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Abstract

Consider branching Brownian motion with absorption in which particles move indepen-
dently as one-dimensional Brownian motions with drift —p, each particle splits into two par-
ticles at rate one, and particles are killed when they reach the origin. Kesten [14] showed
that this process dies out with probability one if and only if p > v/2. We show that in the
subcritical case when p > /2, the law of the process conditioned on survival until time ¢ con-
verges as t — 0o to a quasi-stationary distribution, which we call the Yaglom limit. We give
a construction of this quasi-stationary distribution. We also study the asymptotic behavior
as p | V2 of this quasi-stationary distribution. We show that the logarithm of the number
of particles and the location of the highest particle are of order e7*/3, and we obtain a limit
result for the empirical distribution of the particle locations.
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1 Introduction

A binary branching Brownian motion is a particle system on the real line in which particles move
according to independent Brownian motions, while splitting at rate 1 into two children. This
particle system is an archetypal example of a spatial branching process, as the behavior of each
particle is independent of its past and of all the other particles alive at the same time.

We consider in this article a branching Brownian motion in Ry with drift —p and absorption
at 0. In this process, each particle moves according to an independent Brownian motion with
drift —p, starting from its current position. If at some time a particle hits the level 0, it is killed
and removed from the process. Additionally, each particle is associated with an independent
exponential random time of parameter 1. At that time, if the particle is still alive and at
position x > 0, it is killed and replace by two new particles starting from z. We call this process
BBM™(—p).

To construct the BBM™ (—p), we begin by constructing branching Brownian motion without
absorption in which particles have drift —p. For all ¢ > 0, we denote by N; the set of particles
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alive at time ¢. For all u € M; and s < t, we write X(u) for the position at time s of the particle
u, or its ancestor that was alive at that time. For all ¢ > 0, we define

N i={ueN;: iIng(u) > 0},

which is the set of individuals that stayed in the positive real line up to time t. The state of
BBM™(—p) at time ¢ is then encoded by the point measure

X = Z OX4(u)>

uE./\/',;L

where ¢, denotes the unit mass at position x. The process (X¢, ¢t > 0) is a Markov process on
the set P of finite point measures on Ry = (0, 00).

For each probability distribution D on B3, we denote by P% the law of the BBM ™ (—p) starting
with an initial condition of law D. For all v € B, we write P% for the law of BBM™(—p) started
from v (i.e. with initial distribution §,). We also write P4 for the law of BBM™*(—p) started
from one particle at z (i.e. with initial distribution ds,). We denote by EZ, Ef and E’ the
corresponding expectations.

Branching Brownian motion with absorption was first studied in 1978 by Kesten [14], who
showed that starting from one particle at > 0, the process dies out almost surely if p > /2 and
survives forever with positive probability if p < v/2. We say that the drift is critical if p = /2,
subcritical if p > v/2, and supercritical if p < /2. We denote the extinction time for the process
by

C:=inf{t >0: N, =0} =inf{t > 0: X;(R") = 0}. (1)

The asymptotic behaviour of the right tail of the distribution of { was studied by Harris and
Harris [1 1], who showed that when p > V2, there is a positive constant K », depending on p but
not on x, such that

K 2
p ~ p pr+(1—p*/2)t
PLC> 1) ~ ot e , (2)
where ~ means that the ratio of the two sides tends to one as ¢ — co. As a consequence, they
deduced that

2
. P _
Jim B (X,(R1) € > 1) = e (3)
Harris and Harris [11] also observed that, as a consequence of arguments due to Chauvin and
Rouault [3], there is a probability distribution 7” on N with mean pQLK such that for all positive
P
integers j, we have
lim PL(Xy(Ry) = [ > 1) = 7°(3). 4)

Our aim in this article to improve on this description of the law of X; conditionally on ¢ > t, which
we refer to as the Yaglom limit of the BBM™(—p). We focus on understanding the asymptotic
behavior of this law as p | v/2. Thus, the present work can be seen as a companion paper to [0]
in which we study the asymptotic behavior of P,({ > t) as p | v/2 and t, 2 — oo.



1.1 The Yaglom limit of branching Brownian motion with absorption

We first study minimal quasi-stationary distributions of the BBM™(—p). We prove the existence
of a unique such distribution as the Yaglom limit of the process. Let us start by defining these
different terms.

Let X = (Xy,t > 0) be a Feller Markov process on a metric state space E U {0}, with 0 an
absorbing state. Let T" = inf{t > 0 : X; = 0} be the first exit time of £ by X. We work here
under the assumption that F is an irreducible state space for X, meaning that for all z,y € E
and r > 0, there exists ¢ > 0 such that P,(X; € B(y,r),T > t) > 0, where B(y,r) denotes the
ball centered at y with radius r.

In the context of this article, the Yaglom limit of X is defined as the limit in distribution of
the law of X; conditionally on T" > ¢, provided this limit exists. In other words, we say that the
probability distribution v on E is the Yaglom limit of X if for all continuous bounded functions
f and x € E, we have

lim B (f(X0)|T > 1) = é fdv. (5)

On the other hand, a quasi-stationary distribution with parameter 6 > 0 is defined as a
probability distribution 7 on E, such that if X is started according to the law 7, then the law
of Xy conditionally on T" > t is w, and

P.(T >t)=e". (6)

In other words, 7 is a quasi-stationary distribution with parameter 6 of X if for all continuous
bounded functions f and ¢t > 0, we have

B (f(X)Lipsg) = ¢ /E fdr. (7)

According to Theorem 2.2 of [9], every quasi-stationary distribution satisfies (6) for some 6 > 0.
A minimal quasi-stationary distribution of X is defined, when it exists, as a quasi-stationary
distribution with parameter p such that no quasi-stationary distribution with parameter larger
than p exists.

We show that (X¢, ¢ > 0) admits a Yaglom limit, which is a minimal quasi-stationary distribu-
tion of the process. The state space we are working with is 8 = P* U {0}, the set of finite point
measures on R, , with 0 representing the null point measure and B* consisting of all nonzero
point measures. We remark that 0 is an absorbing state for (Xy,¢ > 0). We endow the space B
with the topology of weak convergence, which means i, — pin P asn — oo if [ fdu, — [ fdu
for all continuous bounded functions f. This topology makes P a metrizable complete space.
The following result proves the existence of the Yaglom limit of (X;,¢ > 0).

Proposition 1.1. For all p > \/2, there exists a probability distribution D on B* such that for
all continuous bounded functions F :P* — R and v € [*, we have

[ Foor(ax) = i LX) | > 1), (®)

The measure D is defined in Section 2 through a backward spinal construction of the
BBM™(—p) seen from its right-most particle. This backward construction gives us a proba-
bilistic interpretation of the constant K, appearing in (2), see Remark 2.5. In particular, this
allows the computation of K, by Monte Carlo simulations.



We next show that the Yaglom law D’ is also a minimal quasi-stationary distribution of
BBM ™ (—p). Similar results are known to hold for multiple examples of Markov chains, see [J] or
[20] among others.

Corollary 1.2. Let p > /2. For all continuous bounded functions F : p* — R, we have
(02/2—
E), (F(Xe)Liesyy) = e P7/2701 / F(x)D*(dx).
In particular, we have

PY, (¢ > t) = e (07/27

and

E7, (F(X)[¢ > t) = B, (F(Xo)).

Moreover, there exists no quasi-stationary distribution for BBM*(—p) with a larger parameter
than p?/2 — 1.

1.2 Properties of the Yaglom limit as ¢ — 0

Let v be an arbitrary configuration in 8 described by

v= Z Oz, 9)

icl
of particles at the locations (z;,7 € I), where I is a finite set of indices. We denote by
N{) =v(RT) = #I
the number of particles in the configuration v, and by

M) = nax ; = sup{a > 0 : v([a,0)) > 0}
the location of the right-most particle in v.

We describe here some of the properties of the quasi-stationary measure when p > v/2, related
to the number and configuration of particles. These results can equivalently be interpreted as
results for the behavior of the BBM™(—p) conditioned to survive for a long time. Preliminary
results in this direction were obtained by Harris and Harris [11]. Observe that (4) can be seen
as a preliminary to Proposition 1.1, and 7* is the image measure of D by v — N(v). More
precisely, let D” denote a point measure having law D’ we have

P(D?(R,) = j) = 7”(j) and E(Dﬂ(&))zpf&,

using [, Theorem 3] to identify the first moment of 7”. These equalities can be compared to (3)
and (4).

The primary aim of the present article is to study the asymptotic behavior of the Yaglom
measure DP as p — /2. That is, we consider the case of slightly subcritical drift, so that

p=\f2+5



with € > 0 and € — 0. Liu [15] obtained upper and lower bounds for K, as p | v/2, showing that
there exist two constants 0 < C7] < (9 < oo such that for € > 0 sufficiently small, we have

C1/IVE < E[DP(RL)] < eC2/VE. (10)

We obtain here a much more precise result for the configuration D? of particles under the
quasi-stationary distribution as p — v/2. We show that M (D*) and log N(D*) both are of the
order e /3 as e = p — /2 — 0. More precisely, we have the following result.

