endowed with its
Borel σ-field, πθ is a probability measure on X
and H : Rd×X→ Rd is measurable. In addition,
x 7→ H(θ, x) is πθ-integrable for any θ ∈ Rd.

Penalized ML with intractable likelihood
. Latent Variable Model. (the dependence upon the observations is omitted)

f(θ) = −`N (θ) = − 1

N
log

∫
X

p(x, θ) µ(dx)

where for any θ, p(·, θ) is the likelihood of the complete data model; x collects the missing variables.
The gradient of f is an expectation w.r.t. the a posteriori distribution - known up to a constant

∇f(θ) = − 1

N

∫
X

∂θ log p(x, θ) πθ(dx) with πθ(dx) :=
p(x, θ)µ(dx)∫
p(u, θ)µ(du)

.

. Binary Graphical Model. N i.i.d. observations Y (n) on {0, 1}p from the distribution

πθ(dy1:p) =
1

Zθ
exp

 p∑
i=1

θiyi +
∑

1≤i<j≤p

θij1yi=yj


with an untractable normalizing constant Zθ. The normalized negative log-likelihood f is intractable
and its gradient too

∂θif(θ) =
1

N

N∑
n=1

(
Y

(n)
i −

∫
X

xiπθ(dx)

)
, ∂θijf(θ) =

1

N

N∑
n=1

(
1
Y

(n)
i =Y

(n)
j
−
∫
X

1xi=xj
πθ(dx)

)
.

The gradient of f is an expectation w.r.t. πθ, intractable (sum over 2p terms)

Monte Carlo perturbation
Approximation of the gradient by a biased Monte Carlo sum: given a Markov chain {X`,n+1}`≥0,
from a Markov Chain Monte Carlo sampler with invariant distribution πϑn

(dx), set

Hn+1 :=
1

mn+1

mn+1∑
`=1

H(X`,n+1, ϑn) =⇒ ηn+1 = Hn+1 −∇f(ϑn), and E [ηn+1|Fn] 6= 0

Convergence results assuming, almost-surely, for some p > 1

sup
n
m2
n+1E

[
‖E [ηn+1|Fn] ‖2

]
<∞, mn+1E

[
‖ηn+1 − E [ηn+1|Fn] ‖2|Fn

]
≤ Cn sup

n
E[Cpn] <∞.

Perturbed FISTA
Choose positive sequences: {γn}n≥1, {tn}n≥1 s.t.

tn ≥ 1, τn := γnt
2
n−1 − γn+1tn(tn − 1) ≥ 0.

Define iteratively, given θ0 and t0 = 1

ϑn = θn +
tn−1 − 1

tn
(θn − θn−1) ,

θn+1 = Proxγn+1,g (ϑn − γn+1 (∇f(ϑn) + ηn+1)) ,

where ηn+1 is a perturbation (since non explicit
gradient) and

Proxγ,g(u) := argminθ∈Θ

(
g(θ) +

1

2γ
(θ − u)2

)

Convergence Results
A3) The function f is convex and the set L := argminθ(f + g) is non empty. The following sum exists for some θ? ∈ L∑

n

γn+1tn 〈zn − θ?; ηn+1〉 , zn := θn + tn
(
Proxγn+1,g(ϑn − γn+1∇f(ϑn))− θn

)
Theorem Under A1)-A3), then limn γn+1t

2
n F (θn+1) exists, and F := f + g

γn+1t
2
nF (θn+1) +

1

2
‖zn − θ?‖2 +

n∑
k=1

τkF (θk) ≤ γ1F (θ1) +
1

2
‖θ1 − θ?‖2 +

n∑
k=1

γ2
k+1t

2
k‖ηk+1‖2 −

n∑
k=1

γk+1tk 〈zk − θ?; ηk+1〉

Corollary When mn = O(nc), γn = O(n−a) and tn = O(n): choose a ∈ [1, 2[ and c = 2− a OR a ∈ [0, 1] and c = 3− 2a. Then

lim
n
n2−aF (θn) exists a.s. sup

n
n2−aE [F (θn)] <∞ sup

n

n∑
k=1

kF (θk) <∞ a.s. sup
n

n∑
k=1

k E [F (θk)] <∞.

Rate for Monte Carlo-FISTA O(n−2) with a = 0 and c = 3. For a precision δ: O(δ−1/2) iterations and thus a MC computational cost δ−2.
Rate for Monte Carlo-ISTA O(n−1) for the averaged estimator n−1

∑n
k=1 θk, with a = 0 and c = 1. For a precision δ: MC comput. cost δ−2.

Numerical Illustration: binary graphical model
(left) # of non zero components when n ∈ {50, 100, 1000, 1500, 2000} (right) Probability to be non null, at convergence.

∇f(τ) = φ(τ) +

〈∫
S(x)πτ (dx);ψ(θ)

〉
g(θ) = λ

∑
1≤i<j≤p

|θij |+ µ

p∑
i=1

θ2
i

Alg.1: (P-ISTA) tn = 1, mn = O(
√
n), γn = O(1/

√
n)

Alg.2 to Alg.4: γn = O(1), mn = O(n3), tn = nb with b ∈ {1, 0.5, ε}.

Alg.5 Sn+1 = γn+1m
−1
n+1

∑mn+1
`=1 S(X`,n+1) + (1− δn+1)Sn

References
• Y. Atchadé, G.
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