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Chapter 1

Introduction

1.1 Motivation

1.1.1 Some historical remarks

According to Weil [Weil57], the notion of a Kéhler manifold, introduced by Kéhler
in 1933 [K&h33], became important through the work of Hodge [Hod41] that put
on a firm footing the theorems of Lefschetz on the topology of complex projective
manifolds [Lef24]. As Hodge remarks, the introduction of a metric on a complex
projective manifold is a somewhat artificial operation. However artificial, this op-
eration turned out to be very fruitful. Kodaira developped Hodge’s ideas into his
famous theorem giving a differential geometric characterization of complex pro-
jective manifolds and Hormander’s L?-estimates for the d-equation now form the
basis of a unified approach to complex algebraic geometry and complex analysis
(see [Dem09]).

Hodge’s remark raised the question of constructing canonical metrics on com-
plex projective manifolds (or more generally on compact manifolds of Kahlerian
type). Obvious candidates for such canonical metrics are Kahler-Einstein met-
rics that were actually introduced in [K&h33]. A more sophisticated guess for
canonical Kéhler metrics (in a given Kéahler class) is Calabi’s theory of extremal
metrics. Their investigation is a very active field nowadays which lies outside the
scope of these lecture notes except for the Kéahler-Einstein case.

1.1.2 Kahler-Einstein metrics

A Kahler-Einstein metric on a complex manifold X is a Kéhler metric g whose
Ricci tensor is proportional to the metric tensor. The Kéahler assumption is unnec-
essary for this definition to make sense and Einstein metrics are classical objects
in Riemannian geometry (see [Bes87]). They were introduced in Lorentzian geom-
etry by Einstein, the proportionality constant being called cosmological constant
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in that context.
If (X, w) is compact n-dimensional Kihler-Einstein! the cosmological constant
is essentially

s= | a@X){w}"/ | {wo}"
Js /s

a topological invariant of the pair (X, {w}) where {w} € H"'(X,R) is the coho-
mology class of w.

If 5 is negative, the manifold is canonically polarized and {w} € R.pc1(X).
Canonically polarized manifolds form a rather special class of varieties of general
type: in dimension one, a compact Riemann surface is canonically polarized
if and only if its genus g satisfies ¢ > 2 and carries a unique Kéhler-Einstein
metric of curvature -1, its hyperbolic metric. By a theorem of Aubin and Yau,
every canonically polarized complex projective manifold carries a unique Kéahler-
Einstein metric (up to scale).

This celebrated work uses the reduction of the Kéhler-Einstein equation to
a complex Monge-Ampere equation (a scalar fully non linear elliptic equation).
In fact, Kéhler’s original article already pointed out that solutions to a complex
Monge-Ampere equation could furnish solutions to Einstein equations (which are
not scalar) and ends with the formulation of the general problem of studying this
equation. He also introduced the locally symmetric metric of the complex ball as
a Kahler-Einstein metric.

A Kahler-Einstein metric satisfies s = 0 if and only if ¢;(X) = 0 . One then
has to specify the Kéhler class of the Kéhler-Einstein metric and it is a celebrated
theorem of Yau that, given X a compact Ké&hler manifold such that ¢;(X) = 0,
every Kéhler class contains a unique Ricci flat metric [Yau78].

If 5 is positive, the underlying manifold X is Fano and {w} € Rsgc1(X).
In dimension one, a Fano manifold is a projective line and its K&hler-Einstein
metrics are the Fubini-Study metrics. The Fano case is well known to be harder
and an algebro-geometric characterization of Kahler-Einstein Fano manifolds is
still unknown and an intense subject of study. The case of surfaces was settled
by Tian [Tian90] but the 3 dimensionnal case is still open at the time of this
writing.

1.1.3 The Ricci flow approach

In Riemannian geometry, Hamilton [Ham82] introduced the Ricci flow

0
s = ~ 2

and the developpement of his ideas gave rise to Perelman’s proof of the Poincaré
conjecture in 3 dimensional topology. Bando observed that the Kahler condition
is preserved under Hamilton’s Ricci flow, hereby defining the main topic of these

We follow the convention to specify a Kahler metric g on a complex manifold by the asso-
ciated closed (1,1)-form w.
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lecture notes: the Kéahler-Ricci flow. To achieve this, Bando wrote out a scalar
parabolic equation satisfied by the Kéahler potential of the Kéahler-Ricci flow. This
is a parabolic version of the complex Monge-Ampeére equation solved in [YauT7§].

The convergence of the Kéhler Ricci flow to the canonical Kéahler-Einstein
metric on a compact Kéhler manifold X with ¢1(X) < 0 or ¢1(X) = 0 was
established by Cao [Cao85] and through the work of many authors the K&hler
Ricci flow became a major tool in Kahler Geometry.

1.1.4 A new hope?

It turns out that most results on the Kahler Ricci flow on general type manifolds
have been proved assuming that the minimal model program works. Although
the canonical singular Kéhler-Einstein metric [EGZ09] can be constructed incon-
ditionnally [BEGZ10], its regularity properties can only be established through
[BCHM10].

In a similar fashion, [ST12] has to assume existence of flips for long time
existence of the Kahler Ricci flow with surgeries on projective varieties with
non-negative Kodaira dimension and the behaviour of the the Iitaka fibration as
predicted by the abundance conjecture to establish convergence to a canonical
current.

An approach to the Minimal Model Programm via Kéahler-Einstein geometry
had been advocated by Tsuji in the pre-BCHM era and Song-Tian’s convergence
theorem suggests a way to construct the litaka fibration as the kernel foliation
of the limit of the Kéhler-Ricci flow. As far as the Minimal Model program for
Kéhler non-algebraic manifolds is concerned, the Kahler Ricci flow is actually one
of the few tools that could be used. There is obviously a long way before these
dreams come true.

1.2 Contents

The ambition of these notes is to produce a reference for the fundations of the
Kahler-Ricci flow and a guide to some recent developpements. The lack of such
a reference appeared clearly during the workshops that were organized by the
editors of the present volume.

1.2.1 Organisation

The volume is divided in three parts and six chapters, the first one being this
introduction.

The first part is an introduction to the theory of fully non linear parabolic
equations. The second part is devoted to the basics Kahler Ricci flow on non
uniruled projective manifolds. The third part is devoted to the case of Fano
manifolds.

We now review in some detail the contents of each chapter.



4 CHAPTER 1. INTRODUCTION

1.2.2 Chapter 2

The Kéahler-Ricci flow being equivalent to a scalar fully nonlinear parabolic partial
differential equation, it is important to have a glimpse of the general theory of
such equations.

The second chapter contains a contribution of Imbert and Silvestre fulfill-
ing this need, concentrating on three fundamental problems: Schauder estimates
(regularity theory in Hoélder classes), Viscosity solutions (existence and unique-
ness of weak solutions) and Harnack inequalities.

1.2.3 Chapter 3

The third chapter contains a contribution of Song and Weinkowe that surveys
the fundamental estimates in the Kahler-Ricci flow and its long time existence
theory. This lays the basis of the fascinating analytification of the Minimal Model
Program that was conjectured by Tian as a Kéhler analog of Perelman’s approach
to Thurston’s Geometrization Conjecture and established in [ST09]. Song and
Weinkove go on discussing their recent contributions in this direction [SW10].

In order to be able to connect the Kéhler-Ricci flow to the Minimal Model
program one has to be able to work on varieties with mild singularities (terminal
Q-factorial at least) since minimal models of algebraic varieties of non-negative
Kodaira dimension have these kind of singularities in dimensions > 3.

1.2.4 Chapter 4

The fourth chapter contains a contribution of Boucksom and Guedj presenting
the construction of the Kéhler-Ricci flow on mildly singular projective varieties
after Song-Tian’ work [ST09].

An illustration of its regularizing properties is proposed, following [SzTol1].

1.2.5 Chapter 5

The fifth chapter contains a contribution of Cao which surveys the Kahler-Ricci
flow on Fano manifolds (long time existence, Li-Yau-Hamilton inequalities, etc)
culminating in an exposition of Perelman’s estimates.

These are of central use in studying the long term behavior of the (properly
normalized) K&hler-Ricci flow of Fano manifolds.

1.2.6 Chapter 6

The sixth and final chapter, written by Guedj, explains the proof of Perelman’s
convergence theorem: on a Kéhler-Einstein Fano manifold with no holomorphic
vector field, the normalized Kahler-Ricci flow smoothly converges to the unique
Kahler-Einstein metric.

As long as weak convergence is concerned, an alternative proof is proposed,
which can be used on singular Fano varieties.



Part 1

The (real) theory of fully non
linear parabolic equations






Chapter 2

Introduction to fully non linear
parabolic equations

C. Imbert! and L. Silvestre?

Abstract. These notes contain a short exposition of selected results about parabolic
equations: Schauder estimates for linear parabolic equations with Hélder coeffi-
cients, some existence, uniqueness and reqularity results for viscosity solutions
of fully nonlinear parabolic equations (including degenerate ones), the Harnack
inequality for fully nonlinear uniformly parabolic equations.

2.1 Introduction

The literature about parabolic equations is immense and it is very difficult to have
a complete picture of available results. Very nice books such as [LSU67, Kryl87,
Dong91, Lieb96] are attempt to gather and order the most significant advances in
this wide field. If now one restricts himself to fully nonlinear parabolic equations,
the task is still almost impossible. Indeed, many results proved for parabolic
equations were first proved for elliptic equations and these results are numer-
ous. We recall that many problems come from geometry; the reader is referred
to the survey paper [Kryl97] where Krylov gives historical and bibliographical
landmarks.

In these notes, we will focus on three specific topics concerning parabolic
equations: Schauder estimates for linear parabolic equations (following Safonov
[Saf84] and the textbook by Krylov [Kryl96]), viscosity solutions for fully non-
linear parabolic equations (see e.g. [CIL92]) and the Harnack inequality for fully
nonlinear uniformly parabolic equations.

LCNRS, UMRS8050, Université Paris-Est Créteil Val-de-Marne, Centre de mathématiques,
UFR sciences et technologies, 61 avenue du Général de Gaulle, 94010 Créteil cedex, France
?Department of Mathematics, University of Chicago, Chicago, Illinois 60637, USA
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2.1.1 Main objects and notation
Geometric objects.

We first consider a connected open bounded set Q € R?. We refer to such a set
as a domain. A domain is C*® if, locally, the boundary of the domain can be
represented as the graph of a function with two derivatives that are a-Holder
continuous.

Parabolic equations are considered in cylindrical domain of the form (0, 7") x Q.
The parabolic boundary of € is denoted by 0, (0, T") x €; we recall that it is defined
as follows

0p(0,T) x 2 ={0} x QU (0,T) x 0.

The open ball of R? centered at z of radius p is denoted by By(z). If x =0,
we simply write B,. The following elementary cylindrical domains play a central
role in the theory: for all p > 0 and z € R?, we define

Qp(t,z) = (t — p*,1) x By(z)

When we write Q,, we mean Q,(0,0). It is also convenient to write

Qp(t,z) = (t,z) + Qp

and

Qp = pQ1.

A linear operator.

The general parabolic equation considered in Section 1 involves the following
linear operator

0%u ou
Lu= Z a;j(t, x)m + Z bi(t, a:)a—xZ + c(t, z)u.

,J i

The set of d x d real symmetric matrices is denoted by S;. The identity matrix
is denoted by I. For A, B € S;, A > B means that all the eigenvalues of A — B
are non-negative.

Unknown functions u : (0,7") x 2 — R depend on two (set of) variables: ¢ € R
and x € R?. It is convenient to use a capital letter X to refer to (t,z) € R4,

The time derivative of u is either denoted by 88—? or O;u or u;. Du denotes the
gradient of the function u with respect to the space variable . D?u denotes the
Hessian matrix of the function u with respect to x.

The linear operator introduced above can be written as follows

Lu = trace(AD?*u) +b - Du + cu

where A = (ai;)ij-
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Holder spaces and semi-norms.

We say that u € C%*(Q) for Q C (0,T) x Q if u is §-Hélder continuous with
respect to time ¢t and a-Hoélder continuous with respect to space x. The corre-
sponding semi-norm is denoted by [u]q,. See Subsection 2.1.4 for details.

2.1.2 Fully nonlinear parabolic equations

We first emphasize the fact that we will not consider systems of parabolic equa-
tions; in other words, we will focus on scalar parabolic equations. This means
that the unknown function u will always be real valued. We also restrict ourselves
to second order parabolic equations.

We consider parabolic equations posed in a domain © C R? hence, unknown
functions u are defined in (0,7) x ©Q with T' € [0, oc]. In order to construct solu-
tions and prove uniqueness for instance, initial and boundary conditions should
be imposed. However, we will very often not specify them.

Fully nonlinear parabolic equations appear in optimal control theory and
geometry. Here are several significant examples.

e The Bellman equation

Ou + sup § — Zaq-(:c) Ou + Z b5 () Ou + Au=0.
acA ig i 81‘181'3' P ¢ 81‘,'

e The mean curvature equation

D?*uDu - Du

Ou = Au =
't U u ‘D'LL|2

e The parabolic Monge-Ampeére equations proposed by Krylov in [Kryl76]
ou

el D2 _ Hd+l
Fr det(D*u)
d+1
— det(D%u) + [?;: + H} =0 (2.1.1)

—det <D2u — au[) = g
ot

where H = H(t,x, Du) is a nonlinear first order term.

e For the study of the Kéahler-Ricci flow, one would like to study:

ou
= In(det(D?u)). (2.1.2)
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2.1.3 Aim of these notes

Our goal is to construct solutions and study their regularity. One would like to
construct classical solutions, that is to say solutions such that the derivatives
appearing in the equation exist in the classical sense and satisfy the equation.
But this is not always possible and it is sometimes (very often?) necessary to
construct weak solutions. They are different notions of weak solutions; we will
focus in these notes on so-called viscosity solutions. The advantage is that it is
easy to construct such solutions. One can next try to prove that these solutions
are regular.

Before 1988 (date of publication of [Jens88]), it was popular (necessary) to
construct solutions of fully nonlinear elliptic (or parabolic) equations by using
the continuity method. To apply it, it is necessary to get appropriate apriori
estimates (on third derivatives for instance, or on the modulus of continuity of
the second ones).

The situation changed dramatically when Jensen [Jens88] managed to apply
the viscosity solution techniques of Crandall-Lions [CL81] to second order elliptic
and parabolic equations. In particular, he understood how to adapt the so-called
doubling variable techniques to prove uniqueness. Ishii also contributed to this
major breakthrough. The reader is referred to the survey paper [CIL92] for
further details.

Before presenting the viscosity solution techniques and some select regularity
results for these weak solutions, we will present shortly the classical Schauder
approach to linear parabolic equations.

2.1.4 Spaces of Holder functions

Because we study parabolic equations, Holder continuity of solutions refers to
uniform continuity with respect to

p(X,Y) = VIt = s+ [z —y|

where X = (t,x) and Y = (s,y). In other words, solutions are always twice more
regular with respect to the space variable than with respect to the time variable.

Remark 2.1.1 (Important). The reader should keep in mind that, following
Krylov [Kryl96], we choose to write u € C%* for functions that are a-Holder con-
tinuous in o and §-Hoélder continuous in ¢. This choice is made first to emphasize
the link between regularities with respect to time and space variables, second to
simplify notation.

Let Q@ C (0,7) x Q and « € (0,1].

e u € C%*(Q) means that there exists C' > 0 s.t. for all (¢,z), (s,y) € Q, we
have
lu(t, z) —u(s,y)| < C(jt — s|z + |z —y|?).
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In other words, u is §-Holder continuous in ¢ and a-Holder continuous in

xT.

e u € CH*(Q) means that u is O‘TH—Hélder continuous in ¢ and Du is a-Holder
continuous in z.

e u € C%%(Q) means that % is 5-Holder continuous in ¢ and D?u is a-Holder
continuous in z.

We also consider the following norms and semi-norms.
u(X) — u(Y)]
U, = sup —_
e xyeQxzy  p(X,Y)
|ulo.@ = sup |u(X)]|
XeQ

ou
oo = | 5]+ (D%
2Q
ou 9
ul2ta,g = |ulo,q + 2l T |Dulo,q + D ulo,q + [U]2+0a,@-
07Q

We will use repeatedly the following elementary proposition.

Proposition 2.1.2.

[uv]a,@ < |ulo,@[v]a,q + [v]o,0[U]aq

and for k =0,2,
[u + U}kJra,Q < [u]kJroz,Q + [’U]kJra,Q'
The following proposition implies in particular that in order to control the

norm |ufa4q,Q, it is enough to control |uly,g and [ula4q.0-

Proposition 2.1.3 (Interpolation inequalities). For alle > 0, there exists C(g) >
0 s.t. for allu € C>?,

12000 < elularao + CE)|uloo
[Dula,g < elulota,q + C(e)|ulo,0, (2.1.3)
[Uao  <elularan + Ce)|ulog-

The second proposition is a precise parabolic statement of the following elliptic
fact: in order to control the Holder modulus of continuity of the gradient of w, it
is enough to make sure that, around each point, the function u can be perturbed
linearly so that the oscillation of « in a ball of radius r > 0 is of order 7.

Proposition 2.1.4 (An equivalent semi-norm). There exist C' > 1 such that for
all u € C%(Q),

C M ulytaq < [U2ta@ < Clulyiag



12 CHAPTER 2. FULLY NON LINEAR PARABOLIC EQUATIONS

where

/ 90—
U = sup su inf |u—P
[ ]2+a,Q XG% p>18 p Pep, | |0,Qp(X)mQ

where ]
772:{at+p-:z+§Xa:~a:+c:a,cGR,pERd,XESd}.

The reader is referred to [Kryl96] for proofs of the two previous propositions.

2.2 Schauder estimates for linear parabolic equations

In this first Section, we state a fundamental existence and uniqueness result for
linear parabolic equations with Holder continuous coefficients.

The proof of this theorem is rather long and presenting it completely is out
of the scope of the present lectures notes. Instead, we would like to focus on two
particular aspects: uniqueness and interior estimates.

The uniqueness of the solution is proved by using a maximum principle (Sub-
section 2.2.3), the existence can be obtained through the continuity method. This
method relies on the proof of the “good” a priori estimate (2.2.1) on any C%* so-
lution. This estimate is global in the sense that it deals with what happens at the
interior of (0,7") x Q and at its boundary. In Subsection 2.2.5, we focus on what
happens in the interior of the domain. Precisely, we present a complete proof
of the interior Schauder estimate in the general case. It relies on Schauder esti-
mates for parabolic equations with constant coefficients. The derivation of these
estimates are presented in Subsection 2.2.4 by studying first the heat equation.
We present here an argument due to Safonov circa 1984.

2.2.1 Linear parabolic equations

The standing example of linear parabolic equations with constant coefficients is
the heat equation

ou

where f is a source term. The general form of a linear parabolic equation with
variable coefficients is the following

ou 0%u ou
T Z aij(X)iamiaxj - Z bi(X)axi —c(X)u=0

,J %

where
c<0

and A(X) = (a;j(X));; is a symmetric matrix satisfying one of the following
assumptions

e (Degenerate ellipticity) For all X, A(X) > 0;
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e (Strict ellipticity) There exists A > 0 s.t. for all X, 1 A(X) > A,
o (Uniform ellipticity) There exists A > A > 0 s.t. for all X, A\TA(X) <AL

We recall that I denotes the identity matrix and if A, B € Sg, A > B means that
all the eigenvalues of A — B are non-negative.
It is convenient to consider the linear differential operator L defined as follows

Gu
Lu = i X)u.
U = Zaj 8x18:rj +Zb pr +c(X)u

7

2.2.2 A fundamental existence and uniqueness result

In this Subsection, we state a fundamental existence and uniqueness result for lin-
ear parabolic equation with Holder continuous coefficients. Such a result together
with its proof can be found in various forms in several classical monographs such
as [LSUG67, Kryl96]. We choose here to present the version given in [Kryl96].

In the following statement, Riﬂ denotes [0, +00) x R

Theorem 2.2.1. If Q is a C%“ domain and the coefficients A,b,c € C*((0,T) %)
and f € CYREM), g € C*((0,T) x Q), h € C**(R?), and g and h are
compatible (see Remark 2.2.3 below), then there exists a unique solution u €
C?(Q) of

—Au=f in (0,7) x

u=g on (0,400) x 09
u=nh on {0} x Q.
In addition,
[ul2 40,010 < C(\f’a,Rfl + 19l240,01)x0 + |Plo4a ) (2.2.1)

where C'= C(d, \, K, a, pp, diam(Q2)) and K =
and py is related to the C*“ regularity of the boundary of €.

0,T)xQ

Remark 2.2.2. The inequality (2.2.1) is called the (global) Schauder a priori
estimate.

Remark 2.2.3. The fact that data g and h are compatible has to do with con-
ditions ensuring that a solution which is regular up to the boundary can be
constructed. Since we will not address these problems, we refer the interested
reader to [LSU67, Kryl96] for a precise definition.

2.2.3 Maximum and comparison principles

Maximum principles are powerful tools to study elliptic and parabolic equations.
There are numerous statements which are not equivalent. We choose the following
one.
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Theorem 2.2.4 (Maximum principle). Consider a bounded continuous function
u: (0,7) x © — R such that % exists at each point of (0,7) x Q and Du, D*u
exist and are continuous in (0,77) x €.

If

@—Lugom(o,T)xQ

ot
u <0on 0,(0,T) x Q2
then v < 01in (0,7) x .

Remark 2.2.5. The set 9,(0,T) x £ is the parabolic boundary of the cylindrical
domain (0,7") x Q. Its definition is recalled in the Section devoted to notation.

Proof. Fix v > 0 and consider the function v(t, z) = u(t, z) — 7. Assume that v
is not non-positive. Then its maximum M on (0,T") x € is positive. It is reached,
and it cannot be attained for ¢ = 0 or z € 9Q since v < u < 0 on 9,(0,7) x Q. It
can neither be attained for ¢ = T since v — —oo as t — T'—. We conclude that
the maximum is attained for some ¢ € (0,7) and x € Q. In particular,

ov ou vy
= a(t,a:) = —(t,z) — T2

0 = Du(t,z) = Du(t,x)
0 > D%v(t,x) = D?u(t, ).

0

Remark that since A is (uniformly) elliptic, the linear operator satisfies
Lu(t, z) = trace(AD?*u) + b - Du + cu = trace(AD?u) + cu < trace(AD?*u) <0

since u(t,z) > v(t,z) >0, ¢ <0, A > 0 and D?u(t,x) < 0. We now use the fact

that u satisfies % —Lu <0in (0,7) x Q to get the desired contradiction:

y ou

Since « is arbitrary, the proof is complete. [J We now state two corollaries.

The first one will be the starting point of the second section (Section 2.3). In the
framework of linear equation, it is a direct consequence of the previous result.

Corollary 2.2.6 (Comparison principle - I). Consider two bounded continuous
functions u and v which are differentiable with respect to time and such that first
and second derivatives with respect to space are continous. If

%—Luﬁf in (0,T) x Q (2.2.2)
%—vafin(O,T)xQ

and u < v in 0,Q, then u < wv in (0,T) x Q.
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Remark 2.2.7. Remark that this corollary implies that as soon as u satisfies
(2.2.2), it lies below any solution of %—;‘ — Lu = f. This is the reason why it is
referred to as a subsolution of the equation % — Lu = f. In the same way, v lies
above any solution and is referred to as a supersolution.

Remark 2.2.8. In view of the previous remark, we can reformulate the result
of the previous corollary as follows: if a subsolution lies below a supersolution at
the parabolic boundary then it lies below in the whole cylindral domain.

The next result contains a first estimate for solutions of linear parabolic equa-
tions.

Corollary 2.2.9 (A first estimate). Consider a bounded continuous solution u of

%7: —Lu=fin (0,T) x Q. Assume moreover that it is differentiable with respect

to time and continuously twice differentiable with respect to space. Then

[ulo,0,7)x2 < T flo,0,m)x0 + 19l0,0,0,1)x0-

Sketch of proof. Consider v+ = u + (190,0,(0,7)x + t flo,<0,7)x) and check that
vT is a supersolution and v~ is a subsolution. Then the previous corollary yields
the desired result. g

2.2.4 Schauder estimate for the heat equation
2.2.4.1 Statement and corollary
The “interior” Schauder estimate for the heat equation takes the following form.

Theorem 2.2.10. Let a € (0,1) and consider a C* function v : R4*! — R with
compact support and define f = % — Auwu. Then there exists a constant C' > 0
only depending on dimension and « such that

[u]2+a,Rd+1 < C[.ﬂa,RdJrl :

It is then easy to derive a similar “interior” Schauder estimate for linear
uniformly parabolic equation with constant coefficients and no lower order term.

Corollary 2.2.11. Let a € (0,1) and assume that A = Ag in R and b = 0,
¢ = 0. Then there exists a constant C > 0 only depending on dimension and «
such that for any C* function u with compact support

[u]2+a,R‘i+1 < C[f]a,R‘i‘H
where f = %—? — Lu.

Sketch of proof. The proof consists in performing an appropriate change of coor-
dinates. Precisely, we choose P € S such that Ay = P? and consider v(t,z) =
u(t, Pz). Then check that Av = trace(AgD?u) = Lu and use Theorem 2.2.10. [
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2.2.4.2 Two useful facts
Before proving Theorem 2.2.10, we recall two facts about the heat equation. We
recall first that a solution u € C'*° of

ou

ZAu=
at U f’

with compact support included in (0, +00) x R%, can be represented as

t
utia) = [ [ o)t pyisdy

where
G(t,x) = 1 eiﬂ
’ (47rt)d/2
We write in short hand
u=Gxf,

keeping in mind that G should be extended by 0 for ¢ < 0 in order to make this
rigourous. This formula can be justified using Fourier analysis for instance.

Fact 1. For any 0 < p <R,
|G * 1QR(ZO)|07QP(ZO) < CR?
where 1g,(7,)(Z) = 1 if Z € Qr(Zo) and 0 if not.

Fact 2. There exists a constant C' > 0 such that any solution of %—? = Ah in
Qr(0) satisfies
n h

ot — R2n+|a
where o = (..., an), la| =3, a; and D*h = 23 ... L.
g Ox, Oz,

This second fact can be proved by using Bernstein’s techniques. See [Kryl96,
Chapter 8, p. 116].

2.2.4.3 Proof of the Schauder estimate

The following proof is due to Safonov circa 1984. It is presented in [Kryl96].
Krylov says in [Kryl97] that “[he] believes this proof should be part of a gen-
eral knowledge for mathematicians even remotely concerned with the theory of
PDEs”.