Theorem 1.3. Let V have an exponential distribution with mean one. For BBM'(—p) started
from the quasi-stationary distribution DP, as € = p — /2 — 0 we have the joint convergence in
distribution

(379! s (872

£ 21/6 T 92/3 )

1
1/3 1/3 L
eC,e/?log N(Xyp), e MX0>:

(¢ og N(Xo), e P (X0) ) = | 5

This result is quite similar to Theorem 1.5 in [19], which applies to branching Brownian motion

with absorption in the case of critical drift p = v/2, conditioned to survive for an unusually long

time. Note that, because Xg has the same law as D? by definition, the convergence of the second
and third coordinates can equivalently be written as

(/3 log N(DP), /3 M(D?)) = ((3n2)!/3271/OV 1/ (3n2)1/3272/3y1/3),

Corollary 1.2 implies that under D, the amount of time for which BBM™(—p) survives is
exponentially distributed with rate (p?/2) — 1, which implies the convergence ¢ = V/v/2 as
e — 0. Because the survival time is comparable to !, particles drift to the left only a constant
distance more over this time period than they would in the case of critical drift. Therefore, we
can apply results from [19] for the case of critical drift to study BBM™(—p) over this time period.
The key idea, which is also behind the results in [19], is that when the particles are in the quasi-
stationary distribution, for the process to survive for an additional time ¢, the location of the
right-most particle will be close to ¢t'/3 and the logarithm of the number of particles will be close
to v2ct!/3, where ¢ = (37r2)1/ 3/ V2. In particular, if the process will survive for an additional
time V/(v/2¢), then the location of the right-most particle will be close to 2-1/6¢V1/3¢=1/3 and
the logarithm of the number of particles will be close to 21/3¢V1/32=1/3 which is consistent with
Theorem 1.3.

One aspect of this result which may at first be surprising is that the logarithm of the number
of particles is of the order e~1/3, while (10) implies that the logarithm of the expected number of
particles is comparable to e /2. The reason for this discrepancy is that the mean is dominated
by rare events in which the number of particles is unusually large. Indeed, if the logarithm of the
number of particles were exactly 21/3c1/32=1/3 then the expected number of particles would be

00
1/3,.,1/3.—1/3  _
/ 62 cst/°¢e e sds7
0

and the integrand is maximized when s is of the order /2, consistent with (10).

We can also describe the empirical measure of the BBM™(—p) under its quasi-stationary
distribution as p — v/2. The limit is the same as the one obtained in [19] for the Yaglom limit
of the BBMT(—+/2). For v € ‘B defined as in (9), we define




and .
n(v) = ( > emi) > eV 6 ).

We note that £(v) is the empirical distribution of v and n(v) characterizes the empirical distri-
bution of particles close to the right-most position in v. The following theorem shows that as the
process approaches criticality from the subcritical case, under the Yaglom limit law, the empirical
distribution has a density proportional to ye*ﬁy and the empirical distribution of particles close
to the right-most position has a sinusoidal shape.

Theorem 1.4. Let u be the probability measure on (0,00) with density hy(y) = 2ye_\/§y, and let
§ be the probability measure on (0,1) with density ho(y) = 5 sin(wy). Then, as € — 0, we have

x(D?)=pu  and  n(D’)=¢,

where = denotes convergence in distribution for random elements in the Polish space of probability
measures on (0,00), endowed with the weak topology.

The rest of the article is organized as follows. We construct the Yaglom limit of BBM*(—p) in
Section 2, showing in particular Proposition 1.1 and Corollary 1.2. We then prove Theorems 1.3
and 1.4 in Section 3, largely by adapting the arguments of Maillard and Schweinsberg [19].

2 Construction of the Yaglom limit

We study the asymptotic behaviour of BBM™(—p) conditionally on surviving for a long time
using the same method as the one used in [5] to study the large deviations of branching Brownian
motion or [16] for the large deviations of branching random walks.

We first introduce the spinal decomposition of the branching Brownian motion without ab-
sorption. This technique allows for the representation of the law of branching Brownian motion
biased by an additive martingale as a branching process with a distinguished particle called
the spine. By conditioning the spine to be the right-most particle in the process, we obtain a
representation of the Yaglom limit law D”.

Recall that for all ¢ > 0, we denote by N; the set of particles alive at time ¢ in a binary
branching Brownian motion with drift —p, which we call BBM(—p), while N;" denotes the set
of particles that stay in the positive half-line until time ¢. For ¢ > 0, we write F; = o(Xs(u),u €
N, s < t) for the natural filtration associated with the branching Brownian motion. We define
the additive martingale of this process as

W; = Z ert(u)—(l—p2/2)t.
ueN;

Using that (W, t > 0) is a non-negative martingale, the biased law of the branching Brownian
motion is defined as B
Vt>0,YA e F, PL(A) =e PPEL(W;1,).

This law can be represented as a branching Brownian motion with spine. This representation
was introduced by Chauvin and Rouault [3], extended to branching random walks by Lyons [17],
and finally extended by Biggins and Kyprianou [7] to general branching processes.



The BBM(—p) with spine is defined as follows. A spine particle, starting from position z at
time 0, moves according to a Brownian motion without drift, while giving birth at rate 2 to new
particles. Each of these newborn particles then starts an independent copy of the BBM(—p).
At time t, we denote by w; the label of the spine particle. We denote by P, the law of this
process, and (F;,t > 0) the filtration related to the positions of particles in the process with
spine, without the information on the spine. The so-called spine decomposition of the branching
Brownian motion (see [3, Theorem 5], [17] or [10, Theorem 8.1] for iterations on this argument)
is the following result.

Proposition 2.1. For all A € F;, we have P(A) = PA(A). Moreover, we have

ePXe(w)—(1-p*/2)t

ﬁg(wt = ’U,‘./T"t) = Wt

Using the spine decomposition, we now propose a description of the law of (X, ¢ > 0) through
a point measure that we now describe. Let 3%%! be a three-dimensional Bessel bridge of length
t from z to z, and let 7 = (75,7 > 1) be the atoms of an independent Poisson point process
with intensity 2. Conditionally on (8%%! 1), for each positive integer j, let (ng ), s > 0) be an
independent copy of BBM™(—p) started from a single particle at position Bﬁj’.m’t at time 0. We
define

XPF =04 Y A pXY). (11)
j=1

In other words, to construct X;*, we view 3%%* as a Bessel bridge moving backward in time from
z at time 0 to x at time —t, while giving birth at rate 2 to particles. These particles then start
independent copies (forward in time) of a BBM*(—p). The point measure X} then describes
the set of particles alive at time 0.
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Figure 1: Construction of the auxiliary point measure Etp’x’z. The trajectory of the Bessel bridge
is drawn in green, while the BBM™(—p) spawning from this spine are drawn in blue. The point
measure is the set of point masses on Ry drawn at time 0.



~ The following result allows one to describe the law of BBM*(—p) at time ¢ in terms of
X%, The backward construction of X;"* will make it convenient to consider limiting behavior
as t — oo.

Lemma 2.2. Let F' be a measurable bounded function on B such that F(0) = 0. For allt >0
and x > 0, we have

(z—22 1 — e—sz/t
T2t

—t(1-p%/2) p _ [T a2 1™ LTI
e Ex (F(Xt)) = /0 € e \/ﬁ E (F(Xt )]l{Xf’z((z,oo)):O}) dz.

Proof. Given t > 0, we write m;” € N;" for the label of the (a.s. unique) particle at the largest

position at time ¢t among the particles that survived the absorption. If M+ = (), we give an

arbitrary value to m; , and observe that on that event, F(X;) = 0. We observe that we can

decompose Ef(F(X;)) according to the label of the particle reaching the maximal position:

Ef (F(X)) =B [ F(Xe) Y g,
uE./\/’t+

= E? <Z F(Xt)]l{m?:u}>

uEN;

= E} <Z F(Xt)]l{Xs(u)>OVs<t}]l{Xt((Xt(u),oo)):O}> :
uENy

Therefore, using Proposition 2.1,

E; (F(X4))

_ ePr
=E; <Wt > F (Xt)]l{xs(u>>ovSSt}ﬂ{xt«Xt(u),oo))0}>
ueN:

=E, < > eP@= X+ U=0 /DB (1, = u| F,) F (X)L g x, (u)>0 ngt}]l{Xt((Xt(u)po))O})
uEN

= e(1‘92/2)t]732 <€p($_Xt(wt))F(Xt)]l{Xs(wt)>0Vsﬁt}]l{Xt((Xt(wt)aOO))ZO}) :

Because a three-dimensional Bessel bridge of length ¢ from z to x has the same law as the
Brownian bridge of length ¢ from z to x conditioned to stay positive, sz has the same law as
X conditioned on w; = z and Xg(w;) > 0 for all s < t. As a result, conditioning on the value of
X (wy) and then using the backward construction of the branching Brownian motion with spine,
we have

e (=P /DU EP (F(X,))
_ (zfz)2

_ T e T = X 7)1y
= /0 e \/ﬁ Px(Bs >0,5< t|Bt = Z) E (F<Xt )]l{xtwﬁz((z’oo))zo}> dz,

where B is a Brownian motion started from x under P,. Finally, we have

Px(Bs > 0,5 S t’Bt — Z) =1 e—21‘z/t

using the reflection principle (see e.g. Proposition 3 of [21]), which completes the proof. O



Next, we consider the limit of sz as t — oo. Let R be a Bessel process of dimension 3
started from z and (Tj);‘il be the atoms of an independent Poisson point process with intensity

2. Conditionally on (R, (7;)32), let (ng),t > 0)22, be independent BBM* (—p) processes, such

that (ng ),t > 0) starts with one particle at position R, at time 0. We show that sz converges
in law, as t — oo towards the random variable

oo
= Z_: X9,

Lemma 2.3. For all z > 0, X7* — X* in law as t — oo, and P(X*((z,00)) = 0) > 0.

To prove this lemma, we make use of the following well-known fact, that the overall max-
imum of the BBM(—p) has exponential tails. This result can be found for example in [I8,
Equation (4.12)], in the context of branching random walks. For all z > 0, we have

t>0,uEN; t>0,uEN;

P ( sup Xy (u) — V2t > x) =P} ( sup Xy (u) — (V2 —p)t > a:) < eV (12)

Th1s result can alternatlvely be proved by computing the expected value of the P%-martingale
=> . N, eV2(Xe(u)=v2t) , stopped when a particle first crosses the curve s — x + v/2s.

