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For polynomials, there are established combinatorial way of describing 
the dynamics using external rays, critical portraits or Hubbard trees. 

There are no unified way to describe the dynamics for rational maps (or 
branched coverings) which are not polynomials.  The mating is an 
approach in this direction.  In this, we present an alternative approach to 
such a description using trees and piecewise linear map on them.  

Trees describing the “configuration” of Fatou components (except 
parabolic basins) 
Trees describing the “configuration” of invariant multicurve of 
branched covering of the 2-sphere

Relation to mating:
Levy cycles theorem: top. polynomials (Levy), degree 2 (Rees, Tan)
An example of a Thurston obstruction which is not a Levy cycle
(with Tan Lei; cf. Chéritat’s talk)

A method of showing non-existence of Thurston obstructions using the 
intersection theory (cf. Pilgrim’s talk)



Original motivation: Configuration of Herman rings

Certain configurations force the complexity (=degree) to be high.

Inverse images are indispensable part of the dynamics.
Some constraints on the degree from conformal modulus.

deg=3 deg=4

Other topics: 
the connectivity of the Julia set for Newton’s method
finitely connected (preperiodic) Fatou component (Beardon’s question)
asymptotics for the limit of qc-deformation
(cf. Kiwi’s work on the dynamics over the field of puiseux series)
construction of a rational map from a branched covering with an invariant 
multicurve
(cf. Cui-Tan’s work)



Key idea

Definition. Let A be a collection on disjoint annuli of �C. Each
annulus A is canonically foliated by topological circles. For x, y ∈ �C,
let A[x, y] be the union of leaves which separate x and y. So A[x, y] is
either a subannulus of A or an emptyset. Define d : �C× �C→ [0, +∞]
by

d(x, y) =
�

A∈A

mod A[x, y].

Let
T = TA = �C/∼A ,

where x ∼A y if and only if d(x, y) = 0. Then T is a tree and d induces
a (generalized) metric, which may take value ∞.



Let f be a rational map with a periodic Fatou component, which is

not a parabolic basin. In each periodic Fatou component other than

parabolic basin, i.e., Attracting basin, superattracting basin, Siegel

disk or Herman ring, there is a canonical foliation by circles. (Use

linearization, Böttcher etc.) Remove the leaves containing the grand

orbits of critical points, and take all the inverse images. We obtain a

collection of disjoint annuli Af on �C. From Af , the tree T = Tf = TAf

is defined.

The map f defined a continuous map F : T → T and the degree
function deg F : T � Sing(T )→ N with the following properties:

if J = [x, y] is an arc in T joining x and y such that F |J is injective
and deg F is constant on J , then d(F (x), F (y)) = (deg F |J) d(x, y).

There is a dense open set in T such that any orbit from this set

eventually lands on a periodic arcs on which the return map is identity

(Siegel disks, Herman rings), a translation or an expansion towards a

point at infinity (attracting or superattracting basin).

A tree and a piecewise linear map for a rational map



finite skeleton

examples

It is more convenient to extract a finite tree. Let X a forward invariant

set for f such that X does not intersect the annuli from Af and has

only finitely many connected components. The canonical choice is the

collection of all non-repelling periodic points and the boundaries of

Siegel disks and Herman rings. Let Af,X be the collection of annuli

from Af separating X. T = Tf,X is the tree defined from Af,X and

this is a finite tree. The map F : T → T and deg F : T �Sing(T )→ N
can be defined similarly, but Sing(T ) is now a finite set consisting of

vertices, branch points, discontinuity of deg F and the projection of

critical points.



Local models

deg F = k

z �→ zk

If the point on the tree is periodic, a quasiconformal surgery can be
carried out so that periodic isometric branches correspond to Siegel
disks and periodic expanding branches correspond to superattracting
basin.

A periodic orbit not intersecting Sing(T ) corresponds to a quasicircle.