Recall that the C*% regularity can be established “pointwise”. Indeed, in
view of Proposition 2.1.4, it is enough to be able to find a polynomial P which
is linear in time and quadratic in space such that the oscillation of the difference
between u and P decreases as p?T® in a box of size p. The natural candidate
for P is the “second order” Taylor polynomial of the function itself. The idea of
Safonov is to perturb this natural candidate in order to reduce to the case where

f=0.
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Proof of Theorem 2.2.10. Without loss of generality, we can assume that the
compact support of u is included in (0, +-00) x R

Take Xg € R p > 0 and K > 1 to be specified later. Let Q denote
Q(r+1)p(Xo) and take ¢ € C>(R¥1) with compact support and such that ¢ = 1
in Q.

We consider the “second order” Taylor polynomial associated with a function
w at a point X = (¢,x)

Txw(s,y) = w(X)+w(X)(s—t)+Dw(X) - (y—s)+ %DQw(X)(y —x)-(y—x).

We now consider
g = ((Txgu)t — A(CTx,u).
In view of properties of (,

g = f(Xo) in Q.

Keeping this piece of information in mind, we can write for X € @,

u—TXOu:u—(TXOu:G*(f—g)
=h+r

with
h=Gx((f—9)lge) and r=Gx*((f- f(X0))1lq)
where Q¢ = R4\ Q. Remark in particular that

h: — Ah =0 in Q.
Now we estimate
[u—Txou — Txohlo,g,(x0) < |h = Txohlo,q,(x0) + I710,Q,(X0) (2.2.3)

and we study the two terms of the right hand side.
We use Fact 1 to get first

[fla,@(K + 1)%p*|G * 10,9, (x0)
C(K +1)*™p* [ f]a.0- (2.2.4)

I7]0,0,(x0) <
<

We now write for X € Q,(Xo),
1
h(X) = h(Xo) + ht(0,2)(t — to) + Dh(Xp) - (x — z0) + §D2h(9)(az —x9) - (x —x0)
for some 60 € (to,t) and © = (to,%0) € Q,(Xo). Hence, we have

h(X) = Txoh(X) = (ht(6,2) — ht(X0))(t — to)
+ %(DQh(@) — D?h(X0))(x — x0) - (x — x0)
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from which we deduce

We now use Fact 2 in order to get

Ih(X) = Txoh(X)| < p2he(6, ) — he(Xo)| + p2|D?R(O) — D*h(Xo)|.  (2.2.5)
0? 0
—h +p|=Dh
8752 07QP(X0) 8t

OvQP(X0)>
+ Cp*[D*ho,q, (x0)
4 -4, 3 -3, 3 -3
S C(p*(Kp) ™"+ p°(Kp)~° + p°(Kp)~)|hloq
<C(K* 4+ 2K %)|hlog
< CK73’h‘0,Q

|h = Txohlo,g,(x0) < P° <92

by choosing K > 1. We next estimate |h|g g as follows

hlo,g < |u—Tx,u—rloq < lu—Txyulog + [rloq
< C(K + 1)*"p* ([u]o1a,0 + [[flaQ)

where we used (2.2.5) for u instead of h and we used (2.2.4). Then, we have

K+ 1),
b= Tohlog,x < OO o g+ flag). (226)

Combining (2.2.3), (2.2.4) and (2.2.6), we finally get

p~FF|y — Txu — Tx,h

0.0,(xy) < C(K +1)*"[flaq

2+«
+ O T (g + [fla).

In view of Proposition 2.1.4, it is enough to choose K > 1 large enough so that

(K + 1)2+a

C 703

1
< —
-2
to conclude the proof of the theorem. O

2.2.5 Schauder estimate in the case of variable coefficients

Theorem 2.2.12. Consider a function u € C%((0,T) x R?) for some « € (0,1).
Then there exists C = C(d, ) such that

[U]24a,(0,7)xre < C ([f]a,(o,T)de + \U|0,(0,T)de>

where f = % — Lu.
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Remark 2.2.13 (Notation). In the remaining of this subsection, it is convenient
to write semi-norms as [-|g+q instead of [y (07)xre: & = 0,2. In the same way,
| - o stands for | - [o (0, 7)xRe-

Remark 2.2.14. Recall that by Corollary 2.2.9, one has
ulo < T'lue — Lulo + [u(0, -)[o pa-
Before giving a rigourous proof, we would like first to explain the main idea.

Main idea of the proof of Theorem 2.2.12. Assume first that there are no lower
order terms (¢ =0 and b = 0).

In a neighbourhood of Xy € R¥+!, the coefficients of the linear operator L
are frozen: the linear operator with constant coefficients is denoted by Lg. If X
is close to Xg, then L is not very far from Lg and this can be measured precisely
thanks to the Holder continuity of coefficients.

Use first Corollary 2.2.11:

[u]ota < Clur — Lou|q < Clup — Luls + C[Lu — Loulq.

Now control [Lu — Lyu], thanks to [u]a4+ and conclude.
Next, lower order terms are treated by using interpolation inequalities. O

Let us now make this precise and rigourous.

Proof of Theorem 2.2.12. We first assume that b = 0 and ¢ = 0. Let f denote
0
5 — Lu.

Let € € (0,7/2) and v < £/2 be a positive real number to be fixed later and
consider X7 and X5, such that

[Ut] (e, 7—e)xra < 2p(X1, Xo) ™ |ug(X1) — ue(X2)|

where we recall that p(X1, Xo) = /|t1 — to| + |z1 — zo| if X; = (5, 2;), 1 =1,2.
If p(X1, X2) > 7, then we use interpolation inequalities (2.1.3) in order to get

[Ut] (e, 7—e) xre < 27 *lutlo
1
< dubosa + OOl

If p(X1,X2) < 7, we consider ¢ € C®(R%!) with compact support such
that ((X) = 1if p(X,0) < 1 and {(X) = 0 if p(X,0) > 2. We next define
Et,z) = C(y2(t—t1),y Y(z —x1)). In particular, £(X) = 1 if p(X, X;) < v and
£(X) = 0if p(X, X1) > 27,

Now we use Corollary 2.2.11 in order to get

[Ut]a, (e, ) xre < 20( X1, Xo2) ™ ue(X1) — ue(X2)]
< 2[(u)]24a

< 2C[(ug): — L(X1)(ug)]a
< 20[(u€); — L(ué)]a + 2C[(L(X1) — L)(ué)]a- (2.2.7)
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We estimate successively the two terms of the right hand side of the last line.
First, we write

(u€)r — L(ug) = £f + u(& — LE) — 2ADu - DE

since L(u) = uL& + £Lu + 2ADw - DE. Using interpolation inequalities (2.1.3),
this implies

C(Y)([fla + [ula + [Dula)
Y [ul2ta + C(V([fla + |ulo)- (2.2.8)

We next write
(L(X1) — L) (ug) = trace[(A(X1) — A(X))D?(ug)]

and for X such that p(X;, X) < 27, we thus get thanks to interpolation inequal-
ities (2.1.3)

[(L(X1) = L)(u€)]a < CY*[D*(u€)]a + C|D*(u)lo
< Cy*[u)24a + C(7)|ulo- (2.2.9)

Combining (2.2.7), (2.2.8) and (2.2.9), we finally get in the case where p(X7, X3) <

7
[ut]a, e m—e)xrt < CY*[U]aya + C(V)([fla + [ulo)-

We conclude that we have in both cases
[Ut]a,(e,7—e)xre < (CY* + 1/4)[ulora + C(7)([fla + |ulo)-

We can argue in a similar way to get
[D*u]g (e r—cpxre < (O + 1/4)[u]21a + C(7)([fla + ulo).
Adding these two inequalities yield

[ulata,er—e)xre < (CY* +1/2)[u]24a + C(Y)([fla + [ulo)-

Now choose 7 such that Cy* < 1/4 and get

3
[Wl24a,(er-e)xra < 7 [ul2a + C([fla + [ulo).

Taking the supremum over ¢ € (0,7'/2) allows us to conclude in the case where
b=0and c=0.
If now b # 0 and ¢ # 0, we apply the previous result and get

[u)a4a < C([f +b- Du+ cula + |ulo).

Use now interpolation inequalities once again to conclude. Il
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2.3 Viscosity solutions: a short overview

Viscosity solutions were first introduced by Crandall and Lions [CL81]. This
notion of weak solution enabled to characterize the value function of an optimal
control problem as the unique solution of the corresponding first order Hamilton-
Jacobi equation. An example of such an equation is the following one

ou 1

Ao Dulr+V(e)=0 2.3.1

O SIDul 4 V() (23.1)
for some continuous function V. The viscosity solution theory is also by now a
fundamental tool for the study of nonlinear elliptic and parabolic equations.

2.3.1 Definition and stability of viscosity solutions
2.3.1.1 Degenerate ellipticity

We recall that linear parabolic equations in non-divergence form have the follow-
ing general form

ou

— —Lu=

ot /
with

Lu = trace(AD?*u) + b - Du + cu

with A > 0 (in the sense of symmetric matrices).
We now consider very general nonlinear parabolic equation of the form

gzb + F(t,z, Du, D*u) =0 (2.3.2)

where we assume that the nonlinearity F : (0,T) x Q x R? x Sq — R is continuous
and satisfies the following condition

A< B= F(t,z,p,A) > F(t,z,p, B). (2.3.3)

In other words, the nonlinearity F' is non-increasing with respect to the matrix
variable. We say that F' is degenerate elliptic.

Remark 2.3.1. In the case of parabolic Monge-Ampere equations such as (2.1.1)
or (2.1.2), the nonlinearity is well-defined and degenerate elliptic only on a sub-
set of Sy; precisely, it is only defined either on the subset S:{ of semi-definite
symmetric matrices or on the subset STF of definite symmetric matrices. Hence,
solutions should be convex or strictly convex.
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2.3.1.2 Semi-continuity

Consider an open set Q C R4, We recall that u is lower semi-continuous at
(t,z) if, for all sequences (s, yn) — (¢, ),

u(t,z) < liminf u(sy, yn).
n—oo
In the same way, one can define upper semi-continuous functions. Very often, the
previous inequality is written

u(t,r) < liminf wu(s,y).
(t,2) (s,y)— () (=)

If w is bounded from below in a neighbourhood of @, one can define the lower
semi-continuous envelope of u in @) as the largest lower semi-continuous function
lying below w. It is denoted by w,. Similarly, the upper semi-continuous enveloppe
u* of a locally bounded from above function u can be defined.

2.3.1.3 Definition(s)

In this paragraph, we give the definition of a viscosity solution of the fully nonlin-
ear parabolic equation (2.3.2). We give a first definition in terms of test functions.
We then introduce the notion of subdifferentials and superdifferentials with which
an equivalent definition can be given (see Remark 2.3.8 below).

In order to motivate the definition of a viscosity solution, we first derive
necessary conditions for smooth solutions of (2.3.2).

Consider an open set Q@ C R%! and a function u : Q — R which is C! with
respect to t and C? with respect to z. Consider also a function ¢ with the same
regularity and assume that v < ¢ in a neighbourhood of (¢,z) € Q and u = ¢ at
(t,z). Then

foler _ Ou

E(t,x) E(t,x)

Do¢(t,x) = Du(t, )
D?¢(t,z) > D?u(t,x

Using the degenerate ellipticity of the nonlinearity F', we conclude that

%@, z) + F(t,z, Do(t,z), D*6(t,x))

0
< aiZ(t,x) + F(t,z, Du(t, z), D*u(t, ) = 0.
A similar argument can be used to prove that if © > ¢ in a neighbourdhood of
(t,z) with u(t,z) = ¢(t,z) then the reserve inequality holds true. These facts
motivate the following definitions.
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Definition 2.3.2 (Test functions). A test function on the set Q is a function
¢ : Q — R which is C* with respect to t and C? with respect to x.

Given a function u : Q — R, we say that the test function ¢ touches u from
above (resp. below) at (¢t,x) if u < ¢ (resp. u > ¢) in a neighbourhood of (t, x)
and u(t,z) = ¢(t, ).

Remark 2.3.3. If u — ¢ reaches a local maximum (resp. minimum) at (¢, xo),
then ¢ + [u(to, z0) — ¢(to, x0)] touches u from above (resp. below).

Definition 2.3.4 (Viscosity solutions). Consider a function u: Q — R for some
open set Q.

e u is a subsolution of (2.3.2) if u is upper semi-continuous and if, for all
(t,z) € Q and all test functions ¢ touching u from above at (t,x),

9¢

E(t,x) + F(t,z, Do(t,x), D*¢(t,z)) <O0.

e u is a supersolution of (2.3.2) if u is lower semi-continuous and if, for all
(t,z) € Q and all test functions ¢ touching u from below at (t,x),

aa(f(t,x) + F(t,z, Do(t,x), D*¢(t, z)) > 0.
e u is a solution of (2.3.2) if it is both a sub- and a supersolution.

Remark 2.3.5. Remark that a viscosity solution of (2.3.2) is a continuous func-
tion.

When proving uniqueness of viscosity solutions, it is convenient to work with
the following objects.

Definition 2.3.6 (Second order sub-/super-differentials). The following set

Pi(u)(t,x) = {(a,p, X) € R x R xS, :

(Oé,p, X) = (6t¢(ta l’), D¢(t> 33’), D2¢(ta 1‘))
s.t. ¢ touches u from above (resp. below) at (t,x)}

is the super-(resp. sub-)differential of the function u at the point (t,z).

Remark 2.3.7. Here is an equivalent definition: (a,p, X) € PTu(t,z) if and
only if

u(s, ) > ult,x) +als— 1)+ p-(y—2)+ 5 X (@ —y)-(r—y)+o (is — tl + ]y — o)

for (s,y) in a neighbourhood of (t,x). A similar characterization holds for P~.
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Remark 2.3.8. The definition of a viscosity solution can be given using sub-
and super-differentials of u. Indeed, as far as subsolutions are concerned, in view
of Definitions 2.3.4 and 2.3.6, u is a viscosity subsolution of (2.3.2) in the open
set @ if and only if for all (¢,z) € Q and all (o, p, X) € PTu(t, z),

a+ F(t,z,p, X) <0.

When proving uniqueness, the following limiting versions of the previous ob-
jects are used.

Definition 2.3.9 (Limiting super-/sub-differentials).

PE(u)(t,2) = {(a,p, X) € R x RY x Sy : I(tn, 2) — (£, 2) s.t.
(aTwanXTL) — (aava)vu(tnaxn) — u(t,x),

(an,pn, Xn) € Piu(tn, xn)}

Remark 2.3.10. Since F' is assumed to be continuous, the reader can remark
that u is a viscosity subsolution of (2.3.2) in @ if and only if for all (¢,z) € Q

and all (a,p, X) € P u(t, x),
a+ F(t,z,p, X) <0.

An analogous remark can be made for supersolutions.

2.3.1.4 First properties

In this section, we state without proofs some important properties of sub- and
supersolutions. Proofs in the elliptic case can be found in [CIL92] for instance.
These proofs can be readily adapted to the parabolic framework.

Proposition 2.3.11 (Stability properties). o Let (uq)a be a family of sub-
solutions of (2.3.2) in Q such that the upper semi-continuous envelope u of
sup,, U 18 finite in Q. Then u is also a subsolution of (2.3.2) in Q.

o If (up)n is a sequence of subsolutions of (2.3.2), then the upper relaxed-
limit u of the sequence defined as follows

w(t,z) = limsup  up(s,y) (2.3.4)

is everywhere finite in Q, then it is a subsolution of (2.3.2) in Q.

Remark 2.3.12. An analogous proposition can be stated for supersolutions.

2.3.2 The Perron process

In this subsection, we would like to give an idea of the general process that allows
one to construct solutions for fully nonlinear parabolic equations.
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2.3.2.1 General idea

The Perron process is well known in harmonic analysis and potential analysis. It
has been adapted to the case of fully nonlinear elliptic equations in non-divergence
form by Ishii [Ish87].

The general idea is the following one: assume that one can construct a sub-
solution u~ and a supersolution u* to a nonlinear parabolic equation of the
form (2.3.2) such that v~ < w*. Using Proposition 2.3.11, we can construct a
maximal subsolution u lying between u~ and u™. Then a general argument allows
one to prove that the lower semi-continuous envelope of the maximal subsolution
u is in fact a supersolution.

Remark 2.3.13. Before making the previous argument a little bit more precise,
we would like to point out that the function u constructed by this general method
is not a solution in the sense of Definition 2.3.4. It is a so-called discontinuous
(viscosity) solution of (2.3.2). We decided to stick to continuous viscosity so-
lution in these lecture notes and to state the result of the Perron process as in
Lemma 2.3.15 below. See also Paragraph 2.3.2.3.

Example 2.3.14. In many important cases, u™ are chosen in the following form:

uo(x) £ Ct where ug is the smooth initial datum and C' is a large constant, pre-
cisely:
C > sup |F(0,z, Dug(z), D*ug(x))|.
reRd

If non-smooth/unbounded initial data are to be considered, discontinuous stability
arguments can be used next.

2.3.2.2 Maximal subsolution and bump construction

We now give more details about the general process to construct a “solution”.
We consider a cylindrical domain @ = (0,7 x € for some domain Q C R?.

Lemma 2.3.15. Assume that u™ is a super-(resp. sub-) solution of (2.3.2) in
Q. Then there exists a function u : Q@ — R such that v~ < u < u™ and u* is a
subsolution of (2.3.2) and u, is a supersolution of (2.3.2).

Proof. Consider
S={v:Q—Rst. u” <v<u' and v* subsolution of (2.3.2)}.

By Proposition 2.3.11, we know that the upper semi-continuous envelope u* of
the function

U = Supv
vES

is a subsolution of (2.3.2).
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We next prove that the lower semi-continuous envelope u, of u is a supersolu-
tion of (2.3.2) in (). Arguing by contradiction, one can assume that there exists
(o, p, X) € P~ ux(t, ) such that

a+ F(t,z,p, X) = -6 <0. (2.3.5)
Remark that at (¢, x), we have necessarily
u(t,x) < ut(t, ).

Indeed, if this is not the case, then (o, p, X) € P~ut(¢,x) and (2.3.5) cannot be
true since u™ is a supersolution of (2.3.2). Up to modifying the constant 6, we

can also assume that
uy(t,z) —ut(t,z) < —0 < 0. (2.3.6)

Without loss of generality, we can also assume that (¢, z) = (0,0) and u.(¢,z) = 0.
Let us consider the following paraboloid

1 1
Plo) =75 +p-y+ 3 Xuu+6 - (3l + 1)

with § and ~ to be chosen later. Compute next

oP
g(say) +F(87ya DP(Say)?DQP(Say))

S
=T—VM+F(8,y,p+Xy—w,X—WI)

(if s =0, ﬁ should be replaced with any real number ¢ € [—1,1]). Hence, for r

and v small enough, we have

- < 2
85+F(8’y’DQ’D Q) < 2<0

for all (s,y) € V;.. Moreover, since (7,p, X) € P~ u.(t,z), we have
1
w(s,y) > 75+ py+ S Xy -y +olly + Is))
1
> Plovy) =5+ (5l + 1) + olly? + ).

Choose now ¢ = I and consider (s,y) € V;.\ V,/a:

yr yr yr
u*(57y) > P(Say) - Z + 7 +O(T) = P(S7y) + Z —|—O(T).

Consequently, for r small enough,
u(svy) - P(S7y) > % >0 in ‘/;”\‘/;"/2)
P(s,y) <u'(s,y) in V;
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where we used (2.3.6) to get the second inequality.
We next consider

Us.y) :{ um(zfg(s,y),P(s,y)} i I(ztz'/) eV,

On one hand, we remark that the function U* is still a subsolution of (2.3.2) and
U>u>u_and U <u". Consequently, U € S and in particular, U < u. On the
other hand, supp+ yra{U — u} > §; indeed, consider (¢,,z,) — (0,0) such that
w(tn, Tn) — u«(0,0) = 0 and write

lim Ul(ty,xn) — u(ty, zn) > Um P(ty,x,) — u(ty, z,) = > 0.

This contradicts the fact that U < u. The proof of the lemma is now complete.
O

2.3.2.3 Continuous solutions from comparison principle

As mentioned above, the maximal subsolution u* is not necessarily continuous;
hence, its lower semi-continuous envelope u, does not coincide necessarily with
it. In particular, we cannot say that u is a solution in the sense of Definition 2.3.4
(cf. Remark 2.3.13 above).

We would get a (continuous viscosity) solution if u* = u,. On one hand,
u* is upper semi-continuous by construction and on the other hand u, < u* by
definition of the semi-continuous envelopes. Hence, u is a solution of (2.3.2) if
and only if u* < wu, in Q. Since u* is a subsolution of (2.3.2) in @ and u, is a
supersolution of (2.3.2) in @, it is thus enough that Equation (2.3.2) satisfies a
comparison principle and that the barriers u™ satisfy some appropriate inequality
on the parabolic boundary. More precisely, we would like on one hand that

Comparison principle. If u is a subsolution of (2.3.2) in Q and v is a super-
solution of (2.3.2) in Q and u < v on the parabolic boundary 0,Q, then u < v in

Q.

and on the other hand, we would like that u* < u, on 0,Q. This boundary
condition would be true if

(u™)* < (u7)s on 8,Q.

We emphasize that the lower and upper semi-continuous envelopes appearing in
the previous inequality are performed with respect to time and space.

Example 2.3.16. If for instance Q = (0,T) x R?, then barriers should satisfy
(um)*(0,7) < (u™)+(0,7) forx € R<.

This condition is fullfilled for such a Q if u™ = ug &+ Ct (see Example 2.3.14).
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In the next subsection, we will present general techniques for proving com-
parison principles. The reader should be aware of the fact that, in many practical
cases, general theorems from the viscosity solution theory do not apply to the
equation under study. In those cases, one has to adapt the arguments presented
below in order to take into account the specific difficulties implied by the specific
equation. The reader is referred to [CIL92] for a large review of available tools.

2.3.3 Introduction to comparison principles

In this subsection, we present classical techniques to prove comparison principles
in some typical cases.

2.3.3.1 First order equations

In this paragraph, we first study first order Hamilton-Jacobi equations of the

following form
0
8—1: + H(z, Du) = 0. (2.3.7)
As we will see, a comparison principle holds true if H satisfies the following

structure condition: for all z,y,p € R,
|H (z,p) — H(y,p)| < Clz —y|. (2.3.8)

In order to avoid technicalities and illustrate main difficulties, we assume that
x +— H(z,p) is Z%periodic; hence, solutions should also be Z%periodic for Z-
periodic initial data.

Theorem 2.3.17 (Comparison principle - IT). Consider a continuous Z%periodic
function ug. If u is a Z%-periodic subsolution of (2.3.7) in (0,7) xR and v is a Z9-
periodic supersolution of (2.3.7) in (0, T') x R? such that u(0,z) < ug(x) < v(0,x)
for all # € R?, then u < v in (0,T) x RY,

Proof. The beginning of the proof is the same as in the proof of Theorem 2.2.4:
we assume that

M = sup {u(t,m) —o(t,z) — 7} > 0.
t€(0,T),zeRd Tr—t

Here, we cannot use the equation directly, since it is not clear wether u—wv satisfies
a nonlinear parabolic equation or not (recall that the equation is nonlinear).
Hence, we should try to duplicate the (time and space) variables.

Doubling variable technique.

Consider

t—s?> Jz—y*> 7 }

M= s futt) -y - CE SR

t,s€(0,T),z,ycR?
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Remark that M. > M > 0. This supremum is reached since u is upper semi-
continuous and v is lower semi-continuous and both functions are Z?-periodic.
Let (te, s, zc,y:) denote a maximizer. Then we have

(ta - 35)2 ’xa - ya|2
+

9% 20 < u(t57x5) - U(Seaye) < |u+‘0 + ‘v_‘o

where we recall that [wlo = sup( ;)e(o.r)xre [w(t, )|. In particular, up to ex-
tracting subsequences, t. — t, s — t and . — =, y- — y and t. — s. = O(\/¢)
and z. — y- — O(V/%).

Assume first that ¢ = 0. Then

0 < M <limsup M, < limsupu(te,z.) — liminfv(s., y.) < u(0,z) — v(0,2) < 0.
£

e—0 €
This is not possible. Hence ¢t > 0.
Since t > 0, for € small enough, - > 0 and s > 0. Now remark that the
function ¢,
(t—sc)? o —yel?

n
t —
(ba) > vlseye) + =5+ —5 —+ 7

is a test function such that u — ¢, reaches a maximum at (¢.,z.). Hence (recall
Remark 2.3.3),

n le — Se
H(z.,p.) <0
(T —t.)2 + c + H(xe,pe) <
with p. = *=-¥. Similarly, the function ¢,
(S_t8)2 . |y_«776’2 . n

t _
(S7y)'_>u( 571.5) 26 25 T_tE

is a test function such that v — ¢, reaches a minimum at (sg, y.); hence

te — S¢

+ H(ye,p:) <0

with the same p.! Substracting the two viscosity inequalities yields

n

T < Hepe) — Hiae, po)

In view of (2.3.8), we conclude that

72 < Clee = ye = O(V2).

Letting € — 0 yields the desired contradiction. O
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Remark 2.3.18. Condition (2.3.8) is satified by (2.3.1) if the potential V is
Lipschitz continuous. On the contrary, if H(z,p) = c(z)|p|, then the Hamilton-
Jacobi equation is the so-called eikonal equation and it does not satisfy (2.3.8)
even if c is globally Lipschitz. Such an Hamiltonian satisfies

|H (2, p) — H(y,)| < C(1+ [p)|z —yl. (2.3.9)

For such equations, the penalization should be studied in greater details in order
to prove that
’xs - y5|2
2e
With this piece of information in hand, the reader can check that the same

contradiction can be obtained for Lipschitz ¢’s. See for instance [Barl94] for
details.

—0ase—0.

Since we will use once again this additional fact about penalization, we state
it now in a lemma.

Lemma 2.3.19. Consider u(t,z) = u(t,z) — n(T —t)~1. Assume that

[z —yl* |t s
2e 2e

M = sup a(t,z) —v(s,y)
m,yE]Rd
t,s€(0,T)

is reached at (xe,Ye,te, Se). Assume moreover that (ze,ye,te, sc) — (x,y,t,8) as
e — 0. Then
|563 - y£|2
€

— 0 ase — 0.

Remark 2.3.20. The reader can check that the previous lemma still holds true
if v(s,y) is replaced with v(t,y) and if the term e}t — s|? is removed.

Proof. Remark first that € — M, is non-decreasing and M, > M := suppa(a—v).
Hence, as ¢ — 0, M. converges to some limit [ > M. Moreover,

‘xa - 95‘2 . ‘te - 36’2
4e 4e
|xa_ys|2 |ta_55‘2

> M,
= Me+ 4e + 4e

Mye > &(tsal'e) - U(Ssays) -

Hence,

Te — Ye e — Se
fre — el Jte — el

< — —(=0.
iz iz _MQS ME—)Z { 0
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2.3.3.2 Second order equations with no x dependance

In this subsection we consider the following equation

0

8—1‘ + H(z, Du) — Au=0 (2.3.10)
still assuming that x — H(z,p) is Z%periodic and satisfies (2.3.8). The classical
parabolic theory implies that there exists smooth solutions for such an equation.
However, we illustrate viscosity solution techniques on this (too) simple example.