Proof of Lemma 2.5. Recall that 3%%! denotes a three-dimensional Bessel bridge from z to x of
length ¢. Also, recall that for each fixed s > 0, we have (see, for example, p. 70 of [11])

tlim (B2"1 0 <u<s)=(R:0<u<s) in distribution,
—00

where R? is a three-dimensional Bessel process starting from z.
Next, using (12) and a trivial coupling, we note that

ZP( >BZ“ ﬁQ_ij><E Ze V2(0=v2)7/2 | <

JEN jEN
Therefore, by the Borel-Cantelli lemma, almost surely there exists n € N such that for all j > n,
we have Y
Tt .
M(XY) < pzot + 5 T

Finally, we use the law of iterated logarithm for the Bessel bridge 3°%* and the Bessel process
R?, which implies

su @f“ t> 0] is tight, and su i < 00
OSSI;t 148237~ s t>g + ¢2/3 .

Hence, for all > 0, there exists IV € N such that with probability at least 1 — 7, we have for all
t>0,

N N
X% =6, + Z ]I{Tj<t}5(g) and similarly X* = 4, + Z Xg)
=1 =



Z1$7

We complete the proof by letting ¢ and then N grow to oo, and using that (85 t, s < 7N) —
(R%,s < 7y) in law as t — oo. Therefore, in particular (XU),j < N) — (XU),j < N) in law,
and it follows that sz — X% in law as t — oo, which is the first part of the lemma. The
second claim in the lemma follows because N < oo and for each 7, X(TZ)((Z, 00)) > 0 with positive
probability. O

Lemma 2.4. Let F' be a continuous bounded function on B such that F(0) = 0. We have

2 2 [ .
: 3/2 t(&-1) _ x | “ —pz z B
lim ¢/%!5 D B (F (X)) = 2/ \/;/0 B (FROL s o) ) 4=

t—o00

Proof. For all z > 0, it follows from Lemma 2.3 that

Jim B <F(Xf72)ﬂ{Xf’z((z,oo)):()}) =E (F(Xz)]l{XZ((zvoo))ZO}) ’

while being bounded by ||F||~. Hence, using the dominated convergence theorem, we have

. ® L, _@=2)? ora/t o,
tli)félo ; e Pfe 2t ¢ (1 —e zz/ ) E (F(Xf Z)]l{f(f’z((z,oo)):o}> dz
oo ~
= 2x/0 ze P*RB (F(XZ)]I{XZ((Z,OO))ZO}> dz.
The proof is now complete through an application of Lemma 2.2. O

Remark 2.5. In particular, taking F' to be the function D — 1ip.oy, Lemma 2.4 yields the
following representation of the constant K, from (2):

K, = 2/ ze” P2Cp(z)dz,
0

where C,(z) = P(X*((2,00)) = 0).
For all measurable subsets A of 3, define
- JoS ze P*P (X* € 4,X%((2,00)) = 0) dz
Iy~ ze=r*P (Xz((z, 00)) = 0) dz

We observe that D? is a probability measure on . Corollary 2.6 below shows that D”; defined
in this way, is the limiting distribution in (8), which proves Proposition 1.1 for v = ¢,.

D*(A)

Corollary 2.6. For all continuous bounded functions F with F(0) =0 and all x > 0, we have
lim EP(F(X¢)|¢ > 1) = / F(x) D?(dx).
t—o00 (I}

Proof. By a direct application of Lemma 2.4, we have

3/2¢=t1=P%/2) BP(F(X,))
. p = 1 >
Jlim EL(F(X,)[¢ > t) = lim 13/2e—t(1=r* 12 PP (X, # 0)

B fooo ze PP R (F(XZ)]I{XZ((Z7OO)):0}> dz
Jo° 2e=P"P (X*((2,00)) = 0) dz
_ / F(x) D*(dx),
B

as claimed. 0

10



Remark 2.7. Observe that we can sample from DP in the following two equivalent ways:

o Start by sampling a random wvariable Z on Ry with probability distribution proportional
to ze P*Cy(z)dz. Conditionally on Z, then sample a copy DP of X% conditioned on
X%((Z,00)) = 0. The point measure DP has law DP. The conditioning does not affect
the law of Z.

e Start by sampling a random variable Z according to the probability distribution p®>ze P*dz
onRy. The law of XZ conditionally on the event X%((Z,00)) = 0 is DP. The conditioning
affects the law of Z (as should be expected).

We are now able to prove Proposition 1.1.
Proof of Proposition 1.1. Let v = Z?Zl dz; € P. For all continuous bounded functions F', we

have
E,(F(X¢)Liesn)
P,(C>t)

Using the branching property, we observe that we can write

E,(F(Xy)[¢ > 1) =

X:ZX(J) and C:r;lgagicj

where the X @) are independent BBM ™ (—p) processes with law P%, and ¢; = inf{t > 0: X0) =0}
is the extinction time of X ),
Using (2) and the independence, there exists C' > 0 (which depends on v) such that

Pl(#{j: (>t} >2) < Ce=2?/2-1)t

It follows that, using ~ to denote that the ratio of the two sides tends to infinity as ¢ — oo,
n
P((>t) ~ ZPﬂ G>t) =) PL(¢>1). (13)
j=1

and

EJ(F(Xe)L>e) ZE” X)) ]l{§3>t})‘ < C(n+1)e 227 P (14)
Therefore, letting t — oo and using Corollary 2.6, we have

Ef(F(XP 1) = B (F(X)Lgeany) ~ PL(C > 1) /ﬁ F(x)D’(dx). (15)

The result now follows from (13), (14), and (15). O

These results are enough to prove that D is a minimal quasi-stationary distribution associated
to the BBM™(—p).

11



Proof of Corollary 1.2. Let F' be a continuous bounded function. We remark that, using the
branching property, for all s,t > 0 we have

EQ(F(Xt+s)]1{C>t+s}) = Eg (Eg(t(F(Xs)]l{C>s})]l{C>t}) .

Hence, using Proposition 1.1 with the function G : x — EL(F'(X;s)1{¢>s}), we have

Jim B (F (X)L (o) [C > 1) = /% G(x)D?(dx) = B, (F(X) T (o).

On the other hand, using (2) or Lemma 2.4, we have

PL(¢ >t +s) 2
1; x _ —(p /2—1)5'
thee POC>1) ¢

Therefore, using that limy_,oc E2(F(X45)|¢ >t +s) = [ F(x)D”(dx) by Proposition 1.1 again,
we deduce that
F(x)D?(dx) = Bp, (F(X) T o) /27,
B
and hence that D” is a quasi-stationary distribution of the BBM™(—p) with parameter (p?/2—1).
Using (6), we have

2

P, (¢ >t) =e(Z710 (16)

We now prove that the quasi-stationary distribution D? is minimal. Let A > % — 1. Using (2)
and the branching property, we observe that for all v € [*, we have

E’ () = .

Let ¢ > A, and let us assume that there is a quasi-stationary measure £ with parameter pu. We
would have P%(¢ > t) = e #, and therefore Ef(e*®) < co. As a result, Ef(e*%) < oo for £-a.s.
v € P*, showing that £(P*) = 0, which leads to a contradiction. O

3 Properties of the Yaglom limit

In this section, we prove Theorems 1.3 and 1.4. We first recall in Section 3.1 the definitions
and results from [19] that will be used for these proofs. Then, using a coupling described in
Section 3.2 and preliminary bounds obtained in Section 3.3, we prove Theorems 1.3 and 1.4 in
Sections 3.7 and 3.6 respectively, by comparing BBM™*(—p) with a branching Brownian motion
in a strip of time-varying width described in Section 3.5.

Throughout this section, we will be considering limits as € — 0. If f and g are functions, we
write f(e) < g(e) if limeo f(€)/g(e) = 0, f(e) ~ g(e) if limc 0 f(e)/g(¢) = 1, and f(e) < g(e)
if there is a positive constant C' such that f(e) < Cg(e) for all € > 0.

3.1 Definitions of Z(v, L) and T'(v)

In this subsection, we review some definitions and results from [19] which are important for
understanding the structure of the proofs. The paper [19] pertained to the case of critical drift
p = V2 and used a different scaling in which the branching rate is 1/2 rather than 1 and the
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critical drift is 1 rather than /2. However, results from [19] can easily be transferred to the
setting of the present paper by scaling time by a factor of 2 and scaling space by a factor of /2.
For ¢t > 0 and s € [0, ], let

2\1/3
Li(s) = c(t — s)/3, where ¢ = (37:}2 (17)
We also write L; = Ly(0). For L > 0 and x > 0, define
z(x, L) = V2LeV2@=D) gip <7er>]l{0<m<L}' (18)

Then, for an arbitrary point measure v € B defined as in (9), we define

Zw,L)=> z(zi,L),  Zi(s) = Z(Xs, Li(s)).
i
We note that Z;(s) can be viewed as a measure of the “size” of the process at time s and, in
particular, can be used to predict how likely it is that the process will survive until time ¢. For
example, it is shown in [3] that there are positive constants C3 and C4 such that for all z such
that 0 < x < L; — 1, we have

Csz(x, L) < PY2(C > t) < Cyz(z, Ly). (19)

This result allows us to define a quantity, which we call T'(v), which predicts with high
accuracy how long the BBM with absorption will survive, if it begins from the initial configuration
v € PB. Following [19], we define

T(v)=inf{t: Ly > M(v) +2 and Z(v, L) < 1/2}. (20)

That is, T'(v) is the smallest value of ¢ for which Z (v, L;) < 1/2, considering only values of ¢ that
are large enough that all particles in the initial configuration v are below L; — 2. As explained in
[19], the quantity T'(v) is well-defined and finite. Note that ¢ — L, is increasing and continuous,
and L — Z(v,L) is continuous for L > M (v) + 2. Therefore, when ¢t = T'(v), one of the two
inequalities in the definition of T'(v) must be an equality. That is, either Lp(,) = M (v)+2, which
will be the case if Z(v, M(v) +2) < 1/2, or else Z(v, Ly,)) = 1/2.