An estimate on the number of critical points
folding

deg F = d1 deg F = d2

local degree ≥ d1 + d2

# of crit pts ≥ 2(d1 + d2)− 2− (d1 − 1)− (d2 − 1) = d1 + d2



estimate on degree for Herman rings of period 2, 3

deg f ≥ 4



Another type of complexity: weakly repelling fixed point
Theorem (Fatou): Every rational map of degree ≥ 1 has a weakly
repelling fixed point (repelling or parabolic with multiplier 1).

Theorem (S.) The Julia set of the Newton’s method of a polyno-
mial is connected. More generally if a Julia set of a rational map is
not connected, there are two weakly repelling fixed points which are
separated by a Fatou component.

Typical argument in the proof: 
Suppose the Julia set is not connected. There exists a fixed point α
of F , which is the projection of a weakly repelling fixed point and α�

an inverse image of α, α� �= α.

In the case where the branch of [α, α�] at α is not fixed ...

α

α�

After a surgery, there must be another weakly repelling fixed point
separated by a Fatou component.



J(f) = Cantor set× S1

Construction of a rational map from a tree map and local models

Examples

For any p ≥ 2, there exists f such that f has a prefixed Fatou com-
ponent U such that �C � U has p connected component and f(U) is
a simply connected (super)attracting basin of period 1. (Beardon’s
question)

(With M. Kisaka) There exists an entire function which has wandering
annuli. (Baker’s problem)

If Sing(T ) has finite orbit,
a surgery can be carried out.



Can be realized in degree 3



Asymptotics: the limit of qc-deformation

In general ft degenerates when t→ 0. The choice of the normalization
is important. If ϕt is normalized so that ϕ−1

t (0), ϕ−1
t (1), ϕ−1

t (∞)
correspond to three different branches around a fixed point α of F
(or two different branches and a point in π−1(α)), then we obtain the
local model for α as the limit.

In fact, one can determine the asymptotic form of the rational maps
obtained by the surgery by imposing the limit condition along the
moving frames.

By stretching the annuli in Af simultaneously, we obtain a one param-
eter family of qc-deformation ft = ϕt◦f◦ϕ−1

t . (When t → 0, the annuli
become fatter.) The corresponding tree will be simply stretched.

In order to obtain the local models for a periodic orbit β, F (β), . . . , F p−1(β)

of period p, we need to consider moving frames h(i)
t (i = 0, . . . , p− 1),

which satisfy a similar condition around F i(β). Then h(i+1)
t ◦ft◦(h(i)

t )−1

converge to local models. The scaling rate will be given by the distance
on the tree.

Beardon’s example.   DeMarco-Pilgrim? 



Tree associated to an invariant multicurve of a Thurston map
Given a multicurve Γ on S2, one can associate a tree T = TΓ so that
each connected component of S2 � ∪Γ corresponds to a vertex of T ;
each γ corresponds to an edge of T which connects the two vertices
corresponding to components of S2 � ∪Γ sharing γ as boundary.

Given a positive vector v ∈ RΓ = {
�

γ∈Γ mγγ : mγ ∈ R}, define a
metric on T so that the length on an edge corresponding to γ is mγ.

For a postcritically finite branched covering f : S2 → S2, define
f̃Γ : RΓ → Rf−1(Γ) by

f̃Γ(γ) =
�

γ�⊂f−1(Γ)

1

deg(f : γ� → γ)
γ� for γ ∈ Γ

and πΓ : Rf−1(Γ) → RΓ by assigning the homotopic element of Γ if
there is one, 0 otherwise.
Thurston’s linear transformation is fΓ = πΓ ◦ f̃Γ : RΓ → RΓ.

There is a natural piecewise linear map F̃ : (Tf−1(Γ), f̃Γ(v)) →
(TΓ, v), with expansion constant equal to deg(f : γ� → γ) on the edge
corresponding to γ�.



Suppose Γ is an invariant multicurve for f and take a non-negative
eigenvector v =

�
mγγ of fΓ with eigenvalue λ. If mγ = 0, eliminate

γ from Γ. Define ι : TΓ → Tf−1(Γ) assigning edges corresponding to
homotopic curves. ι should expand the metric my factor λ. Then
F = F̃ ◦ ι : T → T is a piecewise linear map such that on each
subedge corresponding to γ� ∈ f−1(Γ), the expansion rate is λ deg(f :
γ� → f(γ�)).