Theorem 2.3.21 (Comparison principle - IIT). Consider a continuous Z%periodic
function ug. If u is a Z%periodic subsolution of (2.3.10) in (0,7) x R% and v is
a Z%periodic supersolution of (2.3.7) in (0,T) x R? such that u(0,z) < up(x) <
v(0, ) for all x € R, then u < v in (0,7) x R%.

Remark 2.3.22. A less trivial example would be

0
Bitt + H(x, Du) — trace(AgD?u) =0
for some degenerate matrix Ag € Syq, Ag > 0. We prefer to keep it simple and

study (2.3.10).

First attempt of proof. We follow the proof of Theorem 2.3.17. If one uses the
two test functions ¢, and ¢, to get viscosity inequalities, this yields
1 ta - Sa —].
H <t 1
Togp e Hepe) < tracee),

t _
ETSE + H(Yye,pe) > —trace(e_ll).

Substracting these two inequalities, we get

1 2d
2 =0 (Ve) +—
and it is not possible to get a contradiction by letting € — 0. O In

the previous proof, we lost a very important piece of information about second
order derivatives; indeed, assume that u and v are smooth. As far as first order
equations are concerned, using the first order optimality condition

Du(te,xz:) —pe =0 and — Dvu(sz,y:) +p- =0

is enough. But for second order equations, one has to use second order optimality

condition
Du(t., z.) 0 < el —elI
0 —Duv(se,ye)) — \—e 1 eI )"

It turns out that for semi-continuous functions, the previous inequality still holds
true up to an arbitrarily small error in the right hand side.
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Uniqueness of viscosity solutions for second order equations where first ob-
tained by Lions [Lions83] by using probabilistic methods. The analytical break-
through was achieved by Jensen [Jens88]. Ishii’s contribution was also essential
[Ish89]. In particular, he introduced the matrix inequalities contained in the
following lemma. See [CIL92] for a detailed historical survey.

We give a first version of Jensen-Ishii’s lemma for the specific test function
(26) Lo — yl?.

Lemma 2.3.23 (Jensen-Ishii’s lemma - I). Let U and V be two open sets of RY
and I an open interval of R. Consider also a bounded subsolution u of (2.3.2) in
I x U and a bounded supersolution v of (2.3.2) in I x V. Assume that u(t,z) —

v(t,y) — % reaches a local mazimum at (to,zo,y0) € I x U x V. Letting p
denote e 1(xg — yo), there exists T € R and X,Y € Sy such that

(r,p, X) € P ulto, z0), (1,0, Y) € P v(to,0)

_g (é ?) < ()0( 0y> < g (II _II> (2.3.11)

Remark 2.3.24. As a matter of fact, it is not necessary to assume that v and
v are sub- and supersolution of an equation of the form (2.3.2). We chose to
present first the result in this way to avoid technicalities. Later on, we will need
the standard version of this lemma, so we will state it. See Lemma 2.3.30 below.

Remark 2.3.25. Such a result holds true for more general test functions ¢(t, z, y)
than (2¢)~!|x — y|?. However, this special test function is a very important one
and many interesting results can be proven with it. We will give a more general
version of this important result, see Lemma 2.3.30.

Remark 2.3.26. The attentive reader can check that the matrix inequality (2.3.11)
implies in particular X <Y.

Remark 2.3.27. This lemma can be used as a black box and one does so very
often. But we mentioned above that some times, one has to work more to get a
uniqueness result for some specific equation. In this case, it could be necessary
to consider more general test functions, or even to open the black box and go
through the proof to adapt it in a proper way.

With such a lemma in hand, we can now prove Theorem 2.3.21.

Proof of Theorem 2.3.21. We argue as in the proof of Theorem 2.3.17 but we do
not duplicate the time variable since it is embedded in Lemma 2.3.23. Instead,
we consider

lz—yl> 7
M, = S {U( yx) —v(t,y) 5 T ("

te(0,T)
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let (te, ze, ye) denote a maximiser and apply Lemma 2.3.23 with a(¢, z) = u(t, z)—

7 and v and we get 7, X, Y such that
(r+ ﬁ,pg,){) e P ulte,ze), (1,pe, Y) €P w(te,ye), X <Y
(see Remark 2.3.26 above). Hence, we write the two viscosity inequalities

(T_Lty + 7+ H(xe,p:) < trace X

T+ H(ye,pe) > traceY > trace X

and we substract them in order to get the desired contradiction
g
73 < O(Ve).
The proof is now complete. O

2.3.3.3 Second order equations with x dependance

In this paragraph, we prove a comparison principle for the following degenerate
elliptic equation

681: + H(zx, Du) — trace(o(x)o ! (z)D?u) = 0 (2.3.12)

under the following assumptions

o x> H(z,p) is Z%periodic and satisfies (2.3.9);
e o:RI Mg, (R) is Lipschitz continuous and Z%periodic, m < d.

Here, My, (R) denotes the set of real d x m-matrices. We make precise that ol
denotes the transpose matrix of the d x m-matrix o.

The following theorem is, to some respects, the nonlinear counterpart of the
first comparison principle we proved in Section 2.2 (see Corollary 2.2.6). Apart
from the nonlinearity of the equation, another significant difference with Corol-
lary 2.2.6 is that Equation (2.3.12) is degenerate elliptic and not uniformly elliptic.

Theorem 2.3.28 (Comparison principle - IV). Consider a continuous Z%-periodic
function ug. If u is a Z%periodic subsolution of (2.3.10) in (0,7) x R% and v is
a Z%-periodic supersolution of (2.3.7) in (0,7) x R? such that u(0,z) < ug(x) <
v(0, ) for all x € R, then u < v in (0,7) x R%

Proof. We argue as in the proof of Theorem 2.3.21. The main difference lies after
writing viscosity inequalities thanks to Jensen-Ishii’s lemma. Indeed, one gets

72 < = Hlwe.pe) + Hlye, pe) + trace(o(w:)o” (22)X) — trace(a(y)o” (42)Y)

<C (1 + |$€_y|> 2o — yel

+ trace(o(z:)ol () X) — trace(o(ye)o T (y)Y).
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The first term can be handled thanks to Lemma 2.3.19. But one cannot just use
X <Y obtained from the matrix inequality (2.3.11) to handle the second one.
Instead, consider an orthonormal basis (e;); of R™ and write

trace(o(z:)ol () X) — trace(o(y:)o” (y=)Y)
= trace(o! (z.) X o (z:)) — trace(o? (y-)Y o (ye))

= Z (Xo(ze)e; - o(xe)e; — Yo(y:)ei - o(ye)e;)
=1
gg > lo(ze)e — o(ye)eil’;
=1

we applied (2.3.11) to vectors of the form (o(z.)e;, o(ye)e;) € R? x R to get the
last line. We can now use the fact that ¢ is Lipschitz continuous and get

T — |2
trace(o(z2)0 T (2)X) — (0(y)o L (ye)Y) < c|€y|

We thus finally get

2
n [ze —y
T2 < Clxe —ye| + 0675‘.
We can now get the contradiction 7 < 0 by using Lemma 2.3.19 and letting £ — 0.
The proof is now complete. (I

2.3.4 Holder continuity through the Ishii-Lions method

In this subsection, we want to present a technique introduced by Ishii and Lions
in [IL90] in order to prove Holder continuity of solutions of very general fully
nonlinear elliptic and parabolic equations. On one hand, it is much simpler than
the proof we will present in the next section; on the other hand, it cannot be
used to prove further regularity such as Holder continuity of the gradient.

The fundamental assumptions is that the equation is uniformly elliptic (see
below for a definition). For pedagogical purposes, we do not want to prove a
theorem for the most general case. Instead, we will look at (2.3.12) for Sy-valued
o’s and special H’s

ou
e + ¢(x)|Du| — trace(o(z)o(x)D*u) = 0 (2.3.13)

Assumptions (A).
e ¢ is bounded and Lipschitz continuous in Q;

e 0:(Q — Sy is bounded and Lipschitz continuous in  and constant in ¢;
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e There exists A > 0 such that for all X = (¢,z) € Q,
A(z) :=o(z)o(x) > M.

Under these assumptions, the equation is uniformly elliptic, i.e. there exist two
positive numbers 0 < A < A, called ellipticity constants, such that

VX = (ta) € Q, M < A(z)<AIL (2.3.14)

Theorem 2.3.29. Under Assumptions (A) on H and o, any viscosity solution
u of (2.3.13) in an open set Q C R is Holder continuous in time and space.

When proving Theorem 2.3.29, we will need to use Jensen-Ishii’s lemma for
a test function which is more general than (2¢)~!|z — y|2. Such a result can be
found in [CIL92].

Lemma 2.3.30 (Jensen-Ishii’s lemma - I1). Let U and V be two open sets of RY
and I an open interval of R. Consider also a bounded subsolution u of (2.3.2) in
I x U and a bounded supersolution v of (2.3.2) in I x V. Assume that u(t,z) —
v(t,y) — ¢(x — y) reaches a local maximum at (tg,xo,y0) € I x U x V. Letting
p denote Dp(xg — yo), for all B > 0 such that BZ < I, there exists T € R and
X, Y €Sy such that

(Tvpa X) € f+u(t()? xO)v (Ta b, Y) € fiv(t& yO)
2 (I 0 X 0 VAN A
= <
where Z = D*¢(zo — yo) and Z° = (I — BZ)~' Z.
We can now turn to the proof of Theorem 2.3.29.

Proof of Theorem 2.3.29. We first prove that u is Holder continuous with respect
to z. Without loss of generality, we can assume that @ is bounded. We would
like to prove that for all Xy = (tp,x0) € Q and (¢, z), (t,y) € Q,

u(t,z) —u(t,y) < Lilz — y|* + La|z — 2of” + La(t — t)°
for L1 = L1(Xo) and Lo = La(Xp) large enough. We thus consider

M= sup Ault,z)—ult,y) —ox—y)-T(tz)}
(tz),(ty)eQ
with ¢(2) = Li|z|* and T'(t,x) = La|z — x0|> + La(t — t0)? and we argue by
contradiction: we assume that for all « € (0,1), Ly > 0, Ly > 0, we have M > 0.
Since @ is bounded, M is reached at a point denoted by (¢, 7, 7). The fact
that M > 0 implies first that z # . It also implies

(2.3.16)

€T
% 2Julo,@ _. d(X0,0Q
X = Xo| < /222 = R, < 15520
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if L1 and Ly are chosen so that

2|ufo,q 8|ulo,Q
(d(Xo,0Q))*’ (d(Xo,0Q))?
In particular we have Z,y € 2. We next apply Jensen-Ishii’s Lemma 2.3.30 to
a(t,x) = u(t,x) — I'(t,z) and v(s,y). Then there exists 7 € R and X,Y € Sy
such that

Ly > Ly >

(T + 2L2(£_ tO)?ﬁ + 2L2(:i - -TO), X + 2L2I) € 5Jru(t_u j)v (7—7 D, Y) € fiu(ﬂ g)

where p = D¢(z — ) and Z = D?¢(z — ) and (2.3.15) holds true. In particular,
X <Y. We can now write the two viscosity inequalities
2Lo(t —to) + 7+ H(Z,p + 2L2(T — x0)) < trace(A(Z)(X + 2Lo1))
*+ H(f,p) > trace(A(7)Y)

and combine them with (2.3.16) and (2.3.14) to get

— CLy < 2Ls(t — to) < c(§)|p| — c(Z)[p + 2L2(T — 20)|
+ CLg + trace(A(z)X) — trace(A(g)Y). (2.3.17)
We next estimate successively the difference of first order terms and the difference
of second order terms. As far as first order terms are concerned, we use that c is
bounded and Lipschitz continuous and (2.3.16) to get
c(H)p] — ()P + 2La(T — 20)| < C|Z — gl|p| + CLa|Z — o]
< C|z — g||p| + CLo. (2.3.18)

As far as second order terms are concerned, we use (2.3.14) to get

trace(A(z)X) — trace(A(y)Y) < trace(A(Z)(X —Y)) + trace((A(z) — A(y))Y)
< Atrace(X —Y)

+) (0(@)Yo(T)ei - e — o(H)Y o (P)ei - )
i
< Atrace(X —Y) + C|Y]/|z — gl
We should next estimate |p|, trace(X —Y') and ||Y||. In order to do so, we compute

D¢ and D?¢. It is convenient to introduce the following notation
o . a
a=12—7Y, a=—, e = |al.
lal
p = Dé(a) = Liala]* 2a (2.3.19)
Z = D*¢(a) = Lia(|a]*"*I + (a = 2)|a|*a @ a)
=7 I -(2-a)a®a). (2.3.20)
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with v = (L1a)~1e27®. The reader can remark that if one chooses 3 = /2, then

28— (1-pz) 'z =2 (I _92T% a) . (2.3.21)

ot 3—«
Since Y is such that —%I <Y< ZfB, we conclude that

2
Vi<~
Y
We next remark that (2.3.15) and (2.3.21) imply that all the eigenvalues of X —Y
are non-positive and that one of them is less than

4784 =21z
Y3 -«
Hence 81
trace(X —Y) < —— .
¥3—«
Finally, second order terms are estimated as follows
_ _ C € C
trace(A(z)X) — trace(A(9)Y) < —— +C— < —— (2.3.22)

v YT 2y

(choosing L; large enough so that ¢ < 1/2). Combining now (2.3.17), (2.3.18)
and (2.3.22) and recalling the definition of v and ¢, we finally get

2
CLi _ g—CLf.

—CLy < Ce®™ —
2> € 52704—[/1

Since Lo is fixed, it is now enough to choose L large enough to get the desired
contradiction. The proof is now complete. O

2.4 Harnack inequality

In this section, we consider the following special case of (2.3.2)

Gu + F(D*u) = f (2.4.1)
ot
for some uniformly elliptic nonlinearity F' (see below for a definition) and some
continuous function f. The goal of this section is to present and prove the Harnack
inequality (Theorem 2.4.35). This result states that the supremum of a non-
negative solution of (2.4.1) can be controlled from above by its infimum times a
universal constant plus the L 1-norm of the right hand side f.

We will see that it is easy to derive the Holder continuity of solutions from
the Harnack inequality, together with an estimate of the Holder semi-norm.
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The Harnack inequality is a consequence of both the Lf-estimate (Theo-
rem 2.4.15) and of the local maximum principle (Proposition 2.4.34). Since this
local maximum principle is a consequence of the Lf-estimate, the heart of the
proof of the Harnack inequality thus lies in proving that a (small power of) non-
negative supersolution is integrable, see Theorem 2.4.15 below.

The proof of the L® estimate relies on various measure estimates of the solu-
tion. These estimates are obtained through the use a maximum principle due to
Krylov in the parabolic case.

The proof of the L estimate also involves many different sets, cylinders and
cubes. The authors are aware of the fact that it is difficult to follow the corre-
sponding notation. Some pictures are provided and the authors hope they are
helpful with this respect.

Pucci’s operators.
Given ellipticity constants 0 < A < A, we consider

Pt (M)= sup {—trace(AM)},
A <A<AI

P~(M)=_inf {- AM)}.
(M) = | inf {—trace(AM)}

Some model fully nonlinear parabolic equations are

ou 2\
ou EPETS

Remark that those nonlinear operators only depend on ellipticity constants A, A
and dimension d. They are said universal. Similarly, constants are said universal
if they only depend on A, A and d.

Uniform ellipticity.

Throughout the remaining of this section, we make the following assumptions on
F: for all X,Y € S; and (¢, ) € (a,b) x Q,

P (X-Y)<FX)-FY)<PHX-Y).

This condition is known as the uniform ellipticity of F'. Remark that this con-
dition implies in particular that F' is degenerate elliptic in the sense of Para-
graph 2.3.1.1 (see Condition 2.3.3).

2.4.1 A maximum principle

In order to state and prove the maximum principle, it is necessary to define first
the parabolic equivalent of the convex envelope of a function, which we will refer
to as the monotone envelope.
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2.4.1.1 Monotone envelope of a function

Definition 2.4.1 (Monotone envelope). If Q is a convex set of R? and (a,b) is
an open interval, then the monotone envelope of a lower semi-continous function
u: (a,b) x Q — R is the largest function v : (a,b) x Q& — R lying below u which
18 non-increasing with respect to t and convex with respect to x. It is denoted by
[(u).

Combining the usual definition of the convex envelope of a function with
the non-increasing envelope of a function of one real variable, we obtain a first
representation formula for I'(u).

Lemma 2.4.2 (Representation formula - I).
D(u)(t,z) =sup{§-x+h:& x+h <u(s,x) for all s € (a,t],x € Q}.

The set where I'(u) coincides with u is called the contact set; it is denoted by
C.. The following lemma comes from convex analysis, see e.g. [HUL].

Lemma 2.4.3. Consider a point (t,z) in the contact set C,, of u. Then {-x+h =
L(u)(t, z) if and only if € lies in the convex subdifferential Ou(t,z) of u(t,) at x
and —h equals the convex conjugate u*(t,x) of u(t,-) at x.

Recall that a convex function is locally Lipschitz continuous and in particular
a.e. differentiable, for a.e. contact points, (£, h) = (Du(t, x), u(t, x) —x- Du(t, x)).
This is the reason why we next consider for (¢,z) € (a, b)x £ the following function

G(u)(t,z) = (Du(t,z),u(t,z) — z - Du(t, x)).
The proof of the following elementary lemma is left to the reader.

Lemma 2.4.4. Ifu is CY' with respect to x and Lipschitz continuous with respect
to t, then the function G : (a,b) x Q — R+ is Lipschitz continuous in (t,z) and
for a.e. (t,x) € (a,b) x £,

det Dy, G(u) = us det D?u.

We now give a second representation formula for I'(u) which will help us next
to describe viscosity subdifferentials of the monotone envelope (see Lemma 2.4.6
below).

Lemma 2.4.5 (Representation formula - II).

d+1 d+1

[(u)(t,z) = inf { Z Aiu(si, x;) :Z \izi = x,8; € [a,t],
i=1 i=1

d+1
dNi=1LXN¢€(0, 1]}. (2.4.4)
=1
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In particular, if
d+1

)(to, zo) = Z)\u i l

then
o foralli=1,...,d+ 1, T'(u)(t;,z;) = u(ts, zi);

o ['(u) is constant with respect to t and linear with respect to x in the convex
set co{(t, ), (t9,29),i =1,...d + 1}.

R

Proof. Let T'(u) denote the function defined by the right hand side of (2.4.4).
First, we observe that I'(u) lies below u and is non-increasing with respect to ¢
and convex with respect to x. Consider now another function v lying below
which is non-increasing with respect to ¢ and convex with respect to x. We then
have

u(t,z) > T(u)(t,z) > T)(t,z) > v(t, z).
The proof is now complete. [J We next introduce the notion of harmonic sum of

matrices. For Ay, Ay € Sy such that A7 + Ay > 0, we consider

(A10A2)¢ - ¢ = Clifgzc{/llﬁ Q1+ AxGa - G2}

The reader can check that if A; and As are not singular, A1(0A; = (Af1+A51)_1
We can now state and prove

Lemma 2.4.6. Let (o, p, X) € P~ T'(u)(to, x0) and

d+1
to,l‘o Z)\u i z (245)

Then for all € > 0 such that I + X > 0, there exist (a;, X;) € (—00,0] X Sy,
t=1,...,d+ 1, such that

(ahp: ) € P U(t?, 1)
Zd+1 ANy = o (246)
X <AV X O 0N Xa

where X, = XOe ' = (I +eX)71X.

Proof. We first define for two arbitrary functions v, w : R — R,

v w(z) = inf v(z —y) +wy).
y€ER4

For a given function v : [0,4+00) x R? — R, we also consider the non-increasing

envelope M|v] of v:

M](t,z) = Sér&)fﬂ v(s,x).
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We now can write

T(u)(t, z) :1<i|§d+1 M [u;](t, z)

ui(t,x) = Nu (t, j) .

Consider also t9 € [0,%o] such that

where

0
M[ui](tﬂaxg) = u,(t?,x?) = \u <t?, i@) '

Lemma 2.4.6 is a consequence of the two following ones.
Lemma 2.4.7. Consider (a,p, X) € P~V (to, zo) where
X

Vit,e)= 0O vtz
1<i<d+1

d+1

V(t(], $0) = Z ’Ui(t(), x?)

=1

Then for all € > 0 such that I +eX > 0, there ezist (B;,Y;) € R x Sy such that
we have

(/Biupv )/l) € ﬁivi(tO) I‘?)
d+1

> Bi=a
i=1
X <O
Proof. We consider a test function ¢ touching V' from below at (g, z¢) such that

(Oé,p, X) = (8t¢’ D¢7 ngf))(to, 550)-

We write for (¢,2;) in a neighborhood of (¢, z?),

d+1 d+1 d+1 d+1
Gty mi) = Bto, Y 2f) <Y wilt,mi) = Y vilto, 7).
i=1 =1 =1 =1

Following [ALL97, Imb06], we conclude through Jensen-Ishii’s lemma for d + 1
functions and general test functions (see Lemma 2.5.6 in Appendix) that for all
€ > 0 such that deX < I, there exist (8;,Y;) € R xSy, i =1,...,d+ 1 such that

(Bi,p, Vi) € P v;(to, 2?)
d+1

Y fi=a
i=1



42 CHAPTER 2. FULLY NON LINEAR PARABOLIC EQUATIONS

and
Y: O 0
X ... X
S < !
X ... X oo 0
g 0 ... 0 Yy

where, for any matrix A, A. = (I +cA)"'A. A small computation (presented
e.g. in [Imb06, p.796]) yields that the previous matrix inequality is equivalent to

the following one
d+1

XaC- (<) Yiti- G
i=1

where ( = Zf;“ll ;. Taking the infimum over decompositions of (, we get the
desired matrix inequality. O

Lemma 2.4.8. Consider sy € [0, so] such that
M{v](s0,0) = v(s1,%0)-
Then for all (8,q,Y) € P~M]Iv](so, yo),
(B:4,Y) € P u(s1,90)  and 5 <0.

Proof. We consider the test function ¢ associated with (3, ¢,Y’) and we write for
h and ¢ small enough

M{v](so + h,yo + &) — M[v](s0, yo)
v(s1 + h,yo +9) — v(s1,%0)-

d(s0 + h,yo +6) — d(s0,%0) <
<

This implies (8,q,Y) € P~v(s1,y0). Moreover, choosing § = 0, we get

é(s0 + h,90) < ¢(s0,%0)

and 8 < 0 follows. [0 The proof is now complete. O

2.4.1.2 Statement

The following result is the first key result in the theory of regularity of fully
nonlinear parabolic equations. It is the parabolic counterpart of the famous
Alexandroff estimate, also called Alexandroff-Bakelman-Pucci (ABP) estimate,
see [CafCab] for more details about this elliptic estimate. The following one was
first proved for linear equations by Krylov [Kryl76] and then extended by Tso
[Tso85]. The following result appears in [Wang92a].
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Theorem 2.4.9 (Maximum principle). Consider a supersolution of (2.4.2) in
Qp = Q,(0,0) such that v > 0 on 9,(Q,). Then

1
d+1
supu~ < Cpi+t ( / ( f+)d+1> (2.4.7)
Qo u="(u)

where C'is universal and I'(u) is the monotone envelope of min(0, u) extended by
0 to Qgp.

Remark 2.4.10. This is a maximum principle since, if f > 0, then u cannot
take negative values.

Proof. We prove the result for p = 1 and the general one is obtained by consid-
ering v(t, x) = u(p*t, pr). Moreover, replacing u with min(0,u) and extending it
by 0in Q2 \ Q1, we can assume that © =0 on 9,Q1 and v =0 in Q2 \ Q.

We are going to prove the three following lemmas.

Lemma 2.4.11. The function I'(u) is CY' with respect to x and Lipschitz con-
tinuous with respect to t in Q1. In particular, GT'(u) := G(I'(u)) is Lipschitz
continuous with respect to (t,x).

The second part of the statement of the previous lemma is a consequence
of Lemma 2.4.4 above. We will prove the previous lemma together with the
following one.

Lemma 2.4.12. The partial derivatives (0;T'(u), D*T(u)) satisfy for a.e. (t,x) €

Ql N Ou;
—O T (u) + AA(T(u)) < f1(2)

where Cy, = {u =T'(u)}.
The key lemma is the following one.

Lemma 2.4.13. If M denotes supg, u™, then
{(&,h) e RT 1 |¢) < M/2 < —h < M} C GT(u)(Q1 N Cy)

where Cy, = {u =T'(u)}.

Before proving these lemmas, let us derive the conclusion of the theorem.
Using successively Lemma 2.4.13, the area formula for Lipschitz maps (thanks to
Lemma 2.4.11) and Lemma 2.4.4, we get

CMT = [{(¢&,h) e RT 1 ¢ < M/2 < —h < M}
< |GT(u)(Q1 N Cu)

< / | det GT(u)|
lecu

— u (§] 2 u).
< /Q () e (D°T ()



44 CHAPTER 2. FULLY NON LINEAR PARABOLIC EQUATIONS

Now using the geometric-arithmetic mean inequality and Lemma 2.4.12, we get

CMd+1 < )\_d/ _atl"‘(u) det(ADQF(u))
lecu
! d+1
< N~ 37 1 ~J1 J—
= d(d + 1)dH /chu( O (u) + AA(T'(u))
<C (f)d+t
ancu

where C’s are universal. [1 We now turn to the proofs of Lemmas 2.4.11, 2.4.12

and 2.4.13.

Proof of Lemmas 2.4.11 and 2.4.12. In order to prove that I'(u) is Lipschitz con-
tinuous with respect to ¢t and C'! with respect to z, it is enough to prove that
there exists C' > 0 such that

V(t, ) € Qa, V(a,p, X) € PT(u)(t, ), { —a<C

X < CI (2.4.8)
Indeed, since I'(u) is non-increasing with respect to t and convex with respect to
x, (2.4.8) yields that I'(u) is Lipschitz continuous with respect to ¢t and C*! with
respect to x. See Lemma 2.5.8 in Appendix for more details.

In order to prove (2.4.8), we first consider (o, p, X) € P~T'(u)(t, z) such that
X > 0. Recall (cf. Lemma 2.4.6 above) that o < 0. We then distinguish two
cases.