The result (19) suggests that when Z(v, L;) = 1/2, the probability that the process survives
until time ¢ will not be close to either zero or one, and therefore the process should survive until
approximately time ¢. The following more formal statement, which is Lemma 2.11 of [19], states
that this intuition is correct as long as no particle of v is very close to L.

Lemma 3.1. Let § > 0. There exist positive constants k, tg, and a such that for all v € P such
that T(v) > to and Ly — M(v) > a, we have
PY2(|¢ = T(w)| < kT(v)*3) > 1—34.

A challenge when applying Lemma 3.1 is proving that Lp,)—M (v) > a with high probability.
However, the following result, which is Lemma 2.12 of [19], shows that if we begin with any initial
configuration, the configuration of particles after a short time will satisfy this condition with high
probability.

Lemma 3.2. Let § > 0 and A > 0. There exist positive real numbers t1 and d, depending on 0
and A, such that if v € B, then

PY2({M(Xq) > Lrex,) — A} N {T(Xa) > t1}) < 6.
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3.2 A coupling

To apply Lemmas 3.1 and 3.2, it will be necessary to show that the branching Brownian motion
with drift —v/2 is a good approximation to the branching Brownian motion with drift —p =
—V/2 — ¢, as long as ¢ is small. To do this, we construct a coupling so that, up to some time
t, the BBM*(—p) stays in between two copies of BBM*(—+/2) started from different initial
configurations.

Definition 3.3. Let v1 and vy be point measures in*P. We say that v dominates vo, and write
vi > va, if for all y > 0, we have vi([y,00)) > va([y, 00)).

Definition 3.4. Let v = 3 ,0,, € B, and let A > 0. Let v — A = 37, 0p, Al sn) be the
configuration of particles obtained from v by removing all particles in (0,A] and moving all
others to the left by A.

To construct the coupling, we begin with a process (X},¢ > 0) which evolves, under Py, as a
BBM without drift and without absorption at zero, started from X§ = v. Let N denote the set
of particles alive at time ¢. For all u € N} and s < ¢, we write X (u) for the position at time s
of the particle u. For all ¢t > 0 and A > 0, we define

X¢ = Z O (w)—pt L{X 2 (w) — ps>0 Vse[0,1]}
ueNY

U
Xy = Z 6Xt*(u)_\/§t]l{X§(U)—\ﬁSZOVSG[OJ}}
ueNY

xLA _

t Z 5Xf(u)fAf\/it]l{X;*(u)fAf\/isz() Vse[0,t]}

ueENY

Under P?, the process (Xy,t > 0) is BBM*(—p), started from Xo = v. The process (XYt > 0)
is BBM*(—/2), started from XU = v. The process (X2, ¢ > 0) is BBM*(—/2), started from
Xg A =y — A. Tt is not difficult to see that if X; has a particle at y, then XV has a particle at
y + et because the particles have a drift of —/2 instead of —p. Also, X! may have additional
particles for which there is no corresponding particle alive at time ¢ in X; because the smaller
drift allowed the particle to avoid being absorbed at the origin. Therefore,

X; < XY forallt>0. (21)
Likewise, if t < e 1A and Xf’A has a particle at y, then X; has a particle at y + A — et. Thus,
X, = XE2 forall t € [0,e7 1A (22)
Define the extinction times
¢V =mf{t>0:XUYRY) =0}, (PP =inf{t>0: XPARY) =0}
Note that (21) and (22) imply that

min(e A, (M8 < ¢ < ¢V (23)
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3.3 Preliminary bounds on 7(D”) and M (D?)

Our goal in this subsection is to prove lemmas 3.7 and 3.8, which give preliminary bounds for the
quantities T(D?) and M (D*). Lemma 3.7 shows that T'(D”) is at least comparable to e !, while
Lemma 3.8 shows that M (DP®) is at most of the order /3. These results will be used to obtain
more precise estimates later. The proofs of both of these results involve making comparisons to
BBM with critical drift.

Lemma 3.5 will help us to determine how much Z;(X;) changes when the location of the
particles or the upper boundary moves slightly. The key ideas in the proof come from the proof
of Lemma 4.1 in [19]. We will also use the inequalities

(2/m)y <sin(y) <y if0<y<m/2,

(2/m)(m —y) <sin(y) <m—y ifr/2<y <. (24)

Lemma 3.5. If 1 <z < L —2, then

z(x, L) (\@ — z) < %(x,L) < z(a;,L)(\/i—&- g), (25)

4/ — Ox
and the lower bound in (25) holds also when 0 < x < 1. Also, if 0 < x < L — 2, then
0z
el < _
or (@ 1) < ~52(w, L) (26)

Proof. A short calculation gives

0z m  cos(mx/L)
%(% L) =z, L) <\/§ * L sin(rz/L) )
The upper bound in (25) holds because cos(mx/L) < 1 and, when 1 < z < L — 2, we have
sin(rz/L) > 2/L. When 0 < x < L/2, the lower bound in (25) follows immediately because
cos(mx/L)/sin(rx/L) > 0. When L/2 < x < L — 2, we have |cos(mz/L)| <1 and sin(rz/L) >
4/L, which together give the lower bound in (25).

Likewise, we calculate

%(x, L)=—2(z,L) <\/§ +

mx  cos(rz/L) 1>
L? sin(rz/L) L

oL
Because x < L, the argument used to prove (25) yields that for 0 < 2z < L — 2, we have

0z T 1

id) < _ 2 _ ).

< —wn)(va-T-7)

If 0 < 2 < L—2, then we must have L > 2 and therefore \/§—W/4—1/L2\/§—7r/4—1/2>1/8,
which proves (26). O

Lemma 3.6. For allt > 0, all p > /2, and all initial configurations v such that M(v) < L; — 1,
we have

PA(C > t) < C4Zi(0).

Proof. By the coupling defined in Section 3.2, we observe that p — P (¢ > t) is non-increasing,
as survival gets more difficult as the drift increases. It is therefore enough to prove the inequality
with p = v/2, which follows immediately from (19) and a union bound. O
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Lemma 3.7. For all n > 0, there exists k > 0 such that if € is sufficiently small, then
P(T(D?) < ke™h) < 1.

Proof. By the definition of T'(D*), we have Z(D?, Ly(psy) < 1/2. Note that on the event
{T(D*) < ke'}, we have Loj.—1 — Ly(pey > c(21/3 — 1)E/3e=1/3. Tt follows from (26) that
on {T(D*) < ke'}, we have

Z(Dp LQk;g—l) < Z(Dp LT(DP)) . 67(1/8)(L2ks*17LT(Dp)) < 16*(1/8)0(21/371)]@1/35—1/3
) = ’ =9 .

Therefore, by Lemma 3.6, since X has the same law as D under P%p, we have
C _
Ppr(C S 2ke1 | T(Xo) < ]{76_1) < 746_(1/8)0(21/3_1)k1/36 1/3.
It follows that
C ~
P7,(C <2ke™!) > P(T(DF) < ke ") (1 — e (/IR 3).

By Corollary 1.2,
P2, (¢ <2ke™') =1 —exp((1 - p?/2)(2ke™)) = 1 — exp(—(2V2k + ke)) < 2V2k + ke,
SO
P(T(D*) < ke™!) < (2V2k + ke) <1 — 024e—<1/8>C<2”3—1>k”36‘“3) -
Therefore, if we take k < 1/(2v/2), then

limsup P(T(D*) < ke 1) < 2v2k <1,

e—0

which implies the lemma. O

For the following lemma, we will need a result for the case of critical drift. Maillard and

Schweinsberg [19], building on earlier work in [14, 3], showed that for all z € R,
lim PY? (¢ > 1) = o(x), (27)

where ¢ is a function satisfying lim, o ¢(2) = 1 and lim,—,_~ ¢(z) = 0.

Lemma 3.8. For all n > 0, there exists J > 0 such that if € is sufficiently small, then
P(M(DP) > Je~1/3) < .

Proof. By (23) with A = et, we have
PL(C > 1) = PY2,(C > ).

Setting = Je~ /3 and t = Je !, we get

C>JeH>PY2 . (> Jeh).

P Je=1/3—J

P
Je—1/3
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Choose a such that 0 < a < ¢(0), where ¢ is the function from (27). By (27), there is an gy such
that if 0 < & < g, then
Pfl/%_l/g(( > Je ) > a.

Therefore, if we choose J large enough that Je=1/3 — J > ¢J/3e71/3 for 0 < & < &g, then
P§€_1/3(C >Je ) >a
for 0 < € < gg. It follows that for 0 < ¢ < &y,
P2, (¢ > Je™h) > aP(M(D?) > Je~1/3).

Corollary 1.2 implies that
lim %ng(g > Je ) =0,

J—ooe€

so we also must have
lim limsup P(M (D) > Je='/3) =0,

J—=o0 0

which implies the statement of the lemma. O

3.4 Comparison between M (D?) and Ly (pr)

Our goal in this subsection is to prove Lemma 3.10, which establishes that under the quasi-
stationary distribution we constructed, the right-most particle M (D?) is not too close to Ly(pey-
This result is necessary for applying Lemma 3.1.