If one does not eliminate γ with mγ = 0, the map is piecewise
linear, but λ is not a constant (depends on edges).

Definition. A reduced Thurston obstruction is called intersecting if
it intersects with another Thurston obstruction. Otherwise it is called
non-intersecting.

With a little more work in the proof of Thurston’s theorem, one
can show that whenever there is a Thurston obstruction, there exists
a non-intersecting Thurston obstruction.

Theorem. A branched covering decomposes into a tree map with λ ≥
1 corresponding to all non-intersecting Thurston obstructions and lo-
cal models gx : S2

x → S2
F (x) such that periodic part of local models

are equivalent to rational maps, homeomorphisms, or branched cov-
erings with non-hyperbolic orbifolds. The intersecting obstructions
should come from pseudo-Anosov homeomorphisims or Lattès maps.
(cf. Pilgrim’s canonical decomposition)
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In fact, one can decompose by non-intersecting Thurston obstructions



Theorem (Thurston). Suppose f : S2 → S2 is a postcritically finite
branched covering with a hyperbolic orbifold. Then f is equivalent to a
rational map, if and only if there is no f -invariant multicurve Γ with
λΓ ≥ 1.

Remark. The definition of hyperbolic orbifold is omitted. If the orb-
ifold is not hyperbolic, then f−1(Pf ) ⊂ Ωf ∪ Pf and #Pf ≤ 4. There-
fore brached coverings with non-hyperbolic orbifolds are considered to
be exceptional.

Definition. An f -invariant curve Γ with λΓ ≥ 1 is called a Thurston
obstruction.

The proof of Thurston’s theorem is given by looking at the action
of f on the Teichmüller space of S2 ! Pf :

Teich(S2 ! Pf ) = { conformal structures on S2 ! Pf with marking }/ ∼
= {ϕ : S2 → Ĉ}/ ∼Möbius+isotopy rel Pf

The pull-back f∗ acts on Teich(S2 ! Pf ). f is Thurston equivalent to
a rational map if and only if f ∗ has a fixed point in Teich(S2 ! Pf ).

Definition. A multicurve γ1, ..., γn is called a Levy cycle, if each
f−1(γi+1) contains a component γ′

i homotopic to γi and f : γ′
i → γi+1

is of degree one (i = 0, ..., n − 1), where γ0 = γn. Any Levy cycle is
contained in a Thurston obstruction.

Remark. It is known ([L], [TL1]) that if f is of degree two or a topo-
logical polynomial (i.e. there is a point ∞ ∈ S2 such that f−1(∞) =
∞), then the existence of Thurston’s obstruction is equivalent to the
existence of Levy cycle.

Theorem (Levy, Rees?). For a topological polynomial f (i.e. f−1(∞) =
{∞}) or a branched covering f of degree 2, f has a Thurston obstruc-
tion if and only if it has a Levy cycle.

Theorem (S.-Tan). There exists a mating of cubic polynomials such
that it has a Thurston obstruction, but has no Levy cycle.

2 Definition of the tree and the piecewise
linear map

2.1 Let Γ be a finite collection of disjoint simple closed curves in S2.
As a convention, S2−Γ denotes S2−

⋃
γ∈Γ γ. A graph associated with

Γ is defined as follows:

1. each γ ∈ Γ corresponds to an edge e(γ);

3

Application of the tree

Construction of Thurston obstruction
One can construct a Thurston obstruction by giving a tree map and adding 
an information on local models.  When the number of branches is small, it 
is easy to create appropriate local models.  

2
1

λ = 1

Levy cycles Theorem (Levy) If f is a postcritically topological
polynomial, then any Thurston obstruction is a degenerate (remov-
able) Levy cycle, i.e. bounds disks on which the map is homeomor-
phic.
Levy cycles Theorem (Rees) If f is a postcritically branched cov-
ering with only two critical points, then any Thurston obstruction is
either a degenerate Levy cycle or an essential Levy cycle, i.e. the Levy
cycle bounds a single component on which the map is homeomorphic.