Assume first that I'(u)(t,2) = u(t,x). In this case, (a,p, X) € P~ u(t,x) and
since u is a supersolution of (2.4.2), we have

a — Mrace(X) = a+ PH(X) > f(z) > -C

where C' = | flo.g,. Hence, we get (2.4.8) since X > 0 implies that X < trace(X)I.
We also remark that the same conclusion holds true if (o, p, X) € P I'(u)(t,z)
such that X > 0.

Assume now that I'(u)(t,x) < u(t,z). In this case, there exist A; € [0,1],
i=1,....,d+1,and x; € Q2,7 =1,...,d+ 1, such that (2.4.5) holds true with
(to, o) and (?,2?) replaced with (¢,z) and (t;, ;). If (t;,7;) € Q2 \ @1 for two
different ¢’s, then Lemma 2.4.5 implies that M = 0 which is false. Similarly,
t; > —1 for all 7. Hence, there is at most one index i such that (¢;,z;) € Q2 \ @1
and in this case (t;,z;) € 0,Q2 and t; > —1. In particular, |z;| = 2. We thus
distinguish two subcases.

Assume first that (tg41,244+1) € 0pQ2 with tgy; > —1 and (¢, z;) € @ for
i=1,...,d. In particular |z44| = 2 and since 2 € Q1, we have Agy1 < 2. This
implies that there exists A; such that \; > (3d)~!. We thus can assume without
loss of generality that A\ > (3d)~!. Then from Lemma 2.4.6, we know that for
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all € > 0 such that I +eX > 0, there exist (a;, X;) € R xSy, i =1,...,d+1
such that (2.4.6) holds true. In particular,

1
X < - Xy <3dX;.
Al

Since (a1,p, X1) € P u(t;,x;) and T'(u)(t1, 1) = u(ti,z1), we know from the
discussion above that X; < CI. Hence for all € small enough,

X, <3dC1.
Letting ¢ — 0 allows us to conclude that X < 3dC1T in the first subcase. As far
as « is concerned, we remark that agy1 =0and —a; < Cforalli=1,...,d+1
so that
d+1
—Q = Zki(—ai) < C.
i=1

Assume now that all the points (¢;,2;), i =1,...,d+ 1, are in 1. In this case,
we have for all ¢ that —a; < C and X; < C'I which implies

d+1

—a=> N(-a;) < C,
=1

X, <OHI\"lor =clI.

1=1""

We thus proved (2.4.8) in all cases where X > 0. Consider now a general
subdifferential (o, p, X)) € P7I'(u)(t,z). We know from Lemma 2.5.9 in Appendix
that there exists a sequence (ay,, pn, Xp) such that

(ampnaXn) € P_F(u)(tma:n)
(tnamnaanapn) — (t,x,a,p)
X < Xy + on(1), X > 0.

From the previous discussion, we know that

a=a,+o,(1) < (C+1)
X <X,+o0,(1) < (C+DI

for all n. The proof is now complete. O

Proof of Lemma 2.4.13. The supersolution u < 0 is lower semi-continuous and
the minimum —M < 0 in @3 is thus reached at some (to,xg) € Q1 (since u =0
outside Q1). Now pick (£, h) such that

€] < M/2 < —h < M.
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We consider P(y) = £ -y + h. We remark that P(y) < 0 for y € @1, hence
P(y) < u(0,y) in Q1. Moreover, since |zg| < 1,
P(xo) —u(to,x0) =& - 20 +h+M>h—[§+M >0
hence sup,¢q, (P(y) — u(to,y)) > 0. We thus choose
t1 =sup{t > 0:Vs € 0,¢], scgp(P(y) —u(s,y)) < 0}.
2

We have 0 < t; <ty and

0 = sup(P(y) — u(t1,y)) = P(y1) — u(ts, y1)-

Q2
In particular, £ = Du(ti,y1) and h = u(ty,z1) — & - x1, that is to say, ({,h) =
G(u)(tl,yl) with (tl,yl) e Cy. U

2.4.2 The Lé-estimate

This subsection is devoted to the important “L¢ estimate” given in Theorem 2.4.15.
This estimate is sometimes referred to as the weak Harnack inequality.

Theorem 2.4.15 claims that the L°-“norm” in a neighbourhood K, of (0,0) of
a non-negative (super-)solution u of the model equation (2.4.2) can be controlled
by its infimum over a neighbourhood Ky of (1,0) plus the L4 -norm of f.

Remark 2.4.14. Since € can be smaller than 1, the integral of u® is in fact not
the (e-power of) a norm.

We introduce the two neighbourhoods mentioned above.
Ky = (0, R?/2) x (-R,R)",
Ky=(1-R%*1)x (=R, R)".

%

Theorem 2.4.15 (L° estimate). There exist universal positive constants R, C
and e, such that for all non-negative supersolution u of

o TPT(D*) > f i (0,1) x By (0),

the following holds true

1
([ o) < Cltut 1l oapms, o) (2.4.9)
K K: R

2



2.4. HARNACK INEQUALITY 47

The proof of this theorem is difficult and lengthy; this is the reason why we
explain the main steps of the proof now.

First, one should observe that it is possible to assume without loss of generality
that infz u <1 and ”fHLd+1((071)XB%(O)) < g (for some universal constant €y to

be determined) and to prove

/ ut(t,x)de < C

K

where ¢ > 0 and C > 0 are universal. We recall that a constant is said to be
universal if it only depends on ellipticity constants A and A and dimension d.
Getting such an estimate is equivalent to prove that

Hu>tyNK| <Ot

(see page 59 for more details). To get such a decay estimate, it is enough to prove
that

{u>NFYN K| <CNF

for some universal constant N > 1. This inequality is proved by induction thanks
to a covering lemma (see Lemma 2.4.27 below). This amounts to cut the set
{u > N*¥} N K| in small pieces (the dyadic cubes) and make sure that the pieces
where u is very large (u > t, ¢t > 1) have small measures.

This will be a consequence of a series of measure estimates obtained from
a basic one. The proof of the basic measure estimate is a consequence of the
maximum principle proved above and the construction of an appropriate barrier
we will present soon. But we should first introduce the parabolic cubes we will
use in the decomposition. We also present the choice of parameters we will make.

2.4.2.1 Parabolic cubes and choice of parameters

We consider the following subsets of Q1(1,0).

K1 = (0, R*) x (=R, R)",
Ky = (R?,10R?) x (3R, 3R)?,
K3 = (R% 1) x (—3R,3R)%

The constant R will be chosen as follows

: 1 1
R = min (3\/&7 3 - 2\/5, 10(m_|_1)) (2410)

where m will be chosen in a universal way in the proof of the L® estimate.
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2.4.2.2 A useful barrier

The following lemma will be used to derive the basic measure estimate. This
estimate is the cornerstone of the proof of the L® estimate.

Lemma 2.4.16. For all R € (0, min((3v/d)~', (10)7'/2)), there exists a nonnega-
tive Lipschitz function ¢ : Q1(1,0) — R, C? with respect to x where it is positive,
such that

o¢

—— + PT(D%*p) <

5 TP (D7) <y

for some continuous bounded function g : Q1(1,0) — R and such that
suppg C K
¢ >2in K3

(;5 =0 1in 8pQ1(1,0).

Remark 2.4.17. Recall that

K3
Ky = (0, R?*) x (—R, R)",
4 K,
Ky = (R?,10R?) x (—3R, 3R)“,
K3 = (R?,1) x (=3R,3R)%. Ky Q1
T € By

The proof of the lemma above consists in constructing the function ¢ more
or less explicitly. It is an elementary computation. However, it is an important
feature of non divergence type equations that this type of computations can be
made. Consider in contrast the situation of parabolic equations with measurable
coefficients in divergence form. For that type of equations, a result like the one
of Lemma 2.4.16 would be significantly harder to obtain.

Proof. We will construct a function ¢ which solves the equation
@1 + PT(D?%*p) <0 (2.4.11)

in the whole cylinder Q;(1,0), such that ¢ is positive and unbounded near (0, 0)
but ¢ =0 in 9,Q1(1,0) away from (0,0), and moreover ¢ > 0 in Ky. Note that
if the equation were linear, ¢ could be its heat kernel in the cylinder. Once we
have this function ¢, we obtain ¢ simply by taking

o(t, z)
t,x) =2—— for (t,z) € \K
o(t,) = 2 ETL for (1,2) €\,
and making ¢ equal any other smooth function in K7 which is zero on {t = 0}.
We now construct this function ¢. We will provide two different formulas for
@(t, ). The first one will hold for ¢ € (0,7") for some T" € (0,1). Then the second
formula provides a continuation of the definition of ¢ on [T}, 1].
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For some constant p > 0 and a function ® : R — R, we will construct the
function ¢ in (0,7) with the special form

ot,z) =t P <ji) .

Let us start from understanding what conditions ¢ must satisfy in order for
¢ to be a subsolution to the equation (2.4.11).

0> ¢+ P (D%*p) = Fl_p( —p® <

Sl
S~—

Sre(3) ()

Therefore, we need to find a function ® : R — R and some exponent p such that

N =
<

1
—p®(x) — 5z VO(x) + PH(D*®)(x) <0. (2.4.12)
For some large exponent ¢, we choose ® like this

something smooth and bounded between 1 and 2 if |z| < 3v/d,
O(x) = (6\/&)!1(2‘1 — 1)1 (|m|—q _ (ﬁﬁ)—q) if 3v/d < z| < 6/d,
0 if |z| > 6Vd.

For 3vVd < lz| < 6v/d, we compute explicitly the second and third terms in
(2.4.12),

—%az - VO(x) = (6vd)?(27 — 1)71%|ﬂf|fq

PH(D*®)(z) = (6Vd)7(29 — 1) "q(A(d — 1) — A(g+ 1))]a| 972

By choosing ¢ large enough so that A(¢ + 1) > A(d — 1) + 18d, we get that

1
—3%- V&(z)+ PTo(z) <0.
In order for the equation (2.4.12) to hold in Bs 5, we just have to choose the
exponent p large enough, since at those points ® > 1. Furthermore, since ® > 0
everywhere and ® = 0 outside By /7, then the inequality (2.4.12) holds in the full
space R? in the viscosity sense.

Since @ is supported in By /7, then ¢ = 0 on (0,7)x9By, for T' = (36d) 1. Thus,

¢ = 0 on the lateral boundary (0,7") x dB;. Moreover,
lim1 o(t,x) =0,

t——

uniformly in Bj \ Bc for any € > 0.
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We have provided a value of ¢ up to time 7" € (0,1). In order to continue ¢
in [T, 1] we can do the following. Observe that by the construction of ®, we have
PH(D?p(T,x)) <0 for x € B\ By s and @(x,T) > TP for 2 € By 5. Therefore,
let

+ (D2
C = sup PT(D*p(T,x))

< 400,
r€EB, QO(T7 .%')

then we define ¢(t,z) = e~ o(T,z) for all t > T, which is clearly a positive
subsolution of (2.4.11) in (T, 1] x By with ¢ =0 on [T, 1] x 0B.

The constructed function ¢ vanishes only on the set {(t,z):t < T and |z| >
6v/dt}. Since the set K3 = (R2,1) x (—3R, 3R)? has no intersection with this set,
then

inf .
1}1(13g0>0

This is all that was needed to conclude the proof. Il

2.4.2.3 The basic measure estimate

As in the elliptic case, the basic measure estimate is obtained by combining
the maximum principle of Theorem 2.4.9 and the barrier function constructed
in Lemma 2.4.16. For the following proposition, we use the notation from Re-
mark 2.4.17.

Proposition 2.4.18 (Basic measure estimate). There exist universal constants
g0 € (0,1), M > 1 and p € (0,1) such that for any non-negative supersolution of

?91; + PH(D*u) > f in Q1(1,0),
K3
the following holds true: if
t
Kz { infr,u<1
’E‘ 01(1,0) [ £l a+1(@r1,09) < €0
€ B then

{u < MY K| > ulK|.

Remark 2.4.19. Since Ky C K3, the result also holds true if inf g, v is replaced
with infg, u. This will be used in order to state and prove the stacked measure
estimate.

Remark 2.4.20. If u is a non-negative supersolution of

O PH(D%) > [in (0,T) x By,
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for some T € (R?,1), we still get

' <
(e 1) (—srar)t U < 1 } = {u < M} N K| > plKyl.
| £l Lat1 o,y x B1) < €0

K»
’Z‘ Q1(17 0

T € by

The reason is that such a solution could be extended to @;(1,0) (for example
giving any boundary condition on (7, 1) x 9B; and making f quickly become zero
for t > T'), and then Proposition 2.4.18 can be applied to this extended function.
This remark will be useful when getting the “stacked” measure estimate in the
case where the stack of cubes reaches the final time.

Proof. Consider the function w = u — ¢ where ¢ is the barrier function from
Lemma 2.4.16. Then w satisfies (in the viscosity sense)

ow M2 ou 2 99 +( 2
> _% > f—g.
ot + P (D w)_8t+P (D?u) N PT(D*¢)>f—g

Remark also that
e w>u>0on0,Q:1(1,0);
o infx, w <infg,u—2 < —1 so that supg, w™ > 1;
o {T(w) = w} € {w <0} C {u< o).

We recall that I'(w) denotes the monotone envelope of min(w, 0) extended by 0
to @Q2(1,0). We now apply the maximum principle (Theorem 2.4.9) and we get

1
o1
1 <supw™ <supw™ < Crax||fllza+1(Q, (1,0)) + Cmax / lg| ! :
K3 Q1 {u<o}
Remember now that suppg C K; and get
1 < Chaxéo + Cmax|{u < M} N K1|

with M > max(supg, ¢,1). Choose now gy so that Crpaxeo < 1/2 and get the

result with p = m The proof is now complete. O
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Corollary 2.4.21 (Basic measure estimate scaled). For the same constants eo,
M and p of Proposition 2.4.18 and any xo € R, to € R and h > 0, consider any
nonnegative supersolution of

0
877; 4 P+(D2u) > fin (to, z0) + pQ1(1,0).
If
h
HfHLdH((to,zo)-i-PQl(O,l) < Eom
then

h .
|{u > h}ﬂ{(to,xo)—i—pKl}’ > (1—#)‘(t0,$0)+pK1‘ =>u> Vi n (tg,xo)—Fng.

Here, we recall that by pK we mean {(p?t, px) : (t,z) € K}.

Remark 2.4.22. As in Remark 2.4.20, (t9,z0) + p(0,1) x B1 (0) can be replaced
R
with (tg,z0) + p(0,T) x B1(0) for any T € (0,1).

Proof. We consider the scaled function
v(t,z) = Mh™ u(ty + p°t, zo + px).
This function solves the equation

% + PT(D%) > fin Q1(1,0)

where f(t,z) = Mh='p?f(tog + p*t, zo + px). Note that

£l Lar1 (i 1,00 = Mh_lpd/(d+l)HfHLd+1((t0,x0)+pQ1(1,0)) < €.

We conclude the proof applying Proposition 2.4.18 to v. O

2.4.2.4 Stacks of cubes

Given p € (0,1), we consider for all k € N, k > 1,
K = (apR%, a1 R?) x (3R, 3F R)“

where o, = Zi‘:ol 9 = 9kg_l.
The first stack of cubes that we can consider is the following one

Ukleék).

This stack is obviously not contained in Q1 (1, 0) since time goes to infinity. It can
spill out of Q1(1,0) either on the lateral boundary or at the final time ¢t = 1. We
are going to see that at the final time, the “z-section” is contained in (—3,3)<.
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We consider a scaled version of K; included in K7 and we stack the corre-
sponding Kék)’s. The scaled versions of K7, Ko and Kék) are

pK1 = (0, p*R?) x B,r(0),
pKs = (p°R?,10p>R?) x B,r(0),
pKSY = (ap?R?, a1 p?R?) x (—3"pR, 3" pR)%.

‘We now consider
L= (to,xo) +pK, C K4

and i i
Lg ) = (to, m0) —i—pKé ),

Lemma 2.4.23 (Stacks of cubes). Choose R < min(3 — 2v/2, \/g) =3 - 2V2.
For all Ly = (tg,z0) + pK1 C K1, we have

Ky C (ukzng’“)> N(0,1) x (=3,3)% = (ukzng’“)> n{0<t<1l.
In particular, if moreover R < (3v/d)™1,
(UkzlLék)> C (0, 1) X B% (O)

(k+1)

Moreover, the first k* = k such that L, N{t =1} = 0 satisfies

p’R? < i
Oy

(to,xo) +5_

0)330)

Proof. We first remark that the stack of cubes lies between two “square” paraboloids

(to, xo) +S_C Ukzngk) C (to, :Eo) + S+

where
St = Usss, {pa(s)} x (—s,5)?
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and p(s1) = p?R? and p+(z) = ax2? + bLp?R? are such that
p+(3"pR) = ayp®R?
p-(3"pR) = a1’ R,

This is equivalent to

ar =g and a_zg and by =b_=—- and s+ =1/-pR.

Remark now that

_1 1
2

[(to, 0) + S+] N Q1(1,0) C [0,1] x (~R—a_*,R+a,*)%

1

We thus choose R such that (R + a,?) < 3. This condition is satisfied if
R<3-2V2.
Remark next that
(o, x0) + 5- D Nye(_pp)al(R*,x) + 5_].

Hence 3
[(to,z0) +S-]NQ1(1,0) D Ko
as soon as
ay (2R)? <1 —2R%
It is enough to have
gRQ = (4ay +2)R* < 1.

Finally, the integer k* satisfies

to + ak*Rsz <l<ty+ Oék*+1R2p2.

2.4.2.5 The stacked measure estimate

In this paragraph, we apply successively the basic measure estimate obtained
above and get an estimate in the finite stacks of cubes we constructed in the
previous paragraph.

Proposition 2.4.24 (Stacked measure estimate). For the same universal con-
stants g € (0,1), M > 1 and p € (0,1) from Proposition 2.4.18, the following
holds true: consider a non-negative supersolution u of

ou

o TP (D) > fin (0,1) x B (0)
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and a cube Ly = (to,x0) + pK1 C K. Assume that for some k > 1 and h > 0

HfHLd“((O,l)XB%(O)) < SONIF /@1

Then

h
H{u>h}NLi| > (1—p)|li|= inf u>—.
Lgk)m{0<t<1} M
=
3
Ky
2
KP
K

Remark 2.4.25. Thanks to Lemma 2.4.23, we know that L;k) N{0<t<1}cC
(0,1) x B%(O).

Proof. We prove the result by induction on k. Corollary 2.4.21 corresponds to
the case k = 1 if we can verify that

h
17l ((to.00)+00210)) < €037y

It is a consequence of the fact that L; C K7 C (0,1) x B1(0).
R
For k£ > 1, the inductive hypothesis reads

inf u>——
k—1
L Yn{o<t<1} M

If Lgkil) is not contained in (0,1) x B (0), there is nothing to prove at rank k
R

since Lék) N{0 <t <1} =0. We thus assume that Lgkil) C (0,1) x By (0).

In particular

h k—1 k-1
M,H}mL; )| =128 (2.4.13)
Note that L(Qk_l) = (tl, 0)+p1K1 and Lgk) = (tl, 0)—|—p1K2 with t; = to—l—Ozk,lRsz
and p; = 3¥~1p. In particular (2.4.13) implies

{u >

> g} 0 {(00,0) + K} > (L= )l (61,0) + pu .
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So we apply Corollary 2.4.21 again to obtain

h
inf u = inf u> —.
Lék)ﬁ{0<t<1} {(t1,0)+p1K2}ﬁ{0<t<1} M

We can do so since p; > p and Lemma 2.4.23 implies that Lgk) C (0,1) x (—3,3)°.

In particular, the corresponding domain in which the supersolution is considered

is contained in (0,1) x B1 (0). We used here Remark 2.4.20 when (¢1,0) + p1 K>
R

is not contained in {0 < ¢ < 1}. Thus, we finish the proof by induction. O

Before turning to the proof of Theorem 2.4.15, we observe that the previous
stacked measure estimate implies in particular the following two results.

Corollary 2.4.26 (Straight stacked measure estimate).

1 ; +—@3)
Assume that R < TR Under the assumptions of L

Proposition 2.4.24 with k =m, for any cube L1 C K3

h _
{u > WYNLi| > (=) i = u > — in "™ c Qi(1,0).

Proof. Apply Proposition 2.4.24 with k = m and remark that fl(m) C Lém). The
fact that fl(m) C Q1(1,0) comes from the fact that 10(m + 1)R? < 1. 0

2.4.2.6 A stacked covering lemma

When proving the fundamental L°-estimate (sometimes called the weak Harnack
inequality) for fully nonlinear elliptic equations, the Calderén-Zygmund decom-
position lemma plays an important role (see [CafCab]| for instance). It has to be
adapted to the parabolic framework.

We need first some definitions. A cube Q is a set of the form (tg, 2¢)+ (0, s?) x
(—s,5)%. A dyadic cube K of Q is obtained by repeating a finite number of times
the following iterative process: @ is divided into 2472 cubes by considering all the
translations of (0, s%/4) x (0,s)? by vectors of the form (I(s%/4), sk) with k € Z¢
and [ € Z included in ). When a cube K is split in different cubes including
Ko, K is called a predecessor of K.
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Given m € N, and a dyadic cube K of @, the set K™ is
obtained by “stacking” m copies of its predecessor K.
More rigourously, if the predecessor K has the form
(a,b) x L, then we define K™ = (b,b+m(b—a)) x L.
The figure corresponds to the case m = 3.

|76

Lemma 2.4.27 (Stacked covering lemma). Let m € N. Consider two subsets A
and B of a cube Q. Assume that |A| < 0|Q| for some 6 € (0,1). Assume also the
following: for any dyadic cube K C Q,

|[KNA|>0Al= K™ C B.
Then |A] < 6| B.

Remark 2.4.28. This lemma is implicitely used in [Wang92a] (see e.g. Lemma 3.23
of this paper) but details of the proof are not given.

The proof uses a Lebesgue’s differentiation theorem with assumptions that
are not completely classical, even if we believe that such a generalization is well-
known. For the sake of completeness, we state and prove it in Appendix (see
Theorem 2.5.1 and Corollary 2.5.2).

Proof of Lemma 2.4.27. By iterating the process described to define dyadic cubes,
we know that there exists a countable collection of dyadic cubes K; such that

where K; is a predecessor of K;. We claim that thanks to Lebesgue’s differ-
entiation theorem (Corollary 2.5.2), there exists a set N of null measure such
that

AC (U?ile) UN.

Indeed, consider (¢,x) € A\ U2, K;. On one hand, since (t,z) € Q, it belongs to
a sequence of closed dyadic cubes of the form L; = (t;,z;) + [O,r]z] x [—rj,r;]?
with r; — 0 as j — +oo such that

|AN Lj| < 6|Lj]

that is to say

][ 10 <5< 1.
L.

J



58 CHAPTER 2. FULLY NON LINEAR PARABOLIC EQUATIONS

On the other hand, for (t,z) € A\ U2, K,

O<1—5§1—][ 1A:][ |14 — 14(t, z)|.
Lj Lj

We claim that the right hand side of the previous equality goes to 0 as j — oo
as soon as (t,x) ¢ N where N is a set of null measure. Indeed, Corollary 2.5.2
implies that for (¢,x) outside of such a set N,

][ |1A_1A(t,:c)<][~ 14— 1a(t2)] = 0
L; L;

where L; = (t,x) + [0,47“]2-] x [—2r;,2r;]%. We conclude that A\ U;K; C N.
We can relabel predecessors K; so that they are pairewise disjoint. We thus
have A C U, K; UN with K]" C B thanks to the assumption; in particular,

ACUX K, UNCUXK,UK"UN
with U, K™ C B. Classically, we write
JA| <) JANK;| <6) K| < 6| u, Kil. (2.4.14)
i>1 i>1
In order to conclude the proof of the lemma, it is thus enough to prove that for

a countable collection (K;); of disjoint cubes, we have

m

U K URP <

U, KM (2.4.15)

Indeed, combining (2.4.14) and (2.4.15) yields the desired estimate (keeping in
mind that U; K™ C B).

Estimate (2.4.15) is not obvious since, even if the K;’s are pairwise disjoint,
the stacked cubes K™ can overlap. In order to justify (2.4.15), we first write

U?ilki U sz = U]Qile X Lj
where L; are disjoint cubes of R? and J; are open sets of R of the form
J = U2 (ak, ar + (m + 1)hg).

Remark that .
U?ilem = U;‘ile X Lj

where jj has the general form

J = U,;“;l(ak + hi,ar + (m+ 1)hg).

Hence, the proof is complete once Lemma 2.4.29 below is proved. U
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Lemma 2.4.29. Consider two (possibly infinite) sequences of real numbers (ax)_,
and (hg)Y_, for N € NU {oo} with hy, >0 fork=1,...,N. Then
m

m—+ 1

Proof. We first assume that N is finite. We write UL_, (ax + hy, a, + (m + 1)hy,)
as Ulelll where I; are disjoint open intervals. We can write them as

ULy (ag, ag, + (m + 1)hg)| < |Upl (an + by ar + (m+ 1)hy) |-

I = Ut (b + L b+ (m+ D)) = ( inf  (bp+1), sup (b + (m+ 1)lk)).
k=1,..,N; k=1,...N,

Pick k; such that infr—; _n,(by + k) = by, + ly,. In particular,

1| = sup (bp+ (m—+ D)) — inf (bp + 1)
=L,...,IN] k=1,..., N;
Z mlkl.
Then
N . m
‘Ukzl(ak + hy,ar + (m + 1)hk)‘ > lekl = 7777, 1 Z(m + 1)lkl-

l l

It is now enough to remark that (m + 1)l coincide with the length of one of the
intervals {(ag, ar + (m + 1)hi)}x and they are distinct since so are the I;’s. The
proof is now complete in the case where N is finite.

If now N = oo, we get from the previous case that for any NV € N,

m
ud Dh)| <
|UpZ1 (ak, ak + (m + 1) k)‘_m—i—l

m

ULy (ag + by ag, + (m + 1)hy) |

It is now enough to let N — oo to conclude. 0

2.4.2.7 Proof of the Lf-estimate

The proof of the Lf estimate consists in obtaining a decay in the measure of the
sets {u > M*}n K. As in the elliptic case, the strategy is to apply the covering
Lemma 2.4.27 iteratively making use of Corollary 2.4.26. The main difficulty of
the proof (which is not present in the elliptic case) comes from the fact that if K
is a cube contained in K7, then nothing prevents K (™ to spill out of K.