Lemma 3.9. If vy < v, then T(v1) < T(v2).

Proof. Tt is immediate from the definitions that M (1) < M (v2). Therefore, if Ly, <M (v2)+2,
then T'(v1) < T'(v2). On the other hand, for all ¢ such that L; > M (v2) + 2, the fact that the
lower bound in (25) holds for all z € (0, L — 2) implies that Z (v, L) < Z(v2, L;). Therefore, the
conclusion that T'(v1) < T'(v2) also must hold when Ly, > M (r2) + 2. O

Lemma 3.10. For all A > 0, we have

lim P(M(D?) > Ly(pey — A) = 0. (28)

e—0

Proof. Let § > 0. Now choose t; and d as in Lemma 3.2. Recall from the coupling in Section 3.2
that under P%,, the process (X;°%,¢ > 0) is a BBM*(—/2) whose initial distribution has the
same law as Df — ed. By Lemma 3.2,

P, ({M(X7™) > Ly xrea) — A D {T(Xg™) > 1}) < 6. (29)

(X5

Now (22) implies that Xg >~ XdL’Ed. Therefore, by Lemma 3.9, we have T(XdL’Ed) < T(Xg4) and

thus LT(XdL,sd) < Lpx,). Now

P, (M(X4) > Lyx,) — A)
< PO (T(Xg) <%
+PY,({T(Xa) > 778} N {M(Xq) £ MXP*)} 0 {M(Xy) > Lrx,) — A})
+ P, ({T(Xg) > e /By n{M(Xy) = M(XF*)} N {M(Xy) > Lyx,) — A}). (30)
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We separately bound these three terms. By Corollary 1.2, under P%p, the total variation
distance between T'(Xg) and T(X,) is at most 1 — e~(#*/2-D_ Therefore, by Lemma 3.7,

limsup P4, (T(Xq) < e /%) < limsup (P5,(T(Xo) <& /3) + (1 - 6_(p2/2_1)d))
e—0 e—0

= limsupP(T(D,) < e /%)

e—0

=0 (31)

To bound the second term, note that the particles in XCLI’Ed are the same as the particles in Xy,
except that some particles may be missing from the former configuration because of additional
killing at the origin. Any particle that is in X4 but not in XdL’Ed must have an ancestor that
passes within ed of the origin. Therefore, if M(Xy) # M (XdL’Ed), then the particle located at
M (X4) must have an ancestor that passes within ed of the origin between time 0 and time d.
In particular, if M(Xy) > Lpx,) — A and T'(Xg) > £~7/8 then there must be a particle which
gets to a position ed or smaller, and then increases by at least ce=7/2* — A — ed, which for ¢y < ¢
and sufficiently small ¢ is at least coe” /24, If a particle is below ed, then standard Gaussian
tail estimates imply that there are positive constants C' and C’ such that the probability that
this particle increases by at least coe~ /24 by time d is at most Ce=C'e72, By the many-to-one
lemma, accounting for branching multiplies this probability by at most the constant factor of
e?. By (10), the expected number of particles at time zero is bounded above by e Using
Markov’s inequality, it follows that

hmj(l)lp PL,({T(Xq) > e BN {M(Xq) # M(Xﬁ’ad)} N{M(Xa) =z Lrx,) — A})

< limsup Cede=C'=™2Ce% . (32)

e—0

It remains to bound the third term. Because M (XdL’gd) < T(XdL’Ed) + 2 by definition, on the
event {T(Xg) > e 7/8}n{M(Xy) = M(Xg’ad)}ﬂ{M(Xd) > Lpx,) — A}, we have for sufficiently
small €,

T(XT) > M(XP™) —2=M(Xy) —2> Lyxy —A—2>ce 7 - A-2>1.

Recalling also that LT(XL,sd) < Lp(x,), it now follows from Lemma 3.2 that
d

limsup P, ({T(Xq) > 577/8} N{M(Xq) = M(XdL@d)} N{M(Xa) = Lrx,) — A})

e—0

< limsup P2, ({M(X5%) > L

e—0

It now follows from (30), (31), (32), and (33) that
limsup P4, (M(X4) > Lpx,) — A) < 0.
e—0

rockedy — AP0 (T(X*H >1)) <6 (33)

By Corollary 1.2,
P(M(DP) > Lypey — A) < P, (M(Xg) > Lyex,) — A) + (1 — e~ /2714y,
It follows that
limsup P(M (D) > Lyppey — A) < 6.

e—0 -

Because § > 0 was arbitrary, the result follows. O
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3.5 A truncated process

Given ¢t > 0, it will often be useful to consider a truncated process in which particles at time
s € [0,¢] are killed not only if they reach 0 but also if they reach an upper boundary at L:(s).
Note that the process is guaranteed to die out before time ¢ because L(t) = 0. We will denote
probabilities and expectations for this process when the initial condition has law D and the drift
is —p by P%' and P%'. As in the case when particles are absorbed only at the origin, for v €
and x > 0, we write the subscripts v and x in place of J,, and d5,. Also, when 0 < r < t, we will
write P’x”r and Ep’ when the process starts from one particle at time r located at x.

For 0 < r < s < t, we denote by ¢ s(:v y) the density for the process started from one particle
at  at time r, meaning that if A is a Borel subset of (0, L¢(s)), then the expected number of
particles in the set A at time ¢ is [, ¢f qrs x,y) dy. We will write ¢& ’t(m y) in place of gj’ S(l‘ Y).
We review here some results from [19] in the critical case p = v/2. Let ws(z,y) be the density
for a single Brownian particle killed at 0 and 1, meaning that if a Brownian particle starts at
x € (0,1) and is killed upon reaching 0 or 1, then the probability that it is in some Borel subset
A of (0,1) at time s is given by [, ws(x,y) dy. According to Lemma 5 in [2] or equations (5.3)
and (5.5) of [19],

ws(z,y) = 2~ 5/2 sin(mzx) sin(7y) (1 + ds(x, y)), (34)

where

$y|<Zne (n?=1)s/2, (35)
For 0 <r < s < t, define

i, s) = /:Lt(IWdUZ %-\/i(Lt(r) ~ Lu(s)). (36)

Then, Proposition 5.4 of [19] in the case A = 0, along with the Girsanov transformation explained
at the beginning of section 5.2 of [19], give that for 0 < r < s < ¢, 0 < x < L(r), and
0 <y < L(s), we have
O((t=s)"/%)
V2.t __°¢ V2(z—y) il y 37
q’r" S ( 7 y) Lt (7")1/2Lt(5)1/2 e th (’!’75) Lt(T) bl Lt(S) . ( )
A consequence of Girsanov’s Theorem is that if p = v/2 + ¢, then

V2,

qﬁ,;(x’ y) _ qr‘s (a:,y) . es(xfy)fﬁa(sfr)fﬁ(s—r)/2_ (38)

The following result follows immediately from (36), (37) and (38). Here we assume p = /2 + ¢,
where € > 0.

Lemma 3.11. Fiz § > 0, and 8 > 0. There exist positive numbers ty and Cs such that for all
t > to, all r and s such that s < (1 —0)t, 623 < s —r <5123, and e(s —r) < B, we have

Cs o . V32 Y
12 z 2y
qrs(:n y) < I, —eV*¥sin <Lt( )>e sin (o)

for all x and y such that 0 < x < Li(r) and 0 <y < L(s). If instead we let t — oo and allow ¢,
r, and s to depend on t, then if s < t, s —r > t*/3, and e(s —r) — 0, we have

2(1+0(1)) V2 Ty
pit 2(Li(s)—Le(r)) o V2z —V2y
Ars (7,y) i e sin Lt( ) e sin (5)
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for all x and y such that 0 < x < L(r) and 0 < y < L(s).

Let
y(a.L) = 7700 Vi) = 3 y(X(u), Li(s)).

UENS
We denote by R;(s) the number of particles killed at the upper boundary between times 0 and s.

Lemma 3.12. Fiz § > 0 and 8 > 0. Then there exist positive real numbers ty and Cg such that
for all t > tg, all s such that 5t2/3 < s < (1 — 8)t, all p such that 0 < (p — v/2)s < B, and all
initial configurations v € P for which v([L;,00)) = 0, we have

BLR(0)] < Co( 5200+ %i00) ).

Proof. When p = /2, the result follows from the first inequality in Lemma 5.8 of [19] and
equation (36). Now suppose instead p = /2 + ¢, where 0 < €5 < 3. It follows from (38) and the
assumptions on s that there are positive constants C; and Cg such that for all = € (0, L;) and all
y € (0, L¢(s)), we have

CraY ! (2,y) < 48" (2,y) < CsaY > (x,y). (39)

Because EX'[R,(s)] is the expected number of particle trajectories that hit the upper boundary
before time s, the result follows from (39) and the result when p = v/2. O

Lemma 3.13. Let f : [0,00) — [0,00) and g : [0,1] — [0,00) be bounded nonzero measurable
functions. Let s > 0,t > 0, and v € B depend on € in such a way that as € — 0, we have t — 00,
23 < s <t,es = 0, and v([L¢,0)) = 0. Then the following hold as & — 0:

B | S pOg; X | ~ e 0z [T By o

E[ Do eV ( ;‘ )} ~ iLf 7,0 [ Tenimewydy (D)
ueN5

Varﬁ’t<uej\/+ > MLt(S (iZt(0)+L1tZt(0)+1/t(0)> (42)

Varg»t< Z eVl (Lt((:))» < ‘Qﬁ;t(s)(jzt(()) + loiff Z4(0) +Yt(0)). (43)

The proof of Lemma 3.13 will be deferred until section 3.8. It will be clear from the proof
that the results (42) and (43) hold under the weaker hypotheses that t2/3 < s, t — s > t, and
es < 1, although we will not need this stronger result in this paper.