An example for which one can conclude non-existence of Thurston obstruction



(4.7.c) For x ∈ (V − V ∗) ∩ T ∗,

S2
x ∩ P̃ = ϕ and S2

b ∩ P̃ = ϕ for b ∈ Bx such that b ∩ T ∗ = ϕ.

(4.7.d) For x ∈ V ∗ and b ∈ Bx − B∗
x, #(S2

b ∩ P̃ ) ≤ 1.

Remark (Remark 4.8). If T = T ∗ and V = V ∗, then (c) and (d) hold.
If P̃ = Pg − Y , then (a) holds.

Proposition 9 (Proposition 4.9). Suppose (T, F, V, dF ), (S2
V , gV , {yb})

and (P̃ , η) satisfy the conditions (4.1),(4.2),(4.3) and (4.7.a)-(4.7.d),
and f is the branched covering constructed by the above. Let

E∗ = {components of T ∗−V ∗} and A∗(e) =
⋃

x∈e

U(x)∪
⋃

e′∈E, e′⊂e

A(e′) (⊂ Σ).

Then
(i) Pf = P̃ .
(ii) For e ∈ E∗, A∗(e) does not intersect Pf and has a simple closed
curve γe in it, not homotopic to a point in A∗(e). This γe is unique
up to homotopy in A∗(e).
(iii) For e ∈ E∗, γe is not peripheral in S2−Pf . If e1, e2 ∈ E∗, e1 '= e2,
then γe1 and γe2 are not homotopic in S2 − Pf .
(iv) Let Γ = {γe|e ∈ E∗}. Then Γ is a totally f -invariant. The
tree TΓ is naturally identified with T ∗. Moreover, its Thurston’s linear
transformation is conjugate to the transformation AT,F defined in §3.
Hence λΓ = λ(F : T → T ).

Proof.

5 Geometric intersection number and un-
weighted Thurston matrix

Definition. Let α and β be non-peripheral simple closed curves in
S2 ! Pf . Define the geometric intersection number to be

α · β = min{#(α′ ∩ β′)|α′ ∼ α, β′ ∼ β},

where the minimum is always attained (for example by hyperbolic
geodesics in the homotopy classes). Obviously this number can also be
defined for the homotopy classes of simple closed curves, and naturally
extends bilinearly to Rα × Rβ for multicurves. α, β Instead of simple
closed curves, one can take one of α and β to be simple arcs in S2 !Pf

joining points of Pf .

reduced obstruction, positive coefficients of eigenvectors
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Geometric intersection number

Lemma. Let α and β be non-peripheral simple closed curves in S2 !
Pf . Let α′ be a connected component of f−1(α) such that f : α′ → α
is a covering of degree k. Then we have

α′ · f−1(β) ≤ kα · β.

Proof. By changing within their homotopy classes, we may assume
that α and β already attain the minimum intersection. Since f : α′ →
α is k to 1 covering α′ ∩ f−1(β) can contain at most kα · β points.

Definition (Reduced multicurve).

Definition (Unweighted Thurston matrix and µγ). Let us define the
unweighted Thurston operator f#

Γ by

f#
Γ (γ) =

∑

γ′⊂f−1(γ)

[γ′]Γ for γ ∈ Γ.

Denote the leading eigenvalue of f#
Γ by µΓ.

Remark. It is obvious from the definition that λα ≤ µα.

Theorem 10. Let α and β be reduced invariant multicurves for f
such that α · β > 0. Then we have

λα µβ ≤ µα.

Proof. Let uα, vβ be positive eigenvectors for fα and f#
β , hence fα(uα) =

λαuα and f#
β (vβ) = µβvβ Lemma ?? applied to fn implies that (note

that Pfn = Pf ) for each component α′ ⊂ f−n(α), we have

α′ · f−n(β) ≤ deg(fn : α′ → α)α · β.

Hence

µn
β

1

deg(fn : α′ → α)
α′ · vβ ≤ α · vβ.

Now denote Nn be the maximum number of non-peripheral compo-
nents of f−n(α) for α ∈ α. By multiplying the coefficients of uα and
adding (??) for all components α′ ⊂ f−n(α) and α ∈ α, we obtain

λn
αµn

β uα · vβ ≤ Nnuα · vβ.