Proof of Theorem 2.4.15. First, we can assume that

infu<1l and |[fllgat101)xB, (0) < €0
KQ R

(where gy comes from Proposition 2.4.24) by considering

VOt z) = u

infg u+ €al||f||Ld+1((0,1)><B% o+
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We thus want to prove that there exits a universal constant C' > 0 such that

/ u(t,x) dtdx < C. (2.4.16)
K

In order to get (2.4.9), it is enough to find universal constants m,kp € N and
B > 1 such that for all &k > ko,

{u > M*™} N (0,R*/2+ C1B™*) x (=R, R)?| < C(1 — pu/2)F (2.4.17)

where C' is universal and M and g comes from Proposition 2.4.24. Indeed, first
for t € [M*™ M®*+Dm) we have

{u>t}N(0,R?/2+CiB*) x (-R,R)¥| < C(1 — p/2)F < Ct~®

with € = —lnsl:l%z) > 0. We deduce that for all ¢ > 0, we have

Hu >t} N K| < Ct=.

Now we use the formula

/ u(t,z) dtdx = E/ 7 Wu > 7} N Ky |dr

K 0
1 e
< 5|K1|/ e ldr + 8/ = Hu > 7} N Ky |dr
0 1
and we get (2.4.16) from (2.4.17).
We prove (2.4.17) by induction on k. For k = kg, we simply choose
C > (1-p/2)77|(0,R*/2+ C1B™") x (=R, R)"|.

Now we assume that k > kg, that the result holds true for k& and we prove it for
k + 1. In order to do so, we want to apply the covering lemma 2.4.27 with

A= {u>M*IV™n(0,R?/2+ C1B7F1) x (=R, R)?
B ={u> M""}n(0,R?*/2+ C1B~%) x (=R, R)?
Q =K, = (0,R?) x (-R, R)"

&

for some universal constants B and C; to be chosen later. We can choose kg
(universal) so that @ C K;. For instance

2C,B~% < R?.
The induction assumption reads

1B < C(1 - p/2)k,
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Lemma 2.4.30. We have |A| < (1 — p)|Q|.

Proof. Since, infz u <1, we have in particular infg, v < 1. The basic measure
estimate (Proposition 2.4.18) then implies that

Al < {u>M}N K} < (1 - )K= (1 -p)l@Ql.

Lemma 2.4.31. Consider any dyadic cube K = (t,z) + pKj of Q. If
|KN{u>MED"0(0,R?/2+C B 1) x (=R, R)}| > (1 —p)|K]|, (2.4.18)

then
K™ c {u>M""}n(0,R?/2+C1B™%) x (R, R)*

where K™ is defined at the beginning of Paragraph 2.4.2.6.

Proof. We remark first that the straight stacked measure estimate, Corollary 2.4.26,
applied with h = M&+D)m > prm - implies

K™ C {u> M"Y,
We thus have to prove that
K™ C [0,R*/2+ C1B™%] x (R, R)“. (2.4.19)
Because of (2.4.18), we have
KN (0,R?/24+ CiB~* 1) x (=R, R)? # 0.
Hence
K™ c [0, R?/2 + C1B~*~! 4 height(K) + height(K™)] x (=R, R)?
where height(L) = sup{t : 3z, (t,z) € L} —inf{t : 3z, (¢,2) € L}. Moreover,

height (K) = R?p?
height(K) = 4 height(K)
height(K™) = m height(K).

Hence, (2.4.19) holds true if
R?/24+ C1B "1 4 4(m+1)R*p®* < R?/2+ C,B~*

l.e.
R2p2 < Ci1(B - 1)B_k_1.

< m ¥ (2.4.20)
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In order to estimate R?p? we are going to use the stacked measure estimate given
by Proposition 2.4.24 together with the fact that K is a cube for which (2.4.18)
holds.

On one hand, Proposition 2.4.24 and (2.4.18) imply that as long as | < (k +
1)m, we have

w> MEDm—Lin 10 A0 <t < 1)

in particular,

inf u > 1.

ulErm M ato<t<1}

On the other hand, using notation from Lemma 2.4.23,

inf u<infu <1
U L n{o<t<1} Ko

Hence (k + 1)m < k* 4+ 1. Moreover, Lemma 2.4.23 implies

- 9
R?*p* < (1 —to) () 1< ST
Hence, we choose B = 9™ and C = 3%(121;‘,-11)‘ -

We can now apply the covering lemma and conclude that

1
|A] §5E|B|.
m

We choose m large enough (universal) such that

m+1

(1—p) <1-—p/2

Recalling that we chose p such that i = 1+ 20, R4 (where Cpax is the
universal constant appearing in the maximum principle), the previous condition
is equivalent to

m > 4Cmade+2.

Since R < 1, it is enough to choose m > 4C}, ..
Thanks to the induction assumption, we thus finally get

{u > MEFD™Y (0, R?/2 + C1B~*1) x (=R, R)?| < C(1 — p/2)F+1.

The proof is now complete. (I
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2.4.3 Harnack inequality
The main result of this subsection is the following theorem.

Theorem 2.4.32 (Harnack inequality). For any non-negative solution u of (2.4.1)
in @)1, we have

supu < C(inf u+ | fll 1)
9 @2

where Ky = (—R? + 3R* —R? + 1 R*) x BL} (0).
2v2

Remark 2.4.33. The case where u solves (2.4.1) in @, instead of @)1 follows by
scaling. Indeed, consider v(t,z) = u(p?t, px) and change constants accordingly.

We will derive Theorem 2.4.32 combining Theorem 2.4.15 with the following
proposition (which in turn also follows from Theorem 2.4.15).

Proposition 2.4.34 (Local maximum principle). Consider a subsolution u of
(2.4.1) in Q1. Then for all p > 0, we have

1
supu < C (</ (U+)p> ’ + ||f||Ld+1(Q1)> :
Q12 1

Proof. First we can assume that u > 0 by remarking that u™ is a subsolution of
(2.4.1) with f replaced with |f].
Let ¥ be defined by

Ut 2) = hmax((1 - |2) "2, (1 +)7)
where v will be chosen later. We choose h minimal such that
U >y in Ql-
In other words
: u(t, z)
min :
(tr)e@u max((1 — |z[) =27, (1 +)77)

We want to estimate h from above. Indeed, we have

h =

supu < Ch
4

for some constant C' depending on ~ and @) 1.

In order to do estimate h, we consider a point (tg, zg) realizing the minimum
in the definition of h. We consider

8% = min((1 — |xo|)?, (1 + to)).

In particular
u(to, CL'()) == h5—2V
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and Qs(to, z0) C Q1.
We consider next the function v(t,z) = C' — u(t, x) where

C= sup V.
Qps(to,zo)

for some parameter 8 € (0,1) to be chosen later. Remark first that
hé™2 < C < h((1—B)§)™ >

Remark next that v is a supersolution of

% + PH(D*) +|f| >0 in @

and v > 0 in (to — (RB6)?,t0) x Bas(zo) C Qps(to, zo). From the LF estimate
(Theorem 2.4.15 properly scaled and translated), we conclude that

/qu < C(B8)*H? <( inf v+ (55)0‘11\|f||m+1(@1)> :

to—B8,20)+B0K>
where L = (to — 86, z0) + S6K,. Moreover,
inf v <ov(ty,zo)
(t07,35,$0)+56K2

= C - u(to, xo)

< h((l -8 — 1) 82,
Hence, we have

&€
/ v® < C(B6)4H2 [h((l — B — 1>5—27 + (ﬁa)ﬂlnfndﬂ] . (2.4.21)
L

‘We now consider the set

A= {(t,x) €L:u(t,x) < %u(to,mo) = ;h527} .

€ —2v\ €
/ue > | Al (ha—% - 1h5_27> = |A] (M ) .
4 2 2

We thus get from (2.4.21) the following estimate

We have

A< alf(@=p72 = 1) + e )

Finally, we estimate [ 0, u® from below as follows

[z [ - japzem e
L I\A
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Hence, choosing v = dz—t? and combining the two previous inequalities, we get

ﬂ2+d01h6 :|L‘2—E(h5—2’7)€ S/ uf
Q1

+ BEACyhe ((1 - B8 — 1>€

d+-d=_
+ BTy £

We used 6 < 1. Choose now 3 small enough so that

Co <(1 . 1)8 < (/2

and conclude in the case p = €. The general case follows by interpolation. U

Theorem 2.4.32 is a direct consequence of the following one.

Theorem 2.4.35. For any non-negative solution u of (2.4.1) in (—1,0) x B1 (0),

1
B
we have

supu < C(infu + || f[| a1 ((—1,0xB, (0)))
K3 QR

=

where K3 = (=1 + 3R? —1+ R?/2) x B%(O).
2v2

A

(-1,0) x B
K3
H

Proof of Theorem 2.4.35. One one hand, from Theorem 2.4.15 (the L¢ estimate)
applied to u(t 4+ 1, z) we know that

1/e
/ w@pde ) < Clnfut||flno,). — (24.22)
(=1,-1+R?/2)xBg, s Qr

On the other hand, we apply Proposition 2.4.34 to the scaled function v(t,z) =
u((t+1— R?/2)/(R%/2),v/2z/R) > 0 and p = € to obtain

1
supv < C (/ v5>5+\|fH d+1 :
Q% ( o LatH(@Qq)

Scaling back to the original variables, we get

supu < C / ut |+ f ey | - (2.4.23)
K (—1,—1+R2/2)xBR/ﬁ

0

==




66 CHAPTER 2. FULLY NON LINEAR PARABOLIC EQUATIONS
Combining (2.4.22) with (2.4.23) we get
supu < C <infu + ||f||Ld+1(Q1)> ,

2 Qr

K3

which finishes the proof. (I

2.4.4 Holder continuity

An important consequence of Harnack inequality (Theorem 2.4.32) is the Holder
continuity of solutions of (2.4.1).

Theorem 2.4.36. If u is a solution of (2.4.1) in Q, then u is a-Holder continuous
in @, and

_ _d_
[Wla,s < €™ (Julog, + P71 £lei(q,)) -

Proof. We only deal with p = 1. We prove that if u is a solution of (2.4.1) in @
then v is a-Holder continuous at the origin, i.e.

[ut, z) = u(0,0)] < C (Juloqy + 1fl e (qn) ) ol + V™. (2.4.24)

To get such an estimate, it is enough to prove that the oscillation of the function
u in @, decays as p®; more precisely, we consider

M, = sup u,
P

m, = infu

P )
Qp

0scQ, U = M, —m,.

Then (2.4.24) holds true as soon as

oscg,u < C (\u|o7Q1 + Hf\|Ld+1(Q1)> p°. (2.4.25)

Indeed, consider (t,z) € Q, \ Q,/2 and estimate |u(t,r) — u(0,0)| from above by
oscg, u and p/2 from above by |#]o + V1.

In order to prove (2.4.25), we consider the two functions u —m, > 0 and
M,—u > 0in @Q,. The first one solves (2.4.1) in @, and the second one solves the
same equation in (), with F' and f replaced with G(X) = —G(—X) and g = —f,
which equation is still uniformly parabolic. From the Harnack inequality, we thus
get

. _d_
sup(u —myp) < C(inf (u—my,) + p@1|| f|lat1)
pK4 Qr2,

. _d_
sup(M, — u) < C( inf (M, —u) + p@1 || f[|at1)
pK4 Qr2,
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where pK; C Q, follows from Ky C (-=1,0) x B;. We next add these two
inequalities which yields

d
oscq, u < C(oscq, u —oscq,, u + p+T || flla+1)

with C' > 1 and where v denotes R?. Rearranging terms, we get

Cc-1

d_
08CQ., U < oscq, u+ pa| fllats

where C' is universal. Then the elementary iteration lemma allows us to achieve
the proof of the theorem; see Lemma 2.5.13 in Appendix with h(p) = oscq, u and
d=(C—-1)/Cand g =d/(d+1). O

2.5 Appendix: Technical lemmas

2.5.1 Lebesgue’s differentiation theorem

The purpose of this Appendix is to prove a version of Lebesgue’s differentiation
theorem with parabolic cylinders. Recall that the usual version of the result says
that if f € L'(Q, dt ® dz) where Q is a Borel set of R4T!, then for a.e. (t,z) € Q,

lim 4 |f— f(t,2)] =0

j—}OO Gj
as long as the sequence of sets G satisfies the regularity condition:

Gj C Bj
|G| > | By

where Bj is a sequence of balls B, (t,x) with r; — 0.

A sequence of parabolic cylinders @, (t, z) cannot satisfy the regularity condi-
tion because of the different scaling between space and time. Indeed |Q;, (t, )| =
r4+2 which is an order of magnitude smaller than ¢+,

Fortunately, the classical proof of Lebesgue’s differentiation theorem can be

repeated and works for parabolic cylinders as well, as it is shown below.

Theorem 2.5.1 (Lebesgue’s differentiation theorem). Consider an integrable
function f € L'(Q,dt ® dz) where 2 is an open set of R¥1. Then for a.e.
(t,x) € Q,

lim |f = f{t,z)[ =0

r=0+J(t—r2 t)x B, (z)

where {, g = ﬁ Jo g for any Borel set O C R%"! and integrable function g.

In the proof, we will in fact use the following corollary.
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Corollary 2.5.2 (Generalized Lebesgue’s differentiation theorem). Let G; be a
family of sets which is reqular in the following sense: there exists a constant ¢ > 0
and r; — 0 such that

Gj C (t—r}.t) x By, (),
d+2
|G| > crj+ :

Then, except for a set of measure zero which is independent of the choice of {G;},
we have

lim { |f— f(t,2) =0.

j~>+oo Gj

Remark 2.5.3. It is interesting to point out that if the parabolic cylinders were
replaced by other families of sets not satisfying the reqularity condition, the result
of Lemma 2.5.5 may fail. For example if we take

Mfta)=  sup f’ /]
(a,b)xBr(y)3(t,z)J (a,b) x By (y)NQ

then Lemma 2.5.5 would fail for M f.

Proof of Corollary 2.5.2. We obtain Corollary 2.5.2 as an immediate consequence
of Theorem 2.5.1 by noting that since G; C (t — r?,t) x By, (z).

r?|B,
f f - flta) < T I — f(t,2)].
a; G| Jit—r2 4)x B, (2)

Thus, the result holds at all points where this right hand side goes to zero, which

2
T|£|T| >c¢>0. OIn order to
J

is a set of full measure by Theorem 2.5.1 and that

prove Theorem 2.5.1, we first need a version of Vitali’s covering lemma.

Lemma 2.5.4 (Vitali’s covering lemma). Consider a bounded collection of cubes
(Qa)a of the form Qo = (to —72,ta) X By, (To) and a set A such that A C UpQaq.
Then there is a finite number of cubes Q1,...,Qn such that A C U;V:15Qj where

5Q; = (ta — 25r2,t4) X Bsr, (74)-

Consider next the maximal function M f associated with a function f €
LY(Q,dt ® dx)

Mf@w%=sm>f 5l
Q3(t,z)) Qe

where the supremum is taken over cubes @ of the form (s, y) + (—r2,0) x B,.

Lemma 2.5.5 (The maximal inequality). Consider f € L'(Q, dt®@dz), f positive,
and X > 0, we have

C
£ > M < Sl

for some constant C depending only on dimension d.
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Proof. For all z € {M f > A}, there exists () 5 = such that
A
inf f > —|Q)|.
inf f > 5@

Hence, the set {Mf > A} can be covered by cubes Q. From Vitali’s covering
lemma, there exists a finite cover of {M f > A} with some 5Q’s:

{Mf >} cUl,50;

with @; that are disjoint and such that

A
/ f2§|Qij|-
nQ

Qj
Hence
= SN S .
/Q UijﬂQ ; jﬂﬂ
A A A
> §|UijﬂQ| =5 X W|Uj5QjﬂQ| 2 6’{Mf>)\}|
with C' = 2 x 5912, [0 We can now prove Lebesgue’s differentiation theorem

(Theorem 2.5.1).

Proof of Theorem 2.5.1. We can assume without loss of generality that € is
bounded. We first remark that the result is true if f is continuous. If f is
not continuous, we consider a sequence (f,)n of continuous functions such that

15~ Fall < o

Moreover, up to a subsequence, we can also assume that for a.e. (t,z) € Q,
fult,x) — f(t,z) asn — oo.

Thanks to the maximal inequality (Lemma 2.5.5), we have in particular
C
< —.
VAL
By Borel-Cantelli’s Lemma, we conclude that for all A > 0, there exists n) € N
such that for all n > ny,

{M(f = fn) > A}

M(f—fn) <A ae inQ.

We conclude that for a.e. (t,z) € Qand all k € N, there exists a strictly increasing
sequence ny such that for all » > 0 such that Q,(t,z) C €,

FooUr -l <M= ) <
Qr(t,x)
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Moreover, since f, is continuous and {2 is bounded, there exists r; > 0 such that
for r € (0,7y), we have

1
Qr(t,x)

Moreover, for a.e. (t,z) € Q,
| o (8 ) = f(t, )| =0 as k — oo

These three facts imply that for a.e. (t,z) € Q, for all € > 0, there exists . > 0

such that r € (0,r.),
foor-seo)<e
Qr(t,x)

This achieves the proof of the lemma. O

2.5.2 Jensen-Ishii’s lemma for N functions

When proving Theorem 2.4.9, we used the following generalization of Lemmas 2.3.23
and 2.3.30 whose proof can be found in [CIL92].

Lemma 2.5.6 (Jensen-Ishii’s Lemma - III). Let U;, i = 1,..., N be open sets of
R? and I an open interval of R. Consider also lower semi-continuous functions
w; : I x Uy — R such that for allv =u;, it =1,...,N, (t,x) € I x U;, there exists
r > 0 such that for all M > 0 there exists C' > 0,

(5,9) € Qr(t, x)
(B,q,Y) € P u(s,y) p = —-B<C.
lo(s,y)| + lq| + Y] < M

Letx = (x1,...,xx) and zg = (29,...,2%). Assume that SN wi(t, ;) — ¢(t, z)
reaches a local minimum at (to,zo) € I x IL;U;. If a denotes 0y¢p(tg, xo) and
p; denotes Dy, ¢(wg) and A denotes D?¢(to, o), then for any B > 0 such that
I+ BA > 0, there exist (1;,X;) € Rx Sy, i = 1,...,N, such that for all i =

1,...,N,
(7i, i Xi) € P u(to, 2l)
N
Sai-a
=1
and
I 0 0 X, 0 0
110 B 0 > 4,
0 s 0
0 0 I 0 0 Xy

where Ag = (I + BA) 1 A.
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Remark 2.5.7. The condition on the functions wu; is satisfied as soon as the
u;’s are supersolutions of a parabolic equation. This condition ensures that some
compactness holds true when using the doubling variable technique in the time
variable. See [CIL92, Theorem 8.2,p. 50] for more details.

2.5.3 Technical lemmas for monotone envelopes

When proving the maximum principle (Theorem 2.4.9), we used the two following
technical lemmas.

Lemma 2.5.8. Consider a convezx set Q of R% and a lower semi-continuous
function v : [a,b] x  — R which is non-increasing with respect to t € (a,b) and
convex with respect to x € ). Assume that v is bounded from above and that for
all (a,p, X) € P~ o(t,x), we have

—a<C and X <C(CI.

Then v is Lipschitz continuous with respect t € (a,b) and C*' with respect to
x € €.

Proof of Lemma 2.5.8. We assume without loss of generality that 2 is bounded.
In this case, v is bounded from above and from below, hence is bounded. Next,
we also get that v is Lipschitz continuous with respect to z in [a,b] x F for all
closed convex set F' C Q such that d(F,9) > 0.

Step 1.

We first prove that v is Lipschitz continuous with respect to t: for all (¢9,zg) €
(a,b) x Q,

L
M = sup {U(t,a:) —w(s,y) — LIt —s| — —|x —y|* — Le
s,t€(a,b),x,yeN 4e

— Lo’{r — xo‘Q — Lo(t — t0)2} S 0

for L large enough only depending on C' and the Lipschitz constant of v with
respect to x around (g, z¢) and for Ly large enough. We argue by contradiction
by assuming that M > 0. Consider (8, ¢, T, ) where the maximum M is reached.
Remark first that

_ L _
Loly = ol* + Lo(5 — to)* + LIt = 5| + =[7 = 9I” + Le < v(t,2) = v(5,7)

< 2[v]p [q,5]x2-

In particular, we can choose Ly and L large enough so that (3,7), (¢, Z) € (a,b)x.
Remark next that ¢ # 5. Indeed, if £ = 5, then

_ L
0< M <wv(t,z)—v(ty) — E\a’:—ng—LE
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and choosing L larger than the Lipschitz constant of v with respect to = yields
a contradiction. Hence the function v is touched from below at (s,y) by the test
function

L _
(s,9) > Co— |7 =yl = Llf — 4
where Cj is a constant depending on (¢, Z). In particular,
(Lsign(t — 5), L(4e) "1 (z — §), L(4e) 1) € P u(5,7).

We thus should have L < C'. Choosing L > C yields also the desired contradic-
tion.

Step 2.

In order to prove that for all ¢ € (a,b), u(t,-) is Cb! with respect to z, it is
enough to prove that for all (p, X) € D% u(t,z) (see below), X < CI. Indeed,
this implies that u(t,-) + §| - |2 is concave [ALL97]. Since u(t,-) is convex, this
implies that it is C1! [CanSin04].

(p, X) € D>~ u(t, z) means that there exists ¢ € C?(R?) such that p = Di(x)
and X = D?y(z) and

P(y) — ¢(x) <ult,y) —ult,z)

for y € B,(x). We can further assume that the minimum of u(¢, -)—1) is strict. We
then consider the minimum of u(s, ) —¢(z) +e (s —t)% in (t -7, t+7) x B,(z).
For ¢ small enough, this minimum is reached in an interior point (ts,z.) and
(te,zz) = (t,x) as € = 0. Then

(efl(s‘E —t), Dy(xe), D2¢(x5)) € P u(te, x:).

Hence, D?¢)(z.) < CI. Letting ¢ — 0 yields X < CI. This achieves Step 2.
The proof of the lemma is now complete. Il

Lemma 2.5.9. Consider a conver set 2 of RY and v : (a,b) x Q — R which is
non-increasing with respect to t € (a,b) and convexr with respect to x € Q2. Then
for all (a,p, X) € P~ov(t,x), that there exists (aup, Pn, Xn) such that

(anameXn) e Piv(tnaxn)
(tnamﬁnanapn) _> (t,.f,a,p)
X < X+ 0,(1), X, > 0.

The proof of this lemma relies on Alexandroff theorem in its classical form.
A statement and a proof of this classical theorem can be found for instance in
[EG92]. We will only use the following consequence of this theorem.
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Theorem 2.5.10. Consider a convex set 2 of R? and a function v : (a,b)xQ — R
which is convex with respect to (f,z) € (a,b) x Q. Then for almost (¢,x) €
(a,b) x £, there exists (a,p, X) € P~ NPTu(t,x), that is to say such that for all
(s,y) € (a,b) x Q,

v(s,y) = v(t,56)+04(S*t)+p-(y*$)+%X(y*w)~(y*I)+0(IS*tHIy*fCIQ)- (2.5.1)

Jensen’s lemma is also needed (stated here in a “parabolic” version for the
sake of clarity).

Lemma 2.5.11 (Jensen). Consider a convex set Q of R? and a function v :
(a,b) x Q — R such that there ezists (1,C) € R? such that u(t,z) + 7t? + C|z|?
is convex with respect to (t,x) € (a,b) x Q. If u reaches a strict local mazximum
at (to,xp), then for r >0 and 6 > 0 small enough, the set

K = {(t,z) € (to — rto +7) x By(wo) : (7. p) € (—3,8) x B,

(s,y) — u(s,y) — s — p -y reaches a local maximum at (t,z)}

has a positive measure.

See [CIL92] for a proof. We can now turn to the proof of Lemma 2.5.8. The
proof of Lemma 2.5.9 below mimics the proof of [ALL97, Lemma 3] in which
there is no time dependence.

Proof of Lemma 2.5.9. Consider a test function ¢ such that u — ¢ reaches a local
maximum at (¢,z) and

(o, p, X) = (0, D§, D*9)(t, ).

Without loss of generality, we can assume that this maximum is strict; indeed,
replace ¢ with ¢(s,y) — |y —z|? — (s —t)? for instance. Then consider the function

. 1 1
velta) = inf {v<s,y>+|y—m|2+<s—t>2}.
yERT, >0 € 5

One can check that v, is still convex with respect to  and non-increasing with
respect to t and that

1 1
(t,x) — va(t,z) + = |z|* + =12
3 €
is concave with respect to (¢,z). Moreover, v. < v and
lim v, (t,x) = v(t, x).
e—0

This implies that there exists (t.,z.) — 0 as ¢ — 0 such that v. — ¢ reaches a
local maximum at (tc,z.). Remarking that v, — ¢ satisfies the assumptions of
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Jensen’s Lemma, Lemma 2.5.11 above, we combine it with Theorem 2.5.10 and
we conclude that we can find slopes (75, pn) — (0,0) and points (t,, zn) — (te, zc)
as n — oo where v, — ¢ satisfies (2.5.1) and v. — ¢ — 7,8 — ppy reaches a local
maximum at (,,Z,). In other words,

(Tn + at¢(tna $n)7pn + D¢(tna $n)7 D2'Ue(tna lTn)) S P_Us(tm xn)
with
D2v5(tn,xn) >0

and
D2¢(tn, zn) < D*ve(tn, zp).

In order to conclude, we use the classical following result from viscosity solution
theory (see [CIL92] for a proof):

Lemma 2.5.12. Consider (sn,yn) such that

Ve(tn, Tn) = v(Sn,Yn) + 5_1‘971 - $n’2 + 5_1(tn - Sn)Q-

Then
|yn - xn|2 + (tn - Sn)2 < E|U_'_|O,(a,b)><ﬂ

and
P~ uc(tn, xn) C P~ u(Sn, Yn)-

We used in the previous lemma that v is bounded from above since 2 is
bounded. Putting all the previous pieces of information together yields the de-
sired result. (I

2.5.4 An elementary iteration lemma

The following lemma is classical, see for instance [GT01, Lemma 8.23].

Lemma 2.5.13. Consider a non-decreasing function h : (0,1) — RT such that
for all p € (0,1),
h(vp) < 6h(p) + Cop”

for some 6,7, € (0,1). Then for all p € (0,1),
h(p) < Cap®

for all a = %min(%, B) € (0,1).

Proof. Consider k € N, k > 1, and get by induction that for all pg,p1 € (0,1)
with p1 < po,

o
—

h(v*p1) < 6%h(p1) + Copl Y ™.

<.
Il
o
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Then write

B

k < 5k P1
h(v"p1) <0 h(p0)+001_7ﬂ

_ B
< () h(po) + ot
2a

< (") h(po) + Cop ™

where § = %. Now pick p € [v¥T1p1,~v%p1) and choose p; = /pop and get from

the previous inequality the desired result for p € (0, pg). Choose next py = % and
conclude for p € (0,1). O
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Part 11

The Kahler-Ricci flow on
Kahler manifolds of non
negative Kodaira dimension

7






Chapter 3

An introduction to the
Kahler-Ricci ow

Jian Song! and Ben Weinkove?