3.6 Proof of Theorem 1.4

In this subsection, we complete the proof of Theorem 1.4. We begin with the following conse-
quence of Lemma 3.13.
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Lemma 3.14. Let f : [0,00) — [0,00) and g : [0,1] — [0,00) be bounded nonzero measurable
functions. Let s = £5/6 . Then, under P'OD,J, we have as € — 0,

_ s T *
L xgye Voo S f(X () = NG /0 2ye ™V f(y) dy (44)
uE/\/'s+
and
_ s “ Xs(u V2 (tro
Lyxge Voo 37 @ﬁx“)9<L())-ﬁpl/ 5 sin(my)g(y) dy.  (45)
n T(Xo)(s) ™ Jo
UGMS
Also, we have
Jﬂ§i~%1 (46)
LT(Xo)(S)
and
s N(Xs) (47)
\/QLT(XU)(S) g

Proof. Our strategy is to apply Lemma 3.13, conditional on the initial configuration at time zero.
To do this, let (g,)52; be a sequence of positive numbers tending to zero. Let

Pn = \/5_1_ En, Sy = 655/67 tn — T(Dl)n) A 5;9/8’

where D" is a random variable having law D?» which will serve as the initial configuration of
particles at time zero. Note that ¢, and therefore s, are deterministic but ¢, is random. We
have sy, /t, —, 0 by Lemma 3.7. By Lemma 3.10, we have

Ly(peny — M(DP") —p 00 as n — oo.

Also, P(M (DPm) > 5553/8) — 0 as n = oo by Lemma 3.8. Combining these two results, we get

L, — M(D™) —, o0 as n — 0o.

n

It now follows from Skorokhod’s Representation Theorem that we may construct the random
variables D™ on one probability space in such a way that almost surely, we have

t2/3 s
lim ~— =0, lim —* =0, (48)
n—oo Sy n—00 tn
and
nh—>Holo (Lt, — M(D")) = . (49)

The results (48) and (49), combined with the fact that e,s, — 0 as n — oo, allow us to apply
Lemma 3.13, conditional on the initial configurations D*".

The result (49) implies that almost surely Ly, — M (DP~) > 2 for sufficiently large n. Then the
definition of T'(D?") implies that almost surely Zp(pen)(0) = 1/2 for sufficiently large n. Because
Z,(0) > 1/2 when t,, < T(DP"), it follows that almost surely

Z;,(0) >1/2  for sufficiently large n. (50)
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It also follows from the definitions of z(z, L) and y(z, L) that when equation (49) holds, we have
Y:,(0)/Z:,(0) — 0 as n — oo. We also have s, /t, — 0 and L;, — oo as n — oo. Therefore,
the right-hand side of (42) divided by the square of the right-hand side of (40) tends to zero
as n — oo, and the right-hand side of (43) divided by the square of the right-hand side of (41)
tends to zero as n — oo. It follows that we can obtain concentration results by applying the
conditional Chebyshev’s Inequality. We get that for the process in which particles are killed not
only at the origin but also if they reach Ly, (r) at time r, we have as n — oo,

L? —V2L il - B
Bl tn (8n) (X, (w) = / 2ye ﬁyf y) dy o1
Z2 (0) ue% )= 5y Y o
and
&e_\/ilztn(sn) eﬂX'S"(u)g Xsn(U) - m/lTrSin(ﬂ-y)g(y) dy (52)
24, 0) L)) " 7 o 2 |

Let 0 < 6 < 1. By applying (52) to the function g(z) = 1 )(z), we see that
lim Pl (M(X,,) > 0Ly, (sn)) = 1. (53)

n—oo

Because the position of the maximum particle can only become larger if particles are not killed
at an upper boundary, it follows that

lim P, (M(X.,) > 0L, (s,)) = 1.
However, Lemma 3.8 and Corollary 1.2 imply that
lim P2, (M(X,,) > 0L_os(sa)) = 0.
It now follows from the definition of ¢,, that
lim P(T(D") < e 8y = 1.

Therefore, t,, can be replaced by T'(DP") = T(Xp) in (51) and (52). Also, because almost surely
Zp(pen)(0) = 1/2 for sufficiently large n as noted above, we can replace Z;,(0) by 1/2 in (51)
and (52). It follows that (44) and (45) both hold for the process in which particles are killed at
Ly, (r) at time 7. Furthermore, by letting # — 1 in (53) and noting that M (X5, ) < L, (s,) when
particles are killed at the upper boundary, the result (46) also holds for the process in which
particles are killed at Ly, () at time r.

To complete the proof of (44), (45), and (46), it remains to show that, with probability
tending to one as n — 00, no particle reaches Ly, (1) for r € [0, s,], which will establish that
results for the process with killing at the upper boundary also hold for the process without killing.
However, this follows immediately from Lemma 3.12 because s, /t, — 0 and Y3, (0)/Z;,(0) — 0
almost surely as n — oo, and Z;,(0) = 1/2 with probability tending to one as n — oo. Finally,
(47) follows by choosing f(z) =1 for all x in (44) and taking logarithms. O

Proof of Theorem 1.4. Let f : [0,00) — [0,00) and ¢ : [0,1] — [0,00) be bounded continuous
functions. Let s = e =5/6. Dividing the expression on the left-hand side of (44) for a general f by
the expression when f(z) =1 for all z, we get that under P%p, as € — 0,

1 ) -
N(X,) ZN FX) = [ 2B
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Likewise, dividing the expression on the left-hand side of (45) for a general g by the expression
when g(z) =1 for all z, we get that under D",

—1 1

X .

( 3 eﬂxs«o) 3 eﬂXs<u>g(L (w) ) oo [ S sneto)
ueN; weNS T(XO)(S) 0 2

By (46) and the continuity of g, it now follows that

< ) eﬁxs<u>)_1u§+ eﬁxsw)g( ﬁ(g))) 5 /O lgsin(wy)g(y) dy.

ueN;

Because (p?/2 —1)s — 0 as ¢ — 0, it now follows from the quasi-stationary established in
Corollary 1.2 that

1 o0 V3

X 2 Y . 4
v o ) = [ eV )y (54)

ueNG

and . .
V3Xo (1) Vaxo() [ Xo(w) / L
( d e > d e g(M(XO) = | g sin(m)g(y) dy.

ueN" ueNG"

According to Theorem 16.16 of [13], these two convergence results imply Theorem 1.4. O

We now record the following consequence of Theorem 1.4 which will be important in the next
section. For v € P given by (9) and A > 0, define

ZA(Va L)= 2 (w4, L)ﬂ{xiSA}a
i
which is the contribution to Z(v, L) from particles located between 0 and A. The following lemma
shows that this contribution is small for a configuration of particles having law D”.

Lemma 3.15. For all A > 0 and all 6 > 0, we have
lim P(Z2(D?, Ly(ps)) > 0) = 0. (55)
e—0

Proof. Note that Lppsy —p 00 as € — 0 by Lemma 3.7. Also, using that lim,o y~Lsin(y) =1,
for any fixed x > 0 we have
L
lim 2z, 1) —1,
L—oo W\/ﬁef\/iL . :L'e\/i’b
and this convergence is uniform over z in compact intervals. Therefore, if for each positive integer
k we define the function fi(z) = :z:e‘/ix]l{xgkA}, then under P%,, we have as ¢ — 0,

—V2L
™/ 2e T(Xo)

E Xo(u)) =, 1.
ZkA(Xo,LT(XO))ueNOfk( o)) =

Now, by applying (54) to the function fi for k = m and k = 1, we get that as ¢ — 0,

_ A
Z2(DP, Ly(pr) R [ 2ye= V2 f1(y) dy _ o xrdy 1

ZmA(DP Lrpr) " [ 2ye VAL (y)dy [ dy m3’

which tends to zero as m — oo. Because Z(D?, Ly(psy) < 1/2 by the definition of T'(D”), and
therefore Z™*(DP, Ly(pry) < 1/2 for all m, the result follows. O
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3.7 Proof of Theorem 1.3

So that we can take advantage of the coupling presented in section 3.2, we will begin by proving
that the values of T'(D*) and T(D? — A) are approximately the same.

Lemma 3.16. Let A > 0. Then there exists a positive constant ka, depending on A, such that

lim P(T(D’) — kaT(DP)*3 < T(DP — A) < T(DF)) = 1.
e—
Proof. Because Z(D*, Ly(psy) = 1/2 as long as M (D?) < Ly(pey —2, it follows from Lemma 3.10
that
lim P(Z(D”, Ly(pey) = 1/2) = 1.

e—0

We now consider what happens when we change the configuration of particles from D” to DP —A.
It follows from the upper bound in (25) that for z € [A + 1, Ly(pe) — 2], we have

z(z — A, LT(DP)) > €_A(‘/§+7T/2)Z($, LT(DP))'

Lemma 3.15 with 6 = 1/4 implies that the contribution to Z(D*, Ly(ps)) from all particles below
A + 1 is at most 1/4 with probability tending to one as ¢ — 0. Therefore,

lim P <Z(DP — A, Lppey) > e—A<ﬁ+w/2>> — 1.
e—0

NG

By (26), if 0 < 2 < M(DP) and M(D*) +2 < L < Ly(ps), then
Z(.’E,L) 2 Z(%,LT(DP))G(LT(DP)*L)/S

Therefore, on the event that Z(Df — A, Ly(pey) > %e*A(ﬂJr”/Q), we have Z(D? — A,L) > 1/2if
L < Ly(pry — an, where

ap = 8<A(\@+ g) +log2>.
Thus, with probability tending to one as € — 0, we have
Lrpry —an < Lppe—ay < L1(Dr), (56)

and therefore

<T(D”)1/3 - ‘?)3 < T(D” — A) < T(D").