By Perron-Frobenius Theorem, we have Nn ≤ Cµn
α for some C > 0.

Hence λn
αµn

β ≤ Nn ≤ Cµn
α. Taking n-th root and the limit, we conclude

that
λα µβ ≤ µα.

14
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Theorem. Let β be reduced invariant multicurve and α a Levy cycle
(or a simple cycle or arcs joining points in Pf) for f such that α·β > 0.
Then we have

µβ ≤ 1.

In particular, either β is not a Thurston obstruction, or it contains a
Levy cycle. (Head, S.-Tan, Pilgrim-Tan)

Corollary 10. If α and β are reduced invariant multicurves for f
such that α · β > 0, then we have

λα λβ ≤ 1.

Definition. Thurston operator for a subset of inverse images

Theorem 11.
λα,α′ µβ ≤ µα,α′ .

Definition (Simple cycle of arcs).

Theorem 12. Let α be a Levy cycle or a simple cycle of arcs. If β
is a multicurve intersecting α, then µβ ≤ 1. In particular, either β is
not a Thurston obstruction, or it contains a Levy cycle.
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Lemma. Let α and β be non-peripheral simple closed curves in S2 !
Pf . Let α′ be a connected component of f−1(α) such that f : α′ → α
is a covering of degree k. Then we have

α′ · f−1(β) ≤ kα · β.

Proof. By changing within their homotopy classes, we may assume
that α and β already attain the minimum intersection. Since f : α′ →
α is k to 1 covering α′ ∩ f−1(β) can contain at most kα · β points.

Definition (Reduced multicurve). An invariant multicurve Γ is called
reduced if all the coefficients of the eigenvector of Thurston operator
are positive. From any invariant multicurve, one can extract a reduced
with the same eigenvalue.

Definition (Unweighted Thurston matrix and µΓ). Let us define the
unweighted Thurston operator f#

Γ by

f#
Γ (γ) =

∑

γ′⊂f−1(γ)

[γ′]Γ for γ ∈ Γ.

Denote the leading eigenvalue of f#
Γ by µΓ.

Remark. It is obvious from the definition that λΓ ≤ µΓ.

Theorem. Let α and β be reduced invariant multicurves for f such
that α · β > 0. Then we have

λα µβ ≤ µα.

Proof. Let uα, vβ be positive eigenvectors for fα and f#
β , hence fα(uα) =

λαuα and f#
β (vβ) = µβvβ Lemma 5 applied to fn implies that (note

that Pfn = Pf ) for each component α′ ⊂ f−n(α), we have

α′ · f−n(β) ≤ deg(fn : α′ → α)α · β.

Hence

µn
β

1

deg(fn : α′ → α)
α′ · vβ ≤ α · vβ.

Now denote Nn be the maximum number of non-peripheral compo-
nents of f−n(α) for α ∈ α. By multiplying the coefficients of uα and
adding (??) for all components α′ ⊂ f−n(α) and α ∈ α, we obtain

λn
αµn

β uα · vβ ≤ Nnuα · vβ.

By Perron-Frobenius Theorem, we have Nn ≤ Cµn
α for some C > 0.

Hence λn
αµn

β ≤ Nn ≤ Cµn
α. Taking n-th root and the limit, we conclude

that
λα µβ ≤ µα.
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Definition. A reduced Thurston obstruction is called intersecting if
it intersects with another Thurston obstruction. Otherwise it is called
non-intersecting.

With a little more work in the proof of Thurston’s theorem, one
can show that whenever there is a Thurston obstruction, there exists
a non-intersecting Thurston obstruction.

Theorem. A branched covering decomposes into a tree map with λ ≥
1 corresponding to all non-intersecting Thurston obstructions and lo-
cal models gx : S2

x → S2
F (x) such that periodic part of local models

are equivalent to rational maps, homeomorphisms, or branched cov-
erings with non-hyperbolic orbifolds. The intersecting obstructions
should come from pseudo-Anosov homeomorphisims or Lattès maps.
(cf. Pilgrim’s canonical decomposition)

7 Effective Thurston operator

Definition. Let α be a non-peripheral simple closed curve in S2 !Pf .
Let α′ be a connected component of f−1(α). The effective degree
eff-deg(f : α′ → α) is the smallest k ≥ 1 such that for any non-
peripheral simple closed curve β in S2 ! Pf , the following holds:

α′ · f−1(β) ≤ kα · β.