Introduction

The Ricci flow, first introduced by Hamilton [Ham82] three decades ago, is the

equation

d
£gij = —2Rij, (301)

evolving a Riemannian metric by its Ricci curvature. It now occupies a central
position as one of the key tools of geometry. It was used in [Ham82, Ham86]
to classify 3-manifolds with positive Ricci curvature and 4-manifolds with posi-
tive curvature operator. Hamilton later introduced the notion of Ricci flow with
surgery [Ham95a] and laid out an ambitious program to prove the Poincaré and
Geometrization conjectures. In a spectacular demonstration of the power of the
Ricci flow, Perelman [Per02, Per03q, Per03b] developed new techniques which
enabled him to complete Hamilton’s program and settle these celebrated con-
jectures (see also [CZ06, KL08, MT07, MT08]). More recently, the Ricci flow
was used to prove the Brendle-Schoen Differentiable Sphere Theorem [BS08] and
other geometric classification results [BWO08, NiW10].

In addition to these successes has been the development of the Kéhler-Ricci
flow. If the Ricci flow starts from a Kéhler metric on a complex manifold, the
evolving metrics will remain Kéhler, and the resulting PDE is called the Kahler-
Ricci flow. Cao [Cao85] used this flow, together with parabolic versions of the
estimates of Yau [Yau78b] and Aubin [Aub78], to reprove the existence of Kahler-
Einstein metrics on manifolds with negative and zero first Chern class. Since

!Department of Mathematics, Rutgers University, Piscataway, NJ 08854, USA. Jian Song is
supported in by an NSF CAREER grant DMS-08-47524 and a Sloan Research Fellowship

2Department of Mathematics, University of California San Diego, La Jolla, CA 92093, USA.
Ben Weinkove is supported by the NSF grants DMS-08-48193 and DMS-11-05373.
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then, the study of the Kéhler-Ricci flow has developed into a vast field in its own
right. There have been several different avenues of research involving this flow,
including: existence of Kéhler-Einstein metrics on manifolds with positive first
Chern class and notions of algebraic stability [Bando87, Cal82, ChW09, Don02,
MSz09, Per03c, PSS07, PSSW09, PSSW11, PS05, PS06, PS10, Rub09, SeT08,
Sz10, Tian97, TZ07, Tos10a, Yau93, Zhu07]; the classification of Kéhler manifolds
with positive curvature in both the compact and non-compact cases [Bando84,
Cao092, CZ09, ChauT06, CST09, CheT06, Gu09, Mok88, Ni04, PSSW08b]; and
extensions of the flow to non-Kéhler settings [Gillll, StT10]. (These lists of
references are far from exhaustive). In these notes we will not even manage to
touch on these areas.

Our main goal is to give an introduction to the Kahler-Ricci flow. In the last
two sections of the notes, we will also discuss some results related to the analytic
minimal model program of the first-named author and Tian [ST07, ST12, ST09,
Tian02, Tian08]. The field has been developing at a fast pace in the last several
years, and we mention briefly now some of the ideas.

Ultimately, the goal is to see whether the Kéhler-Ricci flow will give a ge-
ometric classification of algebraic varieties. In the case of real 3-manifolds, the
work of Perelman and Hamilton shows that the Ricci flow with surgery, starting
at any Riemannian metric, can be used to break up the manifold into pieces, each
of which has a particular geometric structure. We can ask the same question for
the Kéahler-Ricci flow on a projective algebraic variety: starting with any Kéhler
metric, will the Kahler-Ricci flow ‘with surgery’ break up the variety into simpler
pieces, each equipped with some canonical geometric structure?

A process of ‘simplifying’ algebraic varieties through surgeries already exists
and is known as the Minimal Model Program. In the case of complex dimension
two, the idea is relatively simple. Start with a variety and find ‘(—1)-curves’
- these are special holomorphic spheres embedded in the variety - and remove
them using an algebraic procedure known as ‘blowing down’. It can be shown
that after a finite number of these algebraic surgeries, the final variety either has a
‘ruled’ structure, or has nef canonical bundle, a condition that can be interpreted
as being ‘nonpositively curved’ in some appropriate sense. This last type of
variety is known as a ‘minimal model’. In higher dimensions, a similar, though
more complicated, process also exists. It turns out that there are many different
ways to arrive at the minimal model by algebraic procedures such as blow-downs.
However, in [BCHM10] Birkar-Cascini-Hacon-McKernan introduced the notion of
the Minimal Model Program with scaling (or MMP with scaling), which, ignoring
some technical assumptions, takes a variety with a ‘polarization’ and describes a
particular sequence of algebraic operations which take it to a minimal model or
a ruled surface (or its higher dimensional analogue). This process seems to be
closely related to the Kéhler-Ricci flow, with the polarization corresponding to a
choice of initial Kéhler metric.

Starting in 2007, Song-Tian [ST07, ST12, ST09] and Tian [Tian08] proposed
the analytic MMP using the Kéhler-Ricci flow with a series of conjectures, and
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showed [ST09] that, in a weak sense, the flow can be continued through singular-
ities related to the MMP with scaling. In the case of complex dimension two, it
was shown by the authors [SW10] that the algebraic procedure of ‘blowing down’
a holomorphic sphere corresponds to a geometric ‘canonical surgical contraction’
for the Kéahler-Ricci flow.

Moreover, the minimal model is endowed with an analytic structure. Eyssidieux-
Guedj-Zeriahi [EGZ11] generalized an estimate of Kolodziej [Kol98] (see also the
work of Zhang [Zha06]) to construct singular Kéhler-Einstein metrics on mini-
mal models of general type. In the case of smooth minimal models, convergence
of the Kahler-Ricci flow to this metric was already known by the work of Tsuji
in the 1980’s [Tsu88], results which were clarified and extended by Tian-Zhang
[Tzha06]. On litaka fibrations, the Kéhler-Ricci flow was shown by Song-Tian to
converge to a ‘generalized Kéahler-Einstein metric’ [ST07, ST12].

These are very recent developments in a field which we expect is only just
beginning. In these lecture notes we have decided to focus on describing the main
tools and techniques which are now well-established, rather than give expositions
of the most recent advances. In particular, we do not in any serious way address
‘surgery’ for the Ké&hler-Ricci flow and we only give a sketchy outline of the
Minimal Model Program and its relation to the Kéhler-Ricci flow. On the other
hand, we have taken the opportunity to include two new results in these notes:
a detailed description of collapsing along the Kéahler-Ricci flow in the case of a
product elliptic surface (Section 3.6) and a description of the Kéhler-Ricci flow on
Kéhler surfaces (Section 3.8), extending our previous work on algebraic surfaces
[SW10].

We have aimed these notes at the non-expert and have tried to make them as
self-contained and complete as possible. We do not expect the reader to be either
a geometric analyst or an algebraic geometer. We assume only a basic knowledge
of complex manifolds. We hope that these notes will provide enough background
material for the non-expert reader to go on to begin research in this area.

We give now a brief outline of the contents of these notes. In Section 3.1, we
give some preliminaries and background material on Kéhler manifolds and cur-
vature, describe some analytic tools such as the maximum principle, and provide
some definitions and results from algebraic geometry. Readers may wish to skip
this section at first and refer back to it if necessary. In Section 3.2, we describe
a number of well-known basic analytic results for the Kéahler-Ricci flow. Many
of these results have their origin in the work of Calabi, Yau, Cheng, Aubin and
others [Aub78, Cal58, Cao85, ChengYau75, Yau78b, Yau78]. We include a more
recent argument, due to Phong-Sesum-Sturm [PSS07], for the ‘Calabi third-order’
estimate in the setting of the Kéahler-Ricci flow.

In Section 3.3 we prove one of the basic results for the Kéahler-Ricci flow:
the flow admits a smooth solution as long as the class of the metric remains
Kéhler. The result in this generality is due to Tian-Zhang [Tzha06], extending
earlier results of Cao and Tsuji [Cao85, Tsu88, Tsu96]. In Section 3.4, we give
an exposition of Cao’s work [Cao85] - the first paper on the Kéhler-Ricci flow.
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Namely, we describe the behavior of the flow on manifolds with negative or zero
first Chern class. We include in this section the crucial C° estimate of Yau
[Yau78b]. We give a different proof of convergence in this case, following Phong-
Sturm [PS06]. In Section 3.5, we consider the Kéahler-Ricci flow on manifolds
with nef and big canonical bundle. This was first studied by Tsuji [Tsu88] and
demonstrates how one can study the singular behavior of the K&hler-Ricci flow.

In Section 3.6, we address the case of collapsing along the Kéahler-Ricci flow
with the example of a product of an elliptic curve and a curve of higher genus.
In Section 3.7, we describe some basic results in the case where a singularity for
the flow occurs at a finite time, including the recent result of Zhang [Zha09] on
the behavior of the scalar curvature. We also describe without proof some of the
results of [SSW11, SW10].

In Section 3.8, we discuss the Kéhler-Ricci flow and the Minimal Model Pro-
gram. We give a brief sketch of some of the ideas of the MMP and how the
Kaéhler-Ricci flow relates to it. We also describe some results from [SW10] and
extend them to the case of Kahler surfaces.

The authors would like to mention that these notes arose from lectures given
at the conference Analytic aspects of complex algebraic geometry, held at the
Centre International de Rencontres Mathematiques in Luminy, in February 2011.
The authors would like to thank S. Boucksom, P. Eyssidieux and V. Gued]j for
organizing this wonderful conference. Additional thanks go to V. Guedj for his
encouragement to write these notes.

We would also like to express our gratitude to the following people for pro-
viding helpful suggestions and corrections: Huai-Dong Cao, John Lott, Morgan
Sherman, Gang Tian, Valentino Tosatti and Zhenlei Zhang. Finally the authors
thank their former PhD advisor D.H. Phong for his valuable advice, encourage-
ment and support over the last several years. In addition, his teaching and ideas
have had a strong influence on the style and point of view of these notes.
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3.1 Preliminaries

In this section we describe some definitions and results which will be used through-
out the text.

3.1.1 Kahler manifolds

Let M be a compact complex manifold of complex dimension n. We will often
work in a holomorphic coordinate chart U with coordinates (21, ..., 2") and write
a tensor in terms of its components in such a coordinate system. We refer the
reader to [GH78, KodMor71] for an introduction to complex manifolds etc.

A Hermitian metric on M is a smooth tensor g = g;; such that (gﬁ) is a
positive definite Hermitian matrix at each point of M. Associated to g is a
(1,1)-form w given by

w= é?gijdzi Adzd, (3.1.1)
where here and henceforth we are summing over repeated indices from 1 to n.
If dw = 0 then we say that g is a Kdhler metric and that w is the Kdahler form
associated to g. Henceforth, whenever, for example, ¢(t), g, go,... are Kdhler
metrics we will use the obvious notation w(t),w,wp, ... for the associated Kahler
forms, and vice versa. Abusing terminology slightly, we will often refer to a
Kahler form w as a Kahler metric.

The Kahler condition dw = 0 is equivalent to:

Okg;; = 0igy;, foralli, j, k, (3.1.2)

where we are writing 9; = 9/92%. The condition (3.1.2) is independent of choice
of holomorphic coordinate system.

For examples of Kéhler manifolds, consider complex projective space P" =
(C™*t1\ {0})/ ~ where (20,...,2n) ~ (20,...,2,) if there exists A € C* with
zi = Azj for all i. We denote by [Zy,...,Z,] € P" the equivalence class of
(Zo, ..., Zy) € C"1\ {0}. Define the Fubini-Study metric wgs by

N/ -1 —

Note that although |Zo|? + - - - + |Z,|? is not a well-defined function on P", wpg
is a well-defined (1, 1)-form. We leave it as an exercise for the reader to check
that wrg is Kéhler. Moreover, since the restriction of a Kéhler metric to a com-
plex submanifold is Kéahler, we can produce a large class of Kdhler manifolds by
considering complex submanifolds of P". These are known as smooth projective
varieties. B

Let X = X%0; and Y = Y’Bg be T19 and T%! vector fields respectively, and
let a = a;dz* and b = lrzd; be (1,0) and (0,1) forms respectively. By definition
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this means that if (2!,..., 2") is another holomorphic coordinate system then on
their overlap,

0z - -0z7 0zt - 0zt
S I Vsl T S N 1.4
0z%’ 97 YT Yz Ui t9zi (3.1.4)

Xi = X'

Associated to a Kahler metric g are covariant derivatives Vj, and Vi which
act on the tensors X,Y, a, b in the following way:

VX' =0 XT+ T X7, VX' = 0.X7, Vi)Y' = Y7, VY =9y + T, Y7,

(3.1.5)
Vkai = 8kai - ngaj, VECLZ' = %ai, Vklrl = akb;, Vglfl = 6‘515 - Fizkb]*, (316)

where Fék are the Christoffel symbols given by
L% = 9“9, (3.1.7)

for (g%) the inverse of the matrix (9;7)- Observe that Fék = F};j from (3.1.2). The

Christoffel symbols are not the components of a tensor, but V;,X?, VEXi, ... do
define tensors, as the reader can verify. Also, if ¢ and § are Kahler metrics with
Christoffel symbols F;k and F;k then the difference F;k — F}k is a tensor.

We extend covariant derivatives to act naturally on any type of tensor. For
example, if W is a tensor with components W,” then define

Note also that the Christoffel symbols are chosen so that Vig;; = 0.
The metric g defines a pointwise norm |- |, on any tensor. For example, with
X,Y, a,b as above, we define

X2 =g;X'XT, |[Y[2=g5Y7Y!, |af2 =g¢"aa;, |b]; = g"bsb;.

(3.1.9)

This is extended to any type of tensor. For example, if W is a tensor with
components W,ﬁj then define ]W\g = ng gﬁgqu,?Wgﬁ.

Finally, note that a Ké&hler metric g defines a Riemannian metric gg. In
local coordinates, write z* = x' + /=1y, so that 0,; = %(6ng — ﬁayi) and
8;1. = %(811 + \/jlayz) Then

gR(ﬁxi, 8xj) = 2Re(gﬁ) = gR(ayi, 8yj), gR<axi, (9yj) = 2Im(gZ3) (3.1.10)

We will typically write g instead of gg.
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3.1.2 Normal coordinates

The following proposition is very useful in computations.

Proposition 3.1.1. Let g be a Kdhler metric on M and let S = Sﬁ be a tensor

which is Hermitian (that is ST; = Sji') Then at each point p on M there exists a
holomorphic coordinate system centered at p such that,

95p) = 0ij,  Si5(p) = Nidij,  Owg5(p) =0, Vi jk=1,...,n, (3.1.11)
for some A1,..., A\, € R, where 6;; is the Kronecker delta.

Proof. It is an exercise in linear algebra to check that we can find a coordinate
system (z!,...,2") centered at p (so that p ~ 0) satisfying the first two condi-
tions: ¢ is the identity at p and S is diagonal at p. Indeed this amounts to the
fact that a Hermitian matrix can be diagonalized by a unitary transformation.
For the last condition we make a change of coordinates. Define coordinates

(2',...,2") in a neighborhood of p by

) 1. .
=5 5F;,c(o)zﬂz’f, fori=1,...,n. (3.1.12)
Writing g7, 5‘5 for the components of g, S with respect to (z!,...,2") we see

that g,5(0) = g;7(0) and 5'15(0) = 5;7(0) since 021/0z7(0) = &;;. It remains to
check that the first derivatives of 9i vanish at 0. Compute at 0,

9 0 (020
0+ = pzk \ 931 9zi Jab
o T 0w TFor 0
05k05 071990 T pzi 9z 9k §am Jab

; 0
= T+ 505 =0, (3.1.13)

as required. O

We call a holomorphic coordinate system centered at p satisfying gij(p) = 0;j
and 8kgi3(p) = 0 a normal coordinate system for g centered at p. It implies in
particular that the Christoffel symbols of g vanish at p. Proposition 3.1.1 states
that we can find a normal coordinate system for g at any point p, and that
moreover we can simultaneously diagonalize any other Hermitian tensor (such as
another Kahler metric) at that point.

3.1.3 Curvature

Define the curvature tensor of the Kahler metric g to be the tensor

R™; = 0T (3.1.14)



86 CHAPTER 3. INTRODUCTION TO THE KRF

The reader can verify that this does indeed define a tensor on M. We often lower
the second index using the metric g and define

Ri}kz - gmﬁRime’ (3.1.15)

an object which we also refer to as the curvature tensor. In addition, we can
lower or raise any index of curvature using the metric g. For example, Rﬁ w .=

99" Rz
Using the formula for the Christoffel symbols and (3.1.2), calculate
Rz = —0i059,7 + 9™ (9i9x) (0;59,7)- (3.1.16)
The curvature tensor has a number of symmetries:

Proposition 3.1.2. We have
(i) Rz = Ry
(it) Ri5 = Riz0 = Rigys-
(iii) VmB5 = ViR, 5.
Proof. (i) and (ii) follow immediately from the formula (3.1.16) together with the
Kéhler condition (3.1.2). For (iii) we compute at a point p in normal coordinates

for g,

ViR = —0m0i0;9,7 = —0i0m0593 = ViR, =17, (3.1.17)
as required. O
Parts (ii) and (iii) of Proposition 3.1.2 are often referred to as the first and
second Bianchi identities, respectively. Define the Ricci curvature of g to be the

tensor - B

Lk _ lk _ k

Rj:=g"Rg5=9"Ryz5 = R, (3.1.18)

and the scalar curvature R = gE"Rg to be the trace of the Ricci curvature. For
Kahler manifolds, the Ricci curvature takes on a simple form:

Proposition 3.1.3. We have
R = —0;0;1ogdet g. (3.1.19)

Proof. First, recall the well-known formula for the derivative of the determinant
of a Hermitian matrix. Let A = (A;) be an invertible Hermitian matrix with

inverse (A7%). If the entries of A depend on a variable s then an application of
Cramer’s rule shows that

d = (d
il VLN ey
7 det A=A <dsA”> det A. (3.1.20)
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Using this, calculate

R = —%Fﬁi = —%(quﬁigk@) = —0;0;logdet g, (3.1.21)

which gives the desired formula. O

Associated to the tensor R is a (1,1) form Ric(w) given by

. V _1 - —
Ric(w) = ?Rﬁdz’ Ndzl. (3.1.22)
Proposition 3.1.3 implies that Ric(w) is closed.
We end this subsection by showing that the curvature tensor arises when
commuting covariant derivatives Vj and V;. Indeed, the curvature tensor is

often defined by this property.

Proposition 3.1.4. Let X = X0;, Y = Yz&i be THO and TO' vector fields
respectively, and let a = a;dz" and b = b:dz" be (1,0) and (0, 1) forms respectively.
Then

[Vi, Vi X™ = R X’ (3.1.23)
[V, VY™ = —R™ ;Y7 (3.1.24)
Vi, Vilai = —R.™ am (3.1.25)
[V, Velb; = R™ b, (3.1.26)

where we are writing [V, V4] = Vi,V — V;Vy.

Proof. We prove the first and leave the other three as exercises. Compute at a
point p in a normal coordinate system for g,

[Vi, VA X = 040, X™ — 0y(0p, X" + T X") = —(0T7H) X" = R . X",
(3.1.27)

as required. O

Note that the commutation formulae of Proposition 3.1.4 can naturally be
extended to tensors of any type. Finally we remark that, when acting on any
tensor, we have [V;, V;] = 0 = [V;, V5], as the reader can verify.

3.1.4 The maximum principle

There are various notions of ‘maximum principle’. In the setting of the Ricci
flow, Hamilton introduced his mazimum principle for tensors [CLN06, Ham82,
Ham95a] which has been exploited in quite sophisticated ways to investigate the
positivity of curvature tensors along the flow (see for example [Bando84, BWO0S,
BS08, Ham86, Mok88, NiW10]). For our purposes however, we need only a simple
version of the maximum principle.

We begin with an elementary lemma. As above, (M,w) will be a compact
Kaéahler manifold.
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Proposition 3.1.5. Let f be a smooth real-valued function on M which achieves
its mazximum (minimum) at a point xog in M. Then at xq,

df =0 and /—109f <0 (>0). (3.1.28)

Here, if a = leaijdzi A dzi is a real (1,1)-form, we write a < 0 (> 0) to
mean that the Hermitian matrix (aﬁ) is nonpositive (nonnegative). Proposition
3.1.5 is a simple consequence of the fact from calculus that a smooth function
has nonpositive Hessian (and hence nonpositive complex Hessian) and zero first
derivative at its maximum.

Next we introduce the Laplace operator A on functions. Define

Af =g"0:0:f (3.1.29)

for a function f.
In these lecture notes, we will often make use of the trace notation ‘tr’. If

a= gaﬁdzi A dzI is a real (1,1)-form then we write
= nw" A«
troa =g’a; = —Q (3.1.30)

In this notation, we can write Af = trwgc’)gf.

It follows immediately from this definition that Proposition 3.1.5 still holds if
we replace v/—199f < 0 (> 0) in (3.1.28) by Af <0 (> 0).

For the parabolic mazimum principle (which we still call the maximum prin-
ciple) we introduce a time parameter ¢. The following proposition will be used

many times in these lecture notes.

Proposition 3.1.6. Fix T > 0. Let f = f(x,t) be a smooth function on M x
[0,T). If f achieves its mazimum (minimum) at (xo,t9) € M x [0,T] then either
to =0 or at (xo,to),

0 _
a—{ >0(<0) and df =0 and +—100f <0 (>0). (3.1.31)
Proof. Exercise for the reader. O

We remark that, in practice, one is usually given a function f defined on
a half-open time interval [0,7") say, rather than a compact interval. To apply
this proposition it may be necessary to fix an arbitrary Ty € (0,7) and work
on [0,7p]. Since we use this procedure many times in the notes, we will often
omit to mention the fact that we are restricting to such a compact interval. Note
also that Propositions 3.1.5 and 3.1.6 still hold with M replaced by an open set
U C M as long as the maximum (or minimum) of f is achieved in the interior of
the set U.

We end this section with a useful application of the maximum principle in the
case where f satisfies a heat-type differential inequality.
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Proposition 3.1.7. Fiz T with 0 < T < oo. Suppose that f = f(x,t) is a
smooth function on M x [0,T) satisfying the differential inequality

(jt - A> f<o. (3.1.32)

Then SUP(z,t)e M x[0,T) f(l', t) < SUPgen f(xv 0)

Proof. Fix Ty € (0,T). For € > 0, define f. = f — et. Suppose that f. on
M x [0, Tp] achieves its maximum at (zg, ). If tg > 0 then by Proposition 3.1.6,

0< (jt - A) e (w0, t0) < ¢, (3.1.33)

a contradiction. Hence the maximum of f. is achieved at tg = 0 and

sup flz,t) < sup fe(x,t) + €Ty < sup f(x,0) +eTp. (3.1.34)
(z,t) €M x[0,T0] (2,t) €M x[0,T0)] zeM

Let € — 0. Since Ty is arbitrary, this proves the result. O

We remark that a similar result of course holds for the infimum of f if we
replace (% — A) f <0 by (% — A) f > 0. Finally, note that Proposition 3.1.7
holds, with the same proof, if the Laplace operator A in (3.1.32) is defined with
respect to a metric g = g(t) that depends on ¢.

3.1.5 Other analytic results and definitions

In this subsection, we list a number of other results and definitions from analysis,
besides the maximum principle, which we will need later. For a good reference,
see [Aub82]. Let (M,w) be a compact Kahler manifold of complex dimension
n. In these lecture notes, we will be concerned only with smooth functions and
tensors so for the rest of this section assume that all functions and tensors on M
are smooth. The following is known as the Poincaré inequality.

Theorem 3.1.8. There exists a constant C'p such that for any real-valued func-
tion f on M with fM fw™ =0, we have

| ren<cp [ jospur, (3.1.35)
M M

for |0f|* = ¢7'0,£ 05 f.

We remark that the constant Cp is (up to scaling by some universal factor)
equal to A~! where ) is the first nonzero eigenvalue of the operator —A associated
to g.

Next, we have the Sobolev inequality.
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Theorem 3.1.9. Assume n > 1. There exists a uniform constant Cg such that
for any real-valued function f on M, we have

1/8
2Bwn 2. n 2. n
(/lel ) <Cs (/M\af! w +/M\f| w > (3.1.36)

for g =n/(n—1) > 1.

We give now some definitions for later use. Given a function f, define the
C% norm on M to be | fllcoary = supyy [f[- We give a similar definition for
any subset U C M. Given a (real) tensor W and a Riemannian metric g, we
define |W]§ by contracting with g, in the obvious way (cf. Section 3.1.1). Define
|[Wllco(ar,g) to be the CO(M) norm of |W|,. If no confusion arises, we will often
drop the M and g in denoting norms.

Given a function f on M, we define for p > 1 the LP(M,w) norm with respect
to a Kahler metric w by

1/p
T ( /M \fvw) | (3.1.37)

Note that || f{|Lrarw) = Iflcoary as p — oo.

We use Vg to denote the (real) covariant derivative of g. Given a function f,
write Vg f for the tensor with components (in real coordinates) (Vg)i, - - (VR)i,, f
and similarly for V acting on tensors.

For a function f and a subset U C M, define

K
1fller gy = D IVE Fllcow,g)s (3.1.38)

m=0

and similarly for tensors.

We say that a tensor T has uniform C°°(M, g) bounds if for each k = 0, 1,2, . ..
there exists a uniform constant C such that ||| ok (prg) < Ck. Given an open
subset U C M we say that T" has uniform C2 (U, g) bounds if for any compact
subset K C U there exist constants Cy x such that ||T'|cx(k gy < Ck,x. We say
that a family of tensors T; converges in C7X.(U,g) to a tensor T, if for every

compact K C U, and each k£ = 0,1,2,..., the tensors T; converge to T, in
CHM(K, g).
Given 8 € (0,1), define the Hélder norm C#(M, g) of a function f by
1f(p) — f(9)]
fllos = ||fllcocary + sup ————, 3.1.39
1 lcsarg) = 1 fllcoar S G 0)P ( )

for d the distance function of g. The C#(M,g) norm for tensors T is defined
similarly, except that we must use parallel transport with respect to g con-
struct the difference T'(p) —T'(g). For a positive integer k, define || f[|ck+s(nr,q) =

1 fller(arg) + ||V]’f§f||cg(M7g), and similarly for tensors.
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Finally, we define what is meant by Gromov-Hausdorff convergence. This is a
notion of convergence for metric spaces. Given two subsets A and B of a metric
space (X, d), we define the Hausdorff distance between A and B to be

di(A,B) =inf{e >0 | AC B. and B C A.} (3.1.40)

where A; = Ugea{z € X | d(a,z) < €}. We then define the Gromov-Hausdorff
distance between two compact metric spaces X and Y to be

don(X.Y) = inf du((X), 9(Y). (3.1.41)
where the infimum is taken over all isometric embeddings f: X — Z,¢g:Y — Z
into a metric space Z (for all possible Z). We then say that a family X; of
compact metric spaces converges in the Gromov-Hausdorff sense to a compact
metric space X, if the X; converge to X, with respect to dgg.