The result follows, with ka = 3aa/c. O

The next result, which is an extension of Lemma 3.1, allows us to relate the extinction time
¢ for the process to T(Xp), which is a function of the initial configuration of particles. This
result will allow us to use what is known from Corollary 1.2 about the distribution of  to obtain
asymptotics for M (DP) and N(DP").

Lemma 3.17. Let § > 0. There exists a positive constant ko such that for sufficiently small €,
we have

P%,(I¢ — T(Xo)| < koT(Xo)*?) > 1 -54. (57)
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Proof. We will use the coupling described in section 3.2. Let § > 0, and choose k, tg, and a as in
Lemma 3.1 but with §/4 in place of 6. By Corollary 1.2, we can choose a constant A > 0 large
enough that

P2, (¢ > At < 5/4

for sufficiently small €. Recall the constants aan and ka from Lemma 3.16. Choose a positive
constant t; > tg large enough that ¢; — /{:Atf/s > tp. By Lemma 3.7,

lim P(T(D* =1.
lim P(T(D?) > 1) (58)
By Lemma 3.16, it follows that
lim P(T'(D? — A) > t) = 1. (59)
e—0
It follows from Lemma 3.10 that
lim P(LT(DP) —M(DP)>a+apn) =1, (60)
e—0

and then, because M (D? — A) < M(D?), equation (56) yields

lim P(Ly(po_ay — M(DP —A) >a) = 1. (61)

e—0

In view of (58), (59), (60), and (61), we can apply Lemma 3.1 with D? and with D? — A in place
of v to get that for sufficiently small ¢,

P%, (¢ = T(X{)| < kT(XE)*?) > 1-6/4 (62)
and
Po, (I¢H2 — T(X5™)| < kT(XER)?3) > 1 - 5/4. (63)
Because T(X{) = T(Xo) and ¢ < ¢V by (23), equation (62) implies
P, (¢ < T(Xo) + kT(X0)*?) > 1 - 6/4. (64)
Also, using (23) and (63),
P2, (¢ < T(XER) = kT(XE)¥%) <Ph,(C > Ac™h) +6/4 < §/2. (65)

Combining (64) and (65) with Lemma 3.16, we get that for sufficiently small €,
P, (T(Xo) — (k + ka)T(X0)?? < ¢ < T(Xo) + kT(X0)*?) > 1 - 4.
The result now follows with kg = k + ka. O

Proof of Theorem 1.3. Write s = €%/, We now compare T(Xg) and T(X,). Let § > 0. By
Lemma 3.17, for sufficiently small &,

P4, (I¢ = T(Xo)| < koT(X0)*/?) > 1—3. (66)

Corollary 1.2 applied to the function F(v) = P5(|¢ — T(v)| < koT(v)?/3), combined with (66)
gives that for sufficiently small ¢,

PPDP(KC - 5) - T(Xs)| < kOT(Xs)2/3 | C > 8) >1-94. (67)
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It also follows from Corollary 1.2 that
lim P9, (C > ) = 1. (69)
o (67) implies that for sufficiently small ¢,
Ppr(‘(C - 3) - T(Xs)| S kOT(Xs)2/3) > 1 —20. (69)
Therefore, combining (66) and (69) gives that for sufficiently small €
P2, (IT(Xo) — T(Xy)| < s+ koT(X0)?® + koT(X,)*?) > 1 - 36.
It now follows from Lemma 3.7 that under P7,, we have T(X()/T(X;) —p 1 as ¢ — 0, and
therefore
Lrxo)(s) _ (T(Xo) —5 T(Xo))l/3 g
Lyrx,) T(Xo) T(Xs) P
Therefore, the equations (46) and (47) imply

g N(X) 5 MX)
Lpx,) Lpx,)

It now follows from (68) and the quasi-stationarity established in Corollary 1.2 that under P%,,,

Vs, M)

—, 1.
LT(XO) T(Xo) 8

Also, under P%,,, we have (/T (Xy) —p 1 as ¢ — 0 by Lemma 3.7 and Lemma 3.17, so

log N (Xo) M(Xo)
c¢l/3 pV2 et/

—p L.

Corollary 1.2 implies that ¢ = V/v/2 as ¢ — 0 under D”, so we have the joint convergence

\[
<€<751/310gN(X0),61/3M(X0)> <\[V 217/5‘/ 21/6‘/1/3>

which is equivalent to the statement of Theorem 1.3. O

3.8 Moment Calculations

In this section, we prove Lemma 3.13. Recall that we are considering the process in which
particles at time s are killed when they reach either 0 or L;(s). The calculations in this section
are similar to those in section 3.4 in [1] but use ideas from [19].

Proof of (40). Using Lemma 3.11, we have

Eé’t{ > f(Xs(u))} = /OLt(S) 02 (z,y) f(y) dy

ue/\/j
Lt(S) 2
~ £ V2(Li(s)—Ly) V22 V2y Y
/0 Lte e sin <Lt )e sin <Lt(s)>f(y) dy.
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Because L;(s) — oo as t — oo and sin(z) ~ z as z — 0, we have

/OMQ eV gin ( Ljé) Fy)dy ~ L:ES) /0 eV () dy. (70)

Noting also that L; ~ L(s) because s < ¢, and recalling (18), it follows that

Eg’t[ > f(Xs(U)):| ~ %e‘/ﬁ(Lt(s)_L”eﬁ’” sin (7;)/ 2ye” V2 f(y) d

ueNG t 0
T oV2L($) (g, I /002 e VW) d 71
fL3 ( ) t) 0 Yy f(y) Y ( )
Summing over all particles in Ny now gives the result. O

Proof of (41). Using Lemma 3.11 and then recalling (18), we have

| 2 ez

Lt(s)
— P €T fy <y> d
/0 @&t (@, y)eV g L) %
Lt(S) 2
N 2 B(Li(s) L) B ”) , < ™y > ( Y )d
/0 Lte € Sin <Lt Sin Lt(s) g Lt(s) y
V2 s G (T v
_ve ) oz L i :
7 R o) Sm(Lt<s>>g<Lt<s>>dy

Making the substitution v = y/L¢(s), we get

By [ 3 vy ()] 2B oo, 1) [ ntrot) dy

2
uGN; S) Lt
We can now obtain (41) by recalling that L; ~ L;(s) and then summing over all particles in
No. O
Proof of (42). Standard second moment calculations, which go back to [12], give
2
Varz’t< > X ) <E! [( ) f(Xs(U))> }
ueN; ueNS

L¢(s)
- / ¢4 (, 1) f()? dy

o / /Lt (s, 2 ( / Y e >dy) dz dr.

Because f is bounded, it follows that

vart! (3 fx0)

uEN;_
L(s) s rLi(r) L(s) 2

<[ eewa ] qwx,z)( / q:f;;<z,y>dy> dedr. (72)
0 0 0 0
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The first term is the same as the expectation in (71) when f(y) =1 for all y, so

Li(s) VELA()
[ awdy s St L), (73)
0 t

The second term is more involved, and we will separately consider the cases 0 < r < s — t2/3
and s — t?/3 < r < s. Suppose first that 0 < r < s — ¢2/3. Note that our assumptions imply

that L,(r) < L; and that our assumptions, along with (38), imply that ¢/ (z,z) < q‘ft( z).
Therefore, using (37), we get

1 x z
pit < V2(z—2) B
ar'(@,2) 5 Lte Hr(0r) <Lt’ Lt(T))‘

Also, recalling the definition of 7;(r,s) from (36), we have 7(r,s) = 1. Therefore, using (34),
(35), (36), (37), and (38), and using (70) for the last inequality, we get

Li(s) Li(s) 1 2 TZ T
Pl(z,y) dy < / Ve o (re) /2 iy ( ) sin ( Y ) d
/(; qT‘,S( y) y ~ 0 Lt Lt(r) Lt(S) y

I < Tz ) VAL ()= Lu(r) /Lt(s) Vg ( Y )
= — sin [ —— e ¢ ¢ e sin d
L Li(r) 0 Li(s))
1 T2
< V22 g V2(Lt(s)—Le(r))
< L%e sin <Lt(r)>e . (74)
Therefore,
s—t2/3  pLy(r) L(s) 2
[ [T eea( [ wen dy> iz dr
0 0
V2 24204 (s)  ps—t3/3 2
< e / —2VL(r) / *sin <m> o) ( z > do dr
Ly 0 Ly(r) UL Lt(T)

Making the substitution v = L(r) — z and using the bound sin(m(L¢(r) — v)/Li(r)) < wv/Ly(r),
we get

s—t2/3  pLy(r) Ly(s) 2
/ / qf’t(x,2)< / @iz y) dy> dz dr
0 0 0

V2z 2V2L4(s)  ps—t2/3 —\2Li(r)  pLi(r) .
< € 76 / 76 / _\[vU2th(O,T) (:I: Lt(r) ) U> dU dT’
0 0

ST Ly(r)? Lo Lelr
_ e\/i(x—Lt)e%@Lt(s) /st2/3 M /Lt(r) 6*\/5”1)210 i M dv dr
L} 0 L) J, OO\ Ly L) '

Because ws(z,y) = ws(1 —x,1 — y) by symmetry, this expression matches, up to a scaling by v/2
and up to a factor of e2V2Lt(s) /L8 with equation (5.33) in [19] in the case when A = 0, r = 0
and s = s — t?/3. Equation (5.33) in [19] is bounded by the sum of the expressions in (5.35)
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and (5.36) in [19]. Therefore, by following the same reasoning as on pages 967-968 of [19] or by
simply applying that result, we obtain

s—t2/3 o Ly(r) L(s) 2
/ / q{f’t(x,z)</ VHERT) dy) dz dr
0 0 0

2v/2L+(5s) _ 42/3
‘ (Tt(()’S ! )Z(‘T7Lt) +y(l‘aLt)>

S

L6 Ly
2th(S)
N L6< z(w, Lt) + y(, Lt)) (75)
b t

It remains to consider the case when s — t*/3 < r < 5. Using Lemma 3.11 to bound ¢/ (z, 2)
and using (37) to bound ¢2%(z,), and then using that L;(r) — Ly(s) < 1, we get

Ly(r Ly(s) 2
[ e z)( [ i) o
s—t2/3
/ /Lt 1 VUL =Le) V22 iy <m>€_\/§2 sin ( T >
12/3 t Lt(r)

L 3y z y :
><</0 Lt(r)e Wry(r,s) Lt(r)’Lt(s) dy | dzdr

< e\/ﬁLt(s) I s 1
~ L 2z, L) /S_tm L(r)?