Example. Suppose α and α′(subsetf−1(α)) bound disks D1 and D0

such that f(D0) = D1 and f has only one critical point ω in D0. If
Pf ∩ D1 = {f(ω), y} and #(Pf ∩ f−1(y)) = k, then

eff-deg(f : α′ → α) ≤ k.

Definition (Effective Thurston matrix and µΓ). Let us define the
effective Thurston operator f $

Γ by

f$
Γ(γ) =

∑

γ′⊂f−1(γ)

1

eff-deg(f : γ′ → γ)
[γ′]Γ for γ ∈ Γ.

Denote the leading eigenvalue of f$
Γ by νΓ.

Remark. It is obvious from the definition that eff-deg(f : γ′ → γ) ≤
deg(f : γ′ → γ) and λΓ ≤ νΓ ≤ µΓ.
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Bourbaki, 35e année, 1982-1983 , exposé n0 599, 1982 .
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16

Thurston effective unweighted



Definition. A reduced Thurston obstruction is called intersecting if
it intersects with another Thurston obstruction. Otherwise it is called
non-intersecting.

With a little more work in the proof of Thurston’s theorem, one
can show that whenever there is a Thurston obstruction, there exists
a non-intersecting Thurston obstruction.

Theorem. A branched covering decomposes into a tree map with λ ≥
1 corresponding to all non-intersecting Thurston obstructions and lo-
cal models gx : S2

x → S2
F (x) such that periodic part of local models

are equivalent to rational maps, homeomorphisms, or branched cov-
erings with non-hyperbolic orbifolds. The intersecting obstructions
should come from pseudo-Anosov homeomorphisims or Lattès maps.
(cf. Pilgrim’s canonical decomposition)

7 Effective Thurston operator

Definition. Let α be a non-peripheral simple closed curve in S2 !Pf .
Let α′ be a connected component of f−1(α). The effective degree
eff-deg(f : α′ → α) is the smallest k ≥ 1 such that for any non-
peripheral simple closed curve β in S2 ! Pf , the following holds:

α′ · f−1(β) ≤ kα · β.

Example. Suppose α and α′(⊂ f−1(α)) bound disks D1 and D0 such
that f(D0) = D1 and f has only one critical point ω in D0. If Pf∩D1 =
{f(ω), y} and #(Pf ∩ f−1(y)) = k, then

eff-deg(f : α′ → α) ≤ k.

Definition (Effective Thurston matrix and µΓ). Let us define the
effective Thurston operator f $

Γ by

f$
Γ(γ) =

∑

γ′⊂f−1(γ)

1

eff-deg(f : γ′ → γ)
[γ′]Γ for γ ∈ Γ.

Denote the leading eigenvalue of f$
Γ by νΓ.

Remark. It is obvious from the definition that
1 ≤ eff-deg(f : γ′ → γ) ≤ deg(f : γ′ → γ) and λΓ ≤ νΓ ≤ µΓ.
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Corollary. Let α and β be reduced invariant multicurves for f such
that α · β > 0. Then we have
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Theorem. Let α be a reduced invariant multicurve for f such that
(λβ <)1 < νβ. Then f has no Thurston obstruction intersecting β.
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As before one can prove:

Corollary. Let α and β be reduced invariant multicurves for f such
that α · β > 0. Then we have

να νβ ≤ 1.

Since λβ ≤ νβ, we have

Theorem. Let α be a reduced invariant multicurve for f such that
(λα <)1 < να. Then f has no Thurston obstruction intersecting α.
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If a branched covering is constructed from a tree map F : T → T
with λ < 1 but with the effective eigenvalue νF > 1 and the local
models are rational maps, then it has no Thurston obstruction, hence
is equivalent to a rational map.
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