3.1.6 Dolbeault cohomology, line bundles and divisors

In this section we introduce cohomology classes, line bundles, divisors, Hermi-
tian metrics etc. Good references for this and the next subsection are [GH7S,
KodMorT71]. Let M be a compact complex manifold. We say that a form « is
O-closed if O = 0 and O-exact if a« = 9n for some form 7. Define the Dolbeault
cohomology group H%’l(M, R) by

HA (M, R) = {?—Closed real (l,l)—forms}' (3.1.42)
o {0-exact real (1,1)-forms}

A Kahler metric w on M defines a nonzero element [w] of H%’l(M ,R). If a

cohomology class o € Hl’l(M ,R) can be written o = [w] for some Kéhler metric
w then we say that « is a Kdhler class and write o > 0.
A basic result of Kahler geometry is the 09-Lemma.

Theorem 3.1.10. Let (M,w) be a compact Kéhler manifold. Suppose that
0=[a] € H%’l(M, R) for a real smooth 0-closed (1, 1)-form a. Then there exists

a real-valued smooth function ¢ with a = \/2—?8590, which is uniquely determined
up to the addition of a constant.

In other words, a real (1,1)-form « is d-exact if and only if it is 9-exact. It is
an immediate consequence of the 9-Lemma that if w and w’ are Kihler metrics
in the same Kahler class then o’ = w + %a&o for some smooth function ¢,
which is uniquely determined up to a constant, and sometimes referred to as a
(Kdhler) potential.

A line bundle L over M is given by an open cover {U,} of M together with
collection of transition functions {t,g} which are holomorphic maps tag : Uy N
Ug — C* satisfying

taptpa =1, taplsy = tary- (3.1.43)
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We identify two such collections of transition functions {tas} and {tz} if we
can find holomorphic functions f, : U, — C* with t’aﬁ = %taﬁ. (In addition, we
also need to identify ({Ua}, {tag}), ({US}, {t]s}) whenever {U]} is a refinement of
{Us} and the t/w 5 are restrictions of the t,5. We will not dwell on technical details
about refinements etc and instead refer the reader to [GH78] or [KodMorT71].)
Given line bundles L, L' with transition functions {tag}, {t; 5} write LL' for the
new line bundle with transition functions {t.st,,5}. Similarly, for any m € Z, we
define line bundles L™ by {t7;}. We call L~! the inverse of L. Sometimes we
use the additive notation for line bundles, writing L+ L’ for LL' and mL for L™.

A holomorphic section s of L is a collection {s,} of holomorphic maps s, :
Uy, — C satisfying the transformation rule s, = t,gs3 on U, N Ug. A Hermitian
metric h on L is a collection {h,} of smooth positive functions h, : U, — R
satisfying the transformation rule hq = |tgq|?hg on U,NUg. Given a holomorphic
section s and a Hermitian metric A, we can define the pointwise norm squared of
s with respect to h by [s|2 = ha8a3q on U,. The reader can check that |s|? is a
well-defined function on M.

We define the curvature Rj, of a Hermitian metric A on L to be the closed
(1,1) form on M given by R}, = —g@g log hy, on Uy,. Again, we let the reader
check that this is well-defined. Define the first Chern class c¢1(L) of L to be
the cohomology class [Ry,] € H%’l(M ,R). Since any two Hermitian metrics h, b’
on L are related by A’ = he™¥ for some smooth function ¢, we see that Ry =
Ry + %6@0 and hence ¢ (L) is well-defined independent of choice of Hermitian
metric. Note that if h is a Hermitian metric on L then A™ is a Hermitian metric
on L™ and ¢;(L™) = mei(L).

Every complex manifold M is equipped with a line bundle Kj;, known as the
canonical bundle, whose transition functions are given by t,3 = det (82% / 82&)

on U, N Ug, where U, are coordinate charts for M with coordinates z/}, ..., 2%
If g is a Kéhler metric (or more generally, a Hermitian metric) on M then h, =

det(g%)_1 on U, defines a Hermitian metric on Kps. The inverse K of Ky

is sometimes called the anti-canonical bundle. Its first Chern class c¢; (K]\_/Il) is
called the first Chern class of M and is often denoted by ¢ (M). It follows from
Proposition 3.1.3 and the above definitions that ¢; (M) = [Ric(w)] for any Kéhler
metric w on M.

We now discuss divisors on M. First, we say that a subset V of M is an
analytic hypersurface if V' is locally given as the zero set {f = 0} of a locally
defined holomorphic function f. In general, V may not be a submanifold. Denote
by V'8 the set of points p € V for which V is a submanifold of M near p. We
say that V is irreducible if V8 is connected. A divisor D on M is a formal finite
sum ) . a;V; where a; € Z and each Vj; is an irreducible analytic hypersurface of
M. We say that D is effective if the a; are all nonnegative. The support of D is
the union of the V; for each ¢ with a; # 0.

Given a divisor D we define an associated line bundle as follows. Suppose
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that D is given by local defining functions f, (vanishing on D to order 1) over
an open cover U,. Define transition functions t,g = fo/fs on Uy N Ug. These
are holomorphic and nonvanishing in U, NUg, and satisfy (3.1.43). Write [D] for
the associated line bundle, which is well-defined independent of choice of local
defining functions. Note that the map D + [D] is not injective. Indeed if D # 0
is defined by a meromorphic function f on M then [D] is trivial.

As an example: associated to a hyperplane {Z; = 0} in P is the line bundle
H, called the hyperplane bundle. Taking the open cover U, = {Z, # 0}, the
hyperplane is given by Z;/Z, = 0 in U,. Thus we can define H by the transition
functions tn3 = Z3/Zn. Define a Hermitian metric hrg on H by

|Za|?
h = U,. 3.1.44
( FS)a |Z0|2+—|—|Zn|2 on a ( )

Notice that Ry, = wrs. The canonical bundle of P" is given by Kpn = —(n+1)H
and ¢1(P") = (n 4 1)[wrs] > 0. The line bundle H is sometimes written O(1).

3.1.7 Notions of positivity of line bundles

Let L be a line bundle over a compact Kahler manifold (M,w). We say that L is
positive if ¢1(L) > 0. This is equivalent to saying that there exists a Hermitian
metric h on L for which Ry, is a Kéhler form.

The Kodaira Embedding Theorem relates the positivity of L with embeddings
of M into projective space via sections of L. More precisely, write H°(M, L) for
the vector space of holomorphic sections of L. This is finite dimensional if not
empty. We say that L is very ample if for any ordered basis s = (s, ...,sn) of
HO(M, L), the map 15 : M — PV given by

ts(x) = [so(x),...,sn(z)], (3.1.45)
is well-defined and an embedding. Note that so(z), ..., sy(z) are not well-defined
as elements of C, but [so(z),...,sn(z)] is a well-defined element of PV as long

as not all the s;(x) vanish. We say that L is ample if there exists a positive
integer mg such that L™ is very ample for all m > mg. The Kodaira Embedding
Theorem states:

Theorem 3.1.11. L is ample if and only if L is positive.

The hard part of this theorem is the ‘if’ direction. For the other direction,
assume that L™ is very ample, with (so,...,sy) a basis of HO(M, L™). Since M
is a submanifold of P", we see that ¢;wrs is a Kahler form on M and if A is any
Hermitian metric on L™ then by definition of ¢,

V-1 V-1 V-1

N o -1 = —1
LWFS = —?88logh + ?&fﬂogﬂso]% 4+ -+ |sn|2) =R + %((;81{16)
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for a globally defined function f. This implies that %szFs € ¢1(L) and hence
Cl(L) > 0.

We say that a line bundle L is globally generated if for each x € M there
exists a holomorphic section s of L such that s(x) # 0. If L is globally generated
then given an ordered basis s = (sg,...,sn) of holomorphic sections of L, we
have a well-defined holomorphic map ¢ : M — PV given by (3.1.45) (although it
is not necessarily an embedding). We say that a line bundle L is semi-ample if
there exists a positive integer mg such that L™ is globally generated. Observe
that if L is semi-ample then, by considering again the pull-back of wrg to M by
an appropriate map g, there exists a Hermitian metric h on L such that Ry, is a
nonnegative (1,1)-form. That is, ¢;(L) contains a nonnegative representative.

We next discuss the pairing of line bundles with curves in M. By a curve in
M we mean an analytic subvariety of dimension 1. If C' is smooth, then we define

L-C:/ Ry, (3.1.47)
C

where h is any Hermitian metric on L. By Stokes’ Theorem, L - C' is independent
of choice of h. If C' is not smooth then we integrate over C**8, the smooth part of
C (Stokes’ Theorem still holds - see for example [GH78], p.33). We can also pair
a divisor D with a curve by setting D - C = [D] - C, and we may pair a general
element o € H%'(M,R) with a curve C by setting a.- C' = Jon forn e a.

We say that a line bundle L is nef if L-C > 0 for all curves C' in M (‘nef’ is
an abbreviation of either ‘numerically eventually free’ or ‘numerically effective’,
depending on whom you ask). It follows immediately from the definitions that:

L ample = L semi-ample = L nef. (3.1.48)

We may also pair a line bundle with itself n times, where n is the complex
dimension of M. Define

c1(L)" = /M(Rh)”. (3.1.49)

Moreover, given any a € H"'(M,R) we define a” = fM n™ for n € a.

Assume now that M is a smooth projective variety. We say that a line bundle
L on M is big if there exist constants mg and ¢ > 0 such that dim H°(M, L™) >
em” for all m > myg. It follows from the Riemann-Roch Theorem (see [Ha77,
Laz04], for example) that a nef line bundle is big if and only if ¢;(L)" > 0. Tt
follows that an ample line bundle is both nef and big. If M has K3, big then we
say that M is of general type. If M has Kj; nef then we say that M is a smooth
manimal model.

We define the Kodaira dimension of M to be the infimum of k € [—o0,00)
such that there exists a constant C' with dim H°(M, K7%) < Cm*” for all positive
m. In the special case that all H(M, K7}) are empty, we have kK = —oo. The
largest possible value of k is n. We write kod(M) for the Kodaira dimension x of
M. Thus if M is of general type then kod(M) = n. If M is Fano, which means
that ¢1(M) > 0 then kod(M) = —o0.
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If Ky is semi-ample then for m sufficiently large, the map 5 : M — PV
given by sections of K7} has image a subvariety Y, which is uniquely determined
up to isomorphism. Y is called the canonical model of M and dimY = kod(M)
[Laz04].

We now quote some results from algebraic geometry:

Theorem 3.1.12. Let M be a projective algebraic manifold.

(i) Let a be a Kéhler class and let L be a nef line bundle. Then « + s¢;(L) is
Kaébhler for all s > 0.

(ii) (Kawamata’s Base Point Free Theorem) If L is nef and aL — Kx is nef and
big for some a > 0 then L is semi-ample.

(iii) (Kodaira’s Lemma) Let L be a nef and big line bundle on M. Then there
exists an effective divisor E and § > 0 such that ¢;(L) — eci1([E]) > 0 for
all € € (0,4].

Proof. For part (i), see for example Proposition 6.2 in [Dem96] or Corollary 1.4.10
in [Laz04]. For part (ii), see [KMMS87, Shok85]. For part (iii), see for example
p.43 of [Dem96]. O

It will be useful to gather here some results from complex surfaces which we
will make use of later. First we have the Adjunction Formula for surfaces. See
for example [GH78] or [BHPV].

Theorem 3.1.13. Let M be a Kéhler surface, with C' an irreducible smooth
curve in M. Then if g(C) is the genus of C, we have

Ky-C+C-C

1
* 2

9(C). (3.1.50)

Moreover, if C' is an irreducible, possibly singular, curve in M, we have

KM-C—I-C'-C'2

1
+ 2

0, (3.1.51)

with equality if and only if C' is smooth and isomorphic to P!.

Note that C' - C is well-defined, since M has complex dimension 2 and so C'
is both a curve and a divisor. We may write C? instead of C' - C. Generalizing
the intersection pairing, we have the cup product form on H%'(M,R) given by
a-f= fM a A B. Again, we write o? instead of o - . A divisor D in M defines
an element of HY'(M,R) by D ~ [R] € HYY(M,R) for h a Hermitian metric
on the line bundle [D], and this is consistent with our previous definitions.

We have the Hodge Index Theorem for Kéhler surfaces (see for example The-
orem IV.2.14 of [BHPV] or p.470 of [GHT8]).
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Theorem 3.1.14. The cup product form on H!'(M,R) is non-degenerate of
type (1,k — 1), where k is the dimension of HY!(M,R). In particular, if o €
HY(M,R) satisfies o > 0 then for any 8 € HY(M,R),

a-B=0 = f[2<0 or =0. (3.1.52)

Finally, we state the Nakai-Moishezon criterion for Kéahler surfaces, due to
Buchdahl and Lamari [Buch99, Lam99].

Theorem 3.1.15. Let M be a Kéahler surface and 8 be a Kéhler class on M. If
a € HYY(M,R) is a class satisfying

o?>0, a->0, a-C>0
for every irreducible curve C' on M, then « is a Kéhler class on M.

A generalization of this to Kahler manifolds of any dimension was established
by Demailly-Paun [DemPaun04].

3.2 General estimates for the Kahler-Ricci flow

In this section we introduce the Kéhler-Ricci flow equation. We derive a number
of fundamental evolution equations and estimates for the flow which will be used
extensively throughout these notes. In addition, we discuss higher order estimates
for the flow.

3.2.1 The Kahler-Ricci flow

Let (M,wp) be a compact Kahler manifold of complex dimension n. A solution of
the Kdahler-Ricci flow on M starting at wy is a family of Kahler metrics w = w(t)

solving

d
Y= —Ric(w), wli=0 = wo. (3.2.1)

Note that this differs from Hamilton’s equation (3.0.1) by a factor of 2: see
Remark 3.2.11.

For later use it will be convenient to consider a more general equation than
(3.2.1), namely
Y= —Ric(w) — vw, wlt=0 = wo, (3.2.2)
where v is a fixed real number which we take to be either v = 0 or v = 1. As
we will discuss later in Section 3.4, the case v = 1 corresponds to a rescaling of
(3.2.1). When v =1 we call (3.2.2) the normalized Kdihler-Ricci flow.

We have the following existence and uniqueness result.

Theorem 3.2.1. There exists a unique solution w = w(t) to (3.2.2) on some
maximal time interval [0,7") for some T" with 0 < T" < co.
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Since the case v = 1 is a rescaling of (3.2.1), it suffices to consider (3.2.1). We
will provide a proof of this in Section 3.3, and show in addition that 7" can be
prescribed in terms of the cohomology class of [wp] and the manifold M. Theorem
3.2.1 also follows from the well-known results of Hamilton. Indeed we can use the
short time existence result of Hamilton [Ham82] (see also [Det83]) to obtain a
maximal solution to the Ricci flow % gij = —R;j on [0,T) starting at gy for some
T > 0. Since the Ricci flow preserves the Kéahler condition (see e.g. [Ham95a]),
g(t) solves (3.2.1) on [0,T). Note that this argument does not explicitly give us
the value of T'.

A remark about notation. When we write tensorial objects such as curvature
tensors Rijk@ covariant derivatives V;, Laplace operators A, we refer to the
objects corresponding to the evolving metric w = w(t), unless otherwise indicated.

3.2.2 Evolution of scalar curvature

Let w = w(t) be a solution to the Kéhler-Ricci flow (3.2.2) on [0,T") for T with
0 < T < oo. We compute the well-known evolution of the scalar curvature.

Theorem 3.2.2. The scalar curvature R of w = w(t) evolves by

d
GR=ARS |Ric(w)* + VR, (3.2.3)

where |Ric(w)|* = gZ"ggkRﬁsz. Hence the scalar curvature has a lower bound
R(t) > —vn — Coe™ ™, (3.2.4)

for Cy = —infpr R(0) — vn.

Proof. Taking the trace of the evolution equation (3.2.2) gives

7 d
lk
9" 9 = —R —vn. (3.2.5)

Since R = —gjiai&jlog det g we have

d ji 7 d d 3
%R = —¢ 8163 <g dtgkf) _ <dtg] ) Gi(%logdetg (3.2.6)

= AR+ g"g* R ;R = + VR, (3.2.7)

as required. For (3.2.4), we use the elementary fact that n|Ric(w)*> > R? to
obtain

<d—A>R> %R(an):

dt (R+wvn)* —v(R+wvn). (3.2.8)

1
n
Hence

(jt - A) (e(R+vn)) > 0. (3.2.9)
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By the maximum principle (see Proposition 3.1.7 and the remark following it),
the quantity e”*(R + vn) is bounded below by infy; R(0) + vn, its value at time
t=0. O

We remark that although we used the K&hler condition to prove Theorem
3.2.2, in fact it holds in full generality for the Riemannian Ricci flow [Ham82]
(see also [ChowKnopf]).

Theorem 3.2.2 implies a bound on the volume form of the metric.

Corollary 3.2.3. Let w = w(t) be a solution of (3.2.2) on [0,T) and Cy as in
Theorem 3.2.2.

(i) If v =0 then
w(t) < ety (0). (3.2.10)

In particular, if T is finite then the volume form w™(t) is uniformly bounded
from above fort € [0,T).

(i) If v =1 there ezists a uniform constant C such that

w(t) < e“=¢ (). (3.2.11)

In particular, the volume form w™(t) is uniformly bounded from above for
tel0,7).

Proof. We have

d w"(t) = d _

=1 =gl —g-=—-R—vn< Coe " 3.2.12

at ° w™(0) Tt = toe ( )
Integrating in time, we obtain (3.2.10) and (3.2.11). O

3.2.3 Evolution of the trace of the metric

We now prove an estimate for the trace of the metric along the Kahler-Ricci flow.
This is originally due to Cao [Cao85] and is the parabolic version of an estimate for
the complex Monge-Ampere equation due to Yau and Aubin [Aub78, Yau78]. We
give the estimate in the form of an evolution inequality. We begin by computing
the evolution of tr ;w, the trace of w with respect to a fixed metric @, using the
notation of Section 3.1.4.

Proposition 3.2.4. Let @ be a fized Kihler metric on M, and let w = w(t) be a
solution to the Kdhler-Ricci flow (3.2.2). Then

d e T L
(dt - A) trow = —vitrgw — gékRkZﬂgﬁ - g”gqu%vigpzngkq, (3.2.13)

where szﬁ, V denote the curvature and covariant derivative with respect to §.
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Proof. Compute using normal coordinates for ¢ and the formula (3.1.16),

Atr pw = g% 010557 9;5)
= g™ (0k0; 57955 + 9™ 5" Ok Opg 5

= gékszﬁgﬁ — 9" R+ 579" 9" 0ig,30;9x3, (3.2.14)
and
d i
%tr@w =—9"R; —virgw, (3.2.15)
and combining these gives (3.2.13). O

We use Proposition 3.2.4 to prove the following estimate, which will be used
frequently in the sequel:

Proposition 3.2.5. Let @ be a fized Kihler metric on M, and let w = w(t) be a
solution to (3.2.2). Then there exists a constant C' depending only on the lower
bound of the bisectional curvature for § such that

<(;lt — A) log trg w < Ctry, & — 1. (3.2.16)

Proof. First observe that for a positive function f,

_Af10f]
roor

Alog f (3.2.17)

It follows immediately from Proposition 3.2.4 that

d
(dt — A) log tr w

tkp i Ot owls 5 3 e e
= —vtrow — g sz gﬁ—i- — —¢"g%g "V, pzngk@ 218)

We claim that
]8tr@,w|§ B

— =599 Vg, V0 < 0. (3.2.19)
w

To prove this we choose normal coordinates for § for which ¢ is diagonal. Compute
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using the Cauchy-Schwarz inequality

\atr@wlg = Zg%@i Zgﬁ 2 <Z gkk)
i J k
=3 5"(99,7) (Fi9z)
! 1/2 . 1/2
< Z <Z g”|algjj| > (Z giiaigkk’2>
2

1/2
= ZQ"@W )

2

1/2
Z TJ Zgzzg]]’angP)
= 295229“9”|8J‘9i3|2

¢ .3

< (trow) > 9”97 0kg 50095 (3.2.20)
i7j7k

where in the second-to-last line we used the Kéahler condition to give 0; 955 = 0; 9i5-
The inequality (3.2.20) gives exactly (3.2.19)
We can now complete the proof of the proposition. Define a constant C' by

A~

C=- mf {le( x)|{0,1,...,0,n} is orthonormal w.r.t. g at x, 4,7 =1,...,n},

(3.2.21)
which is finite since we are taking the infimum of a continuous function over a
compact set.
Then computing at a point using normal coordinates for g for which the metric
g is diagonal we have

E gl] ngkRkk’ugu = ngkk Zg“ = trww)(tr wd)) (3222)

Combining (3.2.18), (3.2.19) and (3.2.22) yields (3.2.16). O

3.2.4 The parabolic Schwarz Lemma

In this section we prove the parabolic Schwarz lemma of [ST07]. This is a
parabolic version of Yau’s Schwarz lemma [Yau78b]. We state it here in the
form of an evolution inequality.
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Theorem 3.2.6. Let f : M — N be a holomorphic map between compact
complex manifolds M and N of complex dimension n and x respectively. Let
wp and wy be Kéahler metrics on M and N respectively and let w = w(t) be a
solution of (3.2.2) on M x [0,7T), namely
d ,

prke —Ric(w) — vw, wli=0 = wo, (3.2.23)
for t € [0,T), with either v = 0 or v = 1. Then for all points of M x [0,T) with
tr,(f*wn) positive we have

(jt — A) log tr,(f*wn) < Cntry,(ffwn) + v, (3.2.24)

where Cy is an upper bound for the bisectional curvature of wy.

Observe that a simple maximum principle argument immediately gives the
following consequence which the reader will recognize as similar to the conclusion
of Yau’s Schwarz lemma.

Corollary 3.2.7. If the bisectional curvature of wn has a negative upper bound
Cn < 0 on N then there exists a constant C' > 0 depending only on Cn, wg, wn
and v such that tr,(f*wy) < C on M x [0,T) and hence

1
w > éf*wN, on M x[0,T). (3.2.25)

In practice, we will find the inequality (3.2.24) more useful than this corollary,
since the assumption of negative bisectional curvature is rather strong. For the
proof of Theorem 3.2.6, we will follow quite closely the notation and calculations
given in [STO7].

Proof of Theorem 3.2.6. Fix x in M with f(z) = y € N, and choose normal
coordinate systems (z%);—1 ., for g centered at z and (w®),—1.. . for gy centered
at y. The map f is given locally as (f!,..., f*) for holomorphic functions f& =
ozt ..., 2"). Write f2 for azi f%. To simplify notation we write the components
of 9N as haB instead of (9N)a3' The anponents of the tensor f*gy are then
ff‘ffhag and hence tr,(f*wy) = gjifiafjﬁhag. Writing u = tr,(f*wy) > 0, we
compute at z,

Au = g% 007 (17 £ o)
= R f2 fPhog + g™ g7 (O ) Ouf) oz — 9™ 07 S5 5 £ FL FLFD, (3.2.26)

for S aBrs the curvature tensor of gy on N. Next,

d Ui g d a B 7i pa pB
U= —gligik <dtgk£> i ffhag = R f{ f]ﬁghag + vu. (3.2.27)
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Combining (3.2.26) and (3.2.27) with (3.2.17), we obtain

d 1 tk ji a B Y75
(dt - A) logu = EQ g’ Sagvgfi fj fkfg
1
U

’au|2 ’k _ji «
<u9 — g T OINOS hog | +v. (32:28)
If Cy is an upper bound for the bisectional curvature of gy we see that

g™ g7"S 5 sFAFL LT < O, (3.2.29)

and hence (3.2.24) will follow from the inequality

‘au‘?} lk _ji @ 154
— — g (O f)(Ouf} Yz < 0. (3.2.30)

The inequality (3.2.30) is analogous to (3.2.19) and the proof is almost identical.
Indeed, at the point x,

ouly = > TEf ORI O]

1,7,k 8
1/2 1/2
< s (Z |3kfia|2> (Z 10, f) I2>
irj,0,8 k ¢

2

1/2
=1 Y12 (Z\akff“ﬁ)
k

i,Q

<SSR S 10es2? | = ug™ g7 (Ouf) 00 bz, (3.2.31)
7,8 i,k,a
which gives (3.2.30). O

3.2.5 The 3rd order estimate

In this section we prove the so-called ‘3rd order’ estimate for the Kahler-Ricci
flow assuming that the metric is uniformly bounded. By 3rd order estimate
we mean an estimate on the first derivative of the Kéahler metric, which is of
order 3 in terms of the potential function. Since the work of Yau [Yau78] on the
elliptic Monge-Ampere equation, such estimates have often been referred to as
Calabi estimates in reference to a well-known calculation of Calabi [Cal58]. There
are now many generalizations of the Calabi estimate [Cher87, ShW11, Tos10b,
TWYO08, ZhaZhall]. A parabolic Calabi estimate was applied to the Kahler-Ricci
flow in [Cao85]. Phong-Sesum-Sturm [PSS07] later gave a succinct and explicit
formula, which we will describe here.
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Let w = w(t) be a solution of the normalized Kéhler-Ricci flow (3.2.2) on
[0,T) for 0 < T < oo and let @ be a fixed Kéhler metric on M. We wish to
estimate the quantity S = \@g|2 where V is the covariant derivative with respect
to g and the norm | - | is taken with respect to the evolving metric g. Namely

S = g% 9"V igkqV 9. (3.2.32)

Define a tensor \I/ff7 by

Wl =18 —Tf = ¢"Vigp. (3.2.33)
We may rewrite S as ) -
S =V = ¢ g%,y Vi, V. (3.2.34)

We have the following key equality of Phong-Sesum-Sturm [PSS07].