[ e (TN ([ () ) a0
; e¥““sin T.(r) ; € Wry (r,5) Li(r)’ Ly(s) / -

We now divide the integral on the last line of (76) into three pieces. Because eV < 1 and
fol ws(z,y) dy < 1, the inner integral in (76) is bounded above by L;(s). Therefore,

lLt('l‘) Lt(S) 2
3 N T2 / 3y < z y >d> P
/0 ‘ Sm(um)( o O I\ Te)) YY)

S (& sm | ——— T
- 0 Ly(r)
< €3V Ly (1) Ly(s)?

< eaV2Luo) 3, (77)

/Lt(’") Vis ( mz )(/L*(s) 3y ( zy )d )2d
eV “*sin e Wr,(r,s , Y z
1L4(r) Ly(r) 1L4(s) I\ Ly(r) Li(s)

L¢(r)
< e‘éﬁLt(s)Lt(S)z/ eV2? sin< Tz ) dz
%Lt(r)

< e_%ﬁLt(s)Lt(s)QeﬂLt(r)Lt(7“)
< VL) 3, (78)

2

Likewise,
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It remains to consider the case when z > 2L;(r) and y < $L;(s). We will need a sharper bound

on wg(x,y). We can bound ws(x,y) by the density for Brownian motion killed only at zero,
which, as in (5.10) in [19], leads to

TY (a2
ws(z,y) S SgWe (a=w)ty2e,

Also, using an idea from the proof of Lemma 5.1 in [19] and noting that, for all z € (0, 1), either
|x — z| or |y — z| must be at least as large as |z — y|/2, we have

1
ws(xay):/(; U)S/Q({I},Z)’LUS/Q(Z,y) dz
1
:/ ws/Z(l —x,1 —Z)’U)S/Q(Z,y) dz
0
1(1_$)(1_Z)—:c—z2s RY  —(y—2)?/s
5/033/26( e Z e g
1
5/ (1 _3x)ye—(x—y)2/4s dz
0 S

(1 - x)ye—(a:—y)2/4s‘

Therefore,

Ly(r) $Lt(s) 2
Vae 772)(/4 3y (Z y)d)d
e sin e W, (s , Y Z
/;w) <Lt<r> 0 INLy(r) Lu(s)

l S
- /Lt(r) e\/iz sin < Tz > </4Lt( )efﬁy (Lt("“) - Z)y 671/(647,5(7",5)) dy)2 .
~Jin Li(r) 0 Li(r)Li(s)me(r, s)3

< e\/iLt(T) 1
~ Li(r)3Li(s)? 7(r,s)S

\/iLt S
< £ « 1 e~ 1/(327e(r,s)) (79)
R (7, 5)6

6—1/(32'&(7“,5))

Therefore, using that (x + y)? < 2(2? + 3?) and plugging the results of (77), (78), and (79) into

(1),
s Li(r) L(s) 2
[ [ wea( [ e a)
s—t2/3.J0 0 ’

\/iLt(S) S 1 \/iLt(S) 1
e L2Li(s) 73, € —1/(327¢(r,s))
< :
ST z(x, Ly) /st2/3 L) (ez L; + % . 5)66 ) dr.

Now make the substitution u = 74(r, s), so that du/dr = —L(r)~2. Because (s — t2/3,5) < 1,
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we have

Ly(r L¢(s)
| / ([ i) dy) dz
12/3 0
th

Te(s— t2/3 s) \/§L (s)
< 5 z(a:,Lt)/ < th(s)L3 ; ‘1661/(32@) du
Ly 0 Ly U

\/iLi(s) \/iLt(s) [ee) 1

€ $V2Li(s) 3 4 € ~1/(32u
N 7 z(x, L) <ez )3 4 I /0 ¢ /( )du>.

e2V2L(s)
5 TZ(IL’, Lt) (80)

From (72), (73), (75), and (80), we get

Var?! ( Z f(X

) 2\[Lt(s)
UENQL

L?(t (2 Le) + thZ“’Lt”y(””Lt))'

The result (42) now follows by summing the contributions from all particles in Nj. O

Proof of (43). Reasoning as in the beginning of the proof of (42), we have

e (2 55)

ueN
L¢(s) s pL(r) L¢(s) 2
§/ eQﬁng”t(x,y) dy+/ / q;ﬁ”%x,z)(/ eﬁyqﬁ’g(z,y) dy) dzdr. (81)
0 0o Jo 0

To bound the first term, we use Lemma 3.11 to get

L s
/ " 2fyqp’ (z,y) dy < i6\/5(“(3)_“) V2 in < x) / : )eﬁy sin <7Ty ) dy
0

Lt Lt Lt(S)
V2L(s) Ly(s)
e . Y
< ———2(x, L / V2V sin <> d
L% ( t) 0 Lt(S) y
62\/§Lt(8)
< 7[4? z(x, Ly). (82)

As in the proof of (42), we will break the second term into two pieces. Consider first the case
when 0 < < s — t?/3. Reasoning as in (74), we get

Lt(s) 1 Lt(s)
V2 . L ovae o (CTE O\ VB(Li(s)-La(r)) / (Y
/0 qr S(Z y) dy Lt e Sin <Lt(7‘) ) e ) S11 Lt(s) dy

<eﬁzsm< mz ) VA(Li()~Lu(r)
~ Ly(r)

Note that this expression is the expression on the right-hand side of (74), multiplied by L2.
Because this inner integral is squared, our final answer can be obtained by multiplying the right-
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hand side of (75) by L}. That is, we have

s Li(r) L¢(s) 2
A q:f’%x,z)( [ et dy) 0z dr
0 0 0

e2ﬁLt(s) s
S L2<Z($,Lt) ‘H/(%Lt))- (83)
t

_g2/3

t

We next consider the case when s — t2/3 < r < s. Write

s Li(r) L(s) 2
= qﬁ’%z)( [ ey dy) a2
s—t2/3 J0 0 '

Reasoning as in (76), we get

< 6\/§Lt(8) S 1
1<% L -
~ T2 2, L) /st2/3 Li(r)?

Ly(r) Ly(s) 2
V2z o T2 Y 4 dz d 84
/0 ¢ Sm(Lm)(/o w““ﬁ)(z:t(r)wt(s)) y) zdr. (84)

We now make the substitutions v = Ly(r) — z and ¢ = 1 — y/L4(s) to rewrite the integral on the
last line of (84) as

Lu(r) Le(r) — ) 1 v 2
€ t(s) 0 € S Lt (T) 0 th(’r‘,S) Lt(’/")’ q q v

We now use the bound sin(w(L(r) — v)/Li(r)) < wv/Li(s) along with the identity ws(z,y) =
ws(1 —x,1 — y) and the fact that eV2Lt(r) < eV2Li(s) when s — 2/3 < r < s to get

62\/§Lt(5) s 1 Lt(r) 1 v 2
< - - —V2v v
I< I z(x, Ly) /st2/3 )2 /0 e U(/o Wr, (r,s) (Lt(r)’q) dq) dv dr.

Note that fol ws(z,y) dy is bounded above by the probability that Brownian motion, started at z,
does not hit the origin before time s. This probability is bounded above by a constant multiple
of s71/22 A 1. Tt follows that

62\/§Lt(s) s 1 Li(r) 1)2
1<t L _ Vw2 a1 .
~ Ly (@ L) /s—t2/3 Ly(r)? /0 ‘ U<Lt(7”)27t(7“, s) : ) dvdr

Next, we make the substitution u = 7;(r,s), so that du/dr = —L;(r)~2. Then recalling that

32



7t(s — t?/3,5) < 1 and noting that Ly(r) < Ly, we get

2\/§Lt(s) Tt(87t2/378) 9] 2
I< ez(x,Lt)/ / e V2y UT Al | dvdu
Lt 0 0 Ltu
2v/2L4(s) (9] Tt (s—2/3 5) 2
= egz(a:,Lt)/ e_ﬁ”v/ LN L?) dr du
Ly 0 0 u
2v/2L4(s) 00 (v/Lt)? Te(s—t2/3s) | 2
= esz(x,Lt)/ e_\/i”v</ L2 du +/ v du) dv
Ly 0 0 (v/Lt)? u
eZ\/ﬁLt(s) 00 B
< Tz(x, Lt)/o e V2 <v2 + 02 log(Lt/v)> dv
62\/§Lt(s) log L;
S L—;?Z(ﬂ?, Ly).
Combining this bound with (81), (82), and (83) gives (43). O
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