Proposition 3.2.8. With the notation above, S evolves by

d - Jigap, obp kgl
( - A> S =~V — VU] + v|0* — 2Re (gﬂgqukzva* ’“‘I’ﬁq) ;

dt ibp
(3.2.35)
b _ ba Dk ._ smkp_
where V° = ¢"*V, and Rz‘Bp =g Rz‘bpm'
Proof. Compute
AS = gligTg (AUL )WL + WE AV )) + [VOP + |VOP, (3.2.36)

where we are writing A = gbavavg for the ‘rough’ Laplacian and A = gbavgva
for its conjugate. While A and A agree when acting on functions, they differ in
general when acting on tensors. In particular, using the commutation formulae
(see Section 3.1.3),

AV = AV + RO + RV, — RSV (3.2.37)
Combining (3.2.36) and (3.2.37),
AS = 2Re (gﬁgﬁpgkz(mfp)?;q) FVUR + |V
+ RigWg  Uh Wl g7 R g Wh W — g7 g R, UR WL (3.2.38)

We now compute the time derivative of S given by (3.2.34). We claim that

d 7
Wi = AV, = VIR, F. (3.2.39)
Given this, together with
d ji i gi d
79 =R At g =R —vow (3.2.40)
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we obtain
d ji g k b P i k
=S = 2Re (gJ 9g,7 <A\I/- ~ V'R ) v ) + Rig g, wk wl

+gﬂqugM\1/fp\If§q G779 R, JUE 00+ ) (3.2.41)

Then (3.2.35) follows from (3.2.38) and (3.2.41).
To establish (3.2.39), compute

dor _ dop k
%\Il @F ViR,". (3.2.42)
On the other hand,
k E _ Pk h k k
and hence B
AU, = "'V, VU, = VPR F — ViR . (3.2.44)

where for the last equality we have used the second Bianchi identity (part (iii) of
Proposition 3.1.2). Then (3.2.39) follows from (3.2.42) and (3.2.44). O

Using this evolution equation together with Proposition 3.2.4, we obtain a
third order estimate assuming a metric bound.

Theorem 3.2.9. Let w = w(t) solve (3.2.2) and assume that there exists a
constant Cy > 0 such that

1
——wWo <w S C()Ldo. (3.2.45)
Co

Then there exists a constant C depending only on Cy and wq such that
= [Vgogl* < C. (3.2.46)

In addition, there exists a constant C’ depending only on Cy and wp such that

d 1 2 !
= <-= 2.
<dt A) S < 2|Rm[ +C, (3.2.47)

where |Rm|? denotes the norm squared of the curvature tensor Rz

Proof. We apply (3.2.35). First note that

bp  k e pk b n _k b n _ k brak D
V°R =g rVTRiEp —4g T\I/%«Ragp -9 "Wl R + g T\IlarRigpa' (3248)

pr-Yiba

Then with § = go, we have, using (3.2.45),

’2Re (gﬁg@gkzvgéigp’f@q)‘ < O1(S +V/S) < 201(S + 1), (3.2.49)
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for some uniform constant C7. Hence for a uniform Co,

d _
(dt - A> S < — VU2 — |VT|2 + oS + Cs. (3.2.50)
On the other hand, from Proposition 3.2.4 and the assumption (3.2.45) again,
i—A trAw<C—iS (3.2.51)
dt GRS oy -

for a uniform C5 > 0. Define Q = S + C3(1 + Cy)tr yw and compute

d
(dt - A> Q< —S5+0Cy, (3.2.52)

for a uniform constant Cy. It follows that S is bounded from above at a point at
which @ achieves a maximum, and (3.2.46) follows.

For (3.2.47), observe from (3.2.43) that
"~ R

- - 1
VU|* =R ‘P = S[Rm|* — Cs. (3.2.53)

ibp ibp

Then (3.2.47) follows from (3.2.50), (3.2.53) and (3.2.46). O

3.2.6 Curvature and higher derivative bounds

In this section we assume that we have a solution w = w(t) of (3.2.2) on [0,7T)
with 0 < T < oo which satisfies the estimates

iwo < w < Cowo, (3.2.54)
Co

for some uniform constant Cy. We show that the curvature and all derivatives

of the curvature of w are uniformly bounded, and that we have uniform C*°

estimates of g with respect to the fixed metric wy. We first compute the evolution

of the curvature tensor.

Lemma 3.2.10. Along the flow (3.2.2), the curvature tensor evolves by
d 1

b b a b
Bkt = 58rRgq — VRgiq + Ry g™ 15 + Rig g5, ° — Rigig R
1 _ _
— 5 (Bi"Ryg + BBy + Ry R+ R Ry ) (3.2.55)

where we write Ag = A+ A and A = g%V, V5.
Proof. Using the formula %ka = —ViRkp and the Bianchi identity, compute

d d d _
o Bk = — <dtgpj> Ok = 9,70 (dtrfk> = R R — vR g5 + ViVl
(3.2.56)
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Using the Bianchi identity again and the commutation formulae, we obtain

ba
ARz = 9" VaViltgyg
= 9" ViVaRi5+ 9" [V, Vil Rz

b a b b a b a
= ViVl — B "Ropg + R gRg; — B'g " Rygy + 1055 Ry

abij j aj
(3.2.57)
And
AN ba
ARz = 9" ViViR55
= ¢""ViVsR 50 + 9"V Vil Rz
= ViViR + Vi, Vi Rz + [V, Vil Rijp
_ o _ ap _ [
= ViViR; ~ R, "Ry + R "Ry
a b ab b ab
+ Ry Ryg — R Ry + Ry’ Ry — R, "R (3.2.58)
Combining (3.2.56), (3.2.57) and (3.2.58) gives (3.2.55) O

In fact we do not need the precise formula (3.2.55) in what follows, but merely
the fact that it has the general form

d

1
aRm = iARRm —vRm 4 Rm * Rm + Rc * Rm. (3.2.59)

To clarify notation: if A and B are tensors, we write A x B for any linear combi-
nation of products of the tensors A and B formed by contractions on A;,...;, and
Bj, ...j, using the metric g. We are writing Rc for the Ricci tensor.

Remark 3.2.11. A word about notation. The operator Ag is the usual ‘rough’
Laplace operator associated to the Riemannian metric gr defined in (3.1.10).
Hamilton defined his Ricci flow as %gij = —2R;; precisely to remove the factor
of% appearing in evolution equations such as (3.2.59). In real coordinates, the
Kahler-Ricci flow we consider in these notes s %gij = —R;j.

Lemma 3.2.12. There exists a universal constant C such that

d _
<dt — A> IRm|? < —|VRm|? — [VRm|? + C|Rm|® — v|Rm|?, (3.2.60)

and, for all points of M x [0,T) where |Rm| is not zero,

d C 9 VU
= <= — Z|Rm|. 2.
(dt A> |Rm| < 5 |Rm)| 2]Rm\ (3.2.61)
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Proof. The inequality (3.2.60) follows from (3.2.59). Next, note that

d . 1 d 2 1 i 27 2
< A) |Rm| = < A) |Rm|* + 4]Rm\3g V;|Rm["V5|Rm|",

dt 2|Rm| \ dt
(3.2.62)
and _
¢’'Vi|Rm|*V;|Rm[* < 2/Rm|*([VRm|* + [VRm|?). (3.2.63)
Then (3.2.61) follows from (3.2.60) and (3.2.63). O

We combine this result with the third order estimate from Section 3.2.5 to
obtain:

Theorem 3.2.13. Let w = w(t) solve (3.2.2) and assume that there exists a
constant Cy > 0 such that

1
——wp <w< C()LU(). (3.2.64)
Co

Then there exists a constant C depending only on Cy and wq such that
|Rm|? < C. (3.2.65)

In addition, there exists a constant C’ depending only on Cjy and wg such that

d _
(dt - A) |Rm|? < —|VRm|? — |[VRm|* + C’, (3.2.66)

Proof. From Theorem 3.2.9, the quantity S = |V,,g/? is uniformly bounded from
above. We compute the evolution of ) = |Rm|+ AS for a constant A. From
(3.2.47) and (3.2.61), if A is chosen to be sufficiently large, we obtain

(jt — A) Q < —|Rm|? + ', (3.2.67)

for a uniform constant C’. Then the upper bound of |[Rm|? follows from the
maximum principle. Finally, (3.2.66) follows from (3.2.60). O

Moreover, once we have bounded curvature, it is a result of Hamilton [Ham82]
that bounds on all derivatives of curvature follow. For convenience we change to
a real coordinate system. Writing Vg for the covariant derivative with respect
to g as a Riemannian metric, we have:

Theorem 3.2.14. Let w = w(t) solve (3.2.2) on [0,7) with 0 < T" < oo and
assume that there exists a constant C > 0 such that

|Rm|? < C. (3.2.68)
Then there exist uniform constants C,, for m = 1,2, ... such that

|VZRm|? < Chp. (3.2.69)
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Proof. We give a sketch of the proof and leave the details as an exercise to the
reader. We use a maximum principle argument due to Shi [Shi89] (see [CLNO6]
for a good exposition). In fact we do not need the full force of Shi’s results, which
are local, since we are assuming a global curvature bound.

From Lemma 3.2.10 and an induction argument (see Theorem 13.2 of [Ham82])

d 1 -
<dt _ 2AR> VARm = p;m VERm * VERm. (3.2.70)

It follows that
d 1

(dt — 2AR> IVERm[”> = —|VE"'Rm[> + ) VERm* VERm x VERm.

ptg=m
(3.2.71)
Moreover, since |Rm|? is bounded we have from Lemma 3.2.12 that
d 1 2 2 !

for some uniform constant C’. For the case m = 1, if we set Q = |VgRm|? +
A|Rm|? for A > 0 sufficiently large then from (3.2.70),

1
(jt - QAR) Q < —|VeRm|* + ", (3.2.73)

and it follows from the maximum principle that |VgxRm|? is uniformly bounded
from above. In addition,

d 1
(dt — 2AR> |VgRm|*> < —|VEZRm|*> + C"", (3.2.74)
and an induction completes the proof. [l

Next, we show that once we have a uniform bound on a metric evolving by
the Kéhler-Ricci flow, together with bounds on derivatives of curvature, then we
have C'*° bounds for the metric. Moreover, this result is local:

Theorem 3.2.15. Let w = w(t) solve (3.2.2) on U x [0,T") with 0 < T < o0,
where U is an open subset of M. Assume that there there exist constants C,, for
m =0,1,2... such that

1
oowo <w< Cywy, S<Cp and \V%Rm\Q < Cp. (3.2.75)
0
Then for any compact subset K C U and for m = 1,2,..., there exist constants

C/. depending only on wy, K, U and C,, such that

[w(t) lem (k,90) < Cra- (3.2.76)
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Proof. This is a well-known result. See [ChowKnopf], for example, or the discus-
sion in [PSSW11]. We give just a sketch of the proof following quite closely the
arguments in [ShW11, SW10]. It suffices to prove the result on the ball B say, in
a fixed holomorphic coordinate chart. We will obtain the C* estimates for w(t)
on a slightly smaller ball. Fix a time ¢ € (0,7]. Consider the equations

Ang; ==Y Ririj + Y 97 0kgiq059,5 = Qij- (3.2.77)
k k.p,q

where Ag = ), Or0;. For each fixed 4, j, we can regard (3.2.77) as Poisson’s
equation Agg;; = Q5.

Fix p > 2n. From our assumptions, each ||Q;;||r»(p) is uniformly bounded.
Applying the standard elliptic estimates (see Theorem 9.11 of [GT01] for example)
to (3.2.77) we see that the Sobolev norm |[|g;|[zz is uniformly bounded on a
slightly smaller ball. From now on, the estimates that we state will always be
modulo shrinking the ball slightly. Morrey’s embedding theorem (Theorem 7.17
of [GT01]) gives that ||g;;||c1+s is uniformly bounded for some 0 < 8 < 1.

The key observation we now need is as follows: the mth derivative of @;; can
be written in the form A x B where each A or B represents either a covariant
derivative of Rm or a quantity involving derivatives of g up to order at most
m + 1. Hence if ¢ is uniformly bounded in C™*1*# then each Q;; 1s uniformly
bounded in C™*5,

Applying this observation with m = 0 we see that each [|@;;[|¢s is uniformly
bounded. The standard Schauder estimates (see Theorem 4.8 of [GT01]) give
that [|g;;[|c2+s is uniformly bounded.

We can now apply a bootstrapping argument. Applying the observation with
m =1 we see that @Q);; is uniformly bounded in C 146 and so on. This completes
the proof. d

Combining Theorems 3.2.13, 3.2.14 and 3.2.15, we obtain:

Corollary 3.2.16. Let w = w(t) solve (3.2.2) on M x [0,T) with 0 < T < oo.
Assume that there exists a constant Cy such that

1
——Wwo <w< Cobdo. (3.2.78)
Co
Then for m =1,2,..., there exist uniform constants C,, such that
lw®)llem(g) < Cm- (3.2.79)

In fact, there is a local version of Corollary 3.2.16. Although we will not
actual make use of it in these lecture notes, we state here the result:

Theorem 3.2.17. Let w = w(t) solve (3.2.2) on U x [0,T) with 0 < T < oo,
where U is an open subset of M. Assume that there there exists a constant Cy
for such that

1
—wp < w < Chwy. (3.2.80)
Co
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Then for any compact subset K C U and for m = 1,2,..., there exist constants
C/ . depending only on wy, K and U such that

lw(®)llem (k,g) < Cr- (3.2.81)

Proof. This can either be proved using the Schauder estimates of Evans-Krylov
[Eva82, Kryl82] (see also [CLN06, Gillll]) or using local maximum principle ar-
guments [ShW11]. We omit the proof. O

3.3 Maximal existence time for the Kahler-Ricci flow

In this section we identify the maximal existence time for a smooth solution of
the Kéahler-Ricci flow. To do this, we rewrite the Kéahler-Ricci flow as a parabolic
complex Monge-Ampere equation.

3.3.1 The parabolic Monge-Ampere equation

Let w = w(t) be a solution of the Kéhler-Ricci flow

d
Y= —Ric(w), Wle=0 = wo. (3.3.1)

As long as the solution exists, the cohomology class [w(t)] evolves by

d
@] =—a),  [w0)] = [wl, (3.3.2)
and solving this ordinary differential equation gives [w(t)] = [wo] — te1(M). Im-

mediately we see that a necessary condition for the Kéhler-Ricci flow to exist for
t € [0,t') is that [wo] — te1 (M) > 0 for t € [0,¢'). This necessary condition is in
fact sufficient. If we define

T = sup{t > 0 | [wo] — ter (M) > 0}, (3.3.3)
then we have:

Theorem 3.3.1. There exists a unique maximal solution g(t) of the Kahler-Ricci
flow (3.3.1) for t € [0, 7).

This theorem was proved by Cao [Cao85] in the special case when ¢ (M) is
zero or definite. In this generality, the result is due to Tian-Zhang [Tzha06].
Weaker versions appeared earlier in the work of Tsuji (see [Tsu88] and Theorem
8 of [Tsu96]).

We now begin the proof of Theorem 3.3.1. Fix TV < T. We will show that
there exists a solution to (3.3.1) on [0,7”). First we observe that (3.3.1) can be
rewritten as a parabolic complex Monge-Ampeére equation.
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To do this, we need to choose reference metrics w; in the cohomology classes
[wo] — ter(M). Since [wo] —T"ci1 (M) is a Kéhler class, there exists a Kahler form
n in [wo] —T"¢1 (M ). We choose our family of reference metrics @ to be the linear
path of metrics between wy and 7. Namely, define

1

X = ?(77 —wp) € —c1 (M), (3.3.4)
and 1
W =wp+tx = F((T/ — t)wo + tn) € [wo| — ter(M). (3.3.5)

Fix a volume form 2 on M with

T@@log@ X = %wt € —c1(M), (3.3.6)

which exists by the discussion in Section 3.1.6. Notice that here we are abusing

notation somewhat by writing —gﬁglog Q. To clarify, we mean that if the
volume form € is written in local coordinates z* as

Q=a(z',...,2")(V=1)"dz NdzL A--- Ad2™ A d27,

for a locally defined smooth positive function a then we define g@glogﬂ =
gaé log a. Although the function a depends on the choice of holomorphic co-
ordinates, the (1, 1)-form g@g log a does not, as the reader can easily verify.

We now consider the parabolic complez Monge-Ampére equation, for ¢ = ¢(t)
a real-valued function on M,

g @t Y=L5ap)"
This equation is equivalent to the Kéahler-Ricci flow (3.3.1). Indeed, given a
smooth solution ¢ of (3.3.7) on [0,7”), we can obtain a solution w = w(t) of (3.3.1)
on [0, T") as follows. Define w(t) = dzt—l—%a&o and observe that w(0) = @y = wp
and
d d \/ d
. 88 (

T %wt pia ) = —Ric(w), (3.3.8)

as required. Conversely, suppose that w = w(t) solves (3.3.1) on [0,7"). Then
since @w; € [w(t)], we can apply the d0-Lemma to find a family of potential

functions ¢(t) such that w(t) = &+ F@&p and [, ¢(t)wy = 0. By standard
elliptic regularity theory the family @(¢) is smooth on M x [0,T"). Then

iaglogw” = iw = iaglogﬁ + 783 d (3.3.9)
2m dt 2m

J—1 _
T

dt

and since the only pluriharmonic functions on M are the constants, we see that

n

w
dt log6+c( ),
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for some smooth function ¢ : [0,7") — R. Now set ¢(t fo s)ds —(0),
noting that since w(0) = wp the function $(0) is constant It follows that p= gp( )
solves the parabolic complex Monge-Ampere equation (3.3.7).

To prove Theorem 3.3.1 then, it suffices to study (3.3.7). Since the lineariza-
tion of the right hand side of (3.3.7) is the Laplace operator Ay, which is
elliptic, it follows that (3.3.7) is a strictly parabolic (nonlinear) partial differ-
ential equation for ¢. The standard parabolic theory [Lieb96] gives a unique
maximal solution of (3.3.7) for some time interval [0, Tiax) With 0 < Tipax < 0.
We may assume without loss of generality that Tj,.c < T77. We will then obtain a
contradiction by showing that a solution of (3.3.7) exists beyond Tiyax. This will
be done in the next two subsections.

3.3.2 Estimates for the potential and the volume form

We assume now that we have a solution ¢ = ¢(t) to the parabolic complex
Monge-Ampere equation (3.3.7) on [0, Tiyax), for 0 < Tyax < 7" < T. Our goal is
to establish uniform estimates for ¢ on [0, Tinax). In this subsection we will prove
a C° estimate for ¢ and a lower bound for the volume form.

Note that @, is a family of smooth Kéhler forms on the closed interval [0, Tiax]-
Hence by compactness we have uniform bounds on & from above and below (away
from zero).

Lemma 3.3.2. There exists a uniform C such that for all t € [0, Thnaz),

() llcoary < C. (3.3.10)

Proof. For the upper bound of ¢, we will apply the maximum principle to 8 :=
@ — At for A > 0 a uniform constant to be determined later. From (3.3.7) we
have
Ay @ Y=L 550)
dt Q

Fix ¢’ € (0, Thax). Since M x [0,#] is compact, 6 attains a maximum at some
point (zg,tg) € M x [0,t']. We claim that if A is sufficiently large we have ¢ty = 0.
Otherwise tg > 0. Then by Proposition 3.1.6, at (xo, to),

— A (3.3.11)

d (@, + ¥5=-000)" oy
< —0 = a — AL < - 3.
0< dte log q A log Q —A 1, (3.3.12)

a contradiction, where we have chosen A > 1+ supys(o.1;,..] l0g(@' /). Hence
we have proved the claim that tg = 0, giving supy;x (04 0 < sup,;0]i—o = 0 and
thus

o(x,t) < At < ATmax, for (z,t) € M x [0,¢]. (3.3.13)

Since t' € (0,Tmax) Was arbitrary, this gives a uniform upper bound for ¢ on
[OaTmax)-



3.3. MAXIMAL EXISTENCE TIME FOR THE KAHLER-RICCI FLOW 113

We apply a similar argument to ¥ = ¢ + Bt for B a positive constant with
B > 1 —inf pr (0,71 108(@f' /) and obtain

o(x,t) > —BTmax, for (z,t) € M x [0,¢'], (3.3.14)

giving the lower bound. O

Next we prove a lower bound for the volume form along the flow, or equiv-
alently a lower bound for ¢ = d¢/0t. This argument is due to Tian-Zhang
[Tzha06].

Lemma 3.3.3. There ezists a uniform C > 0 such that on M x [0, Thax),
1 n
59 <w"(t) < C9Q, (3.3.15)

or equivalently, ||¢l|co is uniformly bounded.

Proof. The upper bound of w™ follows from part (i) of Corollary 3.2.3. Note that
since this is equivalent to an upper bound of ¢, we have given an alternative
proof of the upper bound part of Lemma 3.3.2.

For the lower bound of w", differentiate (3.3.7):

d
agb =AY+ tryx, (3.3.16)

where we recall that x = dw;/0t is defined by (3.3.4). Define a quantity Q =
(T" — t)¢ + ¢ + nt and compute using (3.3.16),

d
(dt — A> Q= (T —t)tryx +n— Ap = tr (@ + (T" = t)x) = tr@op >0,
(3.3.17)
where we have used the fact that

Ap =tr,(w— ) =n —try,w;. (3.3.18)

Then by the maximum principle (Proposition 3.1.7), @ is uniformly bounded
from below on M x [0, Tinax) by its infimum at the initial time. Thus

n

(T = )¢+ ¢ +nt > T'inf log %0 on M x [0, Tinax), (3.3.19)

and since ¢ is uniformly bounded from Lemma 3.3.2 and T/ — ¢t > T" — Tipax > 0,
this gives the desired lower bound of ¢. O
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3.3.3 A uniform bound for the evolving metric

Again we assume that we have a solution ¢ = () to (3.3.7) on [0, Tihax), for 0 <
Tiax <T" < T. From Lemma 3.3.2, we have a uniform bound for [¢||co(as) and
we will use this together with Proposition 3.2.5 to obtain an upper bound for the
quantity tr,w on [0, Tinax). This argument is similar to those in [Aub78, Yau78§]
(see also [Cao85] and Lemmas 3.4.3 and 3.4.8 below). We will then complete the
proof of Theorem 3.3.1.

Lemma 3.3.4. There exists a uniform C such that on M x [0, Tinax),
try,, w < C. (3.3.20)
Proof. We consider the quantity
Q =logtr ,w — Ap, (3.3.21)

for A > 0 a uniform constant to be determined later. For a fixed t' € (0, Tinax),
assume that Q on M x [0,¢'] attains a maximum at a point (g, tp). Without loss
of generality, we may suppose that to > 0. Then at (x¢, t), applying Proposition
3.2.5 with @ = wy,

d
0< <dt —A) Q < Cotrywy — Ap + AAyp

= tr,(Cowp — Ady,) — Alog % + An, (3.3.22)

for Cy depending only on the lower bound of the bisectional curvature of go.
Choose A sufficiently large so that Awy, — (Co + 1)wp is Kéhler on M. Then

tI‘w(C()wO — Ad}to) < —tr,wo, (3323)
and so at (xg, o),
n
tr,wo + Alog % < An, (3.3.24)
and hence
wTL
trwo + Alog — < C, (3.3.25)
Wo

for some uniform constant C. At (xo, o), choose coordinates so that
(gg)ﬁ = 51‘3‘ and gi; = )\iéij7 for ’i,j = 1, B N (3326)

for positive A1,..., \,. Then (3.3.25) is precisely

/1
> <x + Alog )\Z-) <C. (3.3.27)

=1
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Since the function x +—» % + Alogx for > 0 is uniformly bounded from below,
we have (for a different C'),

1
<)\' + Alog A,-) <C, fori=1,...,n. (3.3.28)
Then Alog A\; < C, giving a uniform upper bound for ; and hence (tr ,,w)(xo, to)-
Since ¢ is uniformly bounded on M x [0, Tiyax) we see that Q(zg, to) is uniformly
bounded from above. Hence @ is bounded from above on M x [0,t] for any

t' < Tmax. Using again that ¢ is uniformly bounded we obtain the required
estimate (3.3.20). O

Note that we did not make use of the bound on ¢ in the above argument. By
doing so we could have simplified the proof slightly. However, it turns out that
the argument of Lemma 3.3.4 will be useful later (see Lemma 3.5.5 and Section
3.7 below) where we do not have a uniform lower bound of ¢.

As a consequence of Lemma 3.3.4, we have:

Corollary 3.3.5. There exists a uniform C > 0 such that on M X [0, Tynaz),

1

oo <w < Cuwyp. (3.3.29)
Proof. The upper bound follows from Lemma 3.3.4. For the lower bound,

10 <o (3.3.30)

wn =

trywo < (tr gow

1
n—1)!

using Lemma 3.3.3. To verify the first inequality of (3.3.30), choose coordinates
as in (3.3.26) and observe that

L (M) !
Tt NS V.

1
— <
A1 A

(3.3.31)

for positive ;. O

We can now finish the proof of Theorem 3.3.1.

Proof of Theorem 3.3.1. Combining Corollary 3.3.5 with Corollary 3.2.16, we ob-
tain uniform C'*° estimates for g(¢) on [0, Tiax). Hence as t — Tinax, the metrics
g(t) converge in C* to a smooth Kéhler metric g(Tinax) and thus we obtain a
smooth solution to the Kéhler-Ricci flow on [0, Tinax]. But we have already seen
from Theorem 3.2.1 (or by the discussion at the end of Section 3.3.1) that we
can always find a smooth solution of the Kéahler-Ricci flow on some, possibly
short, time interval with any initial Kahler metric. Applying this to g(Tiax), we
obtain a solution of the Kéhler-Ricci flow g(t) on [0, Tinax +¢) for € > 0. But this
contradicts the definition of T},,x, and completes the proof of Theorem 3.3.1. [
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3.4 Convergence of the flow

In this section we show that the Kahler-Ricci flow converges, after appropriate
normalization, to a Kahler-Einstein metric in the cases ¢ (M) < 0 and ¢1 (M) = 0.
This was originally proved by Cao [Cao85] and makes use of parabolic versions
of estimates due to Yau and Aubin [Aub78, Yau78] and also Yau’s well-known
CY estimate for the complex Monge-Ampere equation [Yau78].

3.4.1 The normalized Kéahler-Ricci flow when ¢;(M) <0

We first consider the case of a manifold M with ¢ (M) < 0. We restrict to the
case when [wg] = —c1(M). By Theorem 3.3.1 we have a solution to the Kéhler-
Ricci flow (3.3.1) for ¢ € [0,00). The Kéhler class [w(t)] is given by (1 + t)[wo]
which diverges as t — oco. To avoid this we consider instead the normalized
Kahler-Ricci flow

%w = —Ric(w) — w, Wt=0 = wo. (3.4.1)
This is just a rescaling of (3.3.1) and we have a solution w(t) to (3.4.1) for all time.
Indeed if @(s) solves %(Ij(s) = —Ric(w(s)) for s € [0,00) then w(t) = &(s)/(s+1)
with ¢ = log(s + 1) solves (3.4.1). Conversely, given a solution to (3.4.1) we can
rescale to obtain a solution to (3.3.1).

Since we have chosen [wg] = —c1(M), we immediately see that [w(t)] = [wo]
for all t. The following result is due to Cao [Cao85].

Theorem 3.4.1. The solution w = w(t) to (3.4.1) converges in C* to the unique
Kéhler-Einstein metric wgg € —c1(M).

We recall that a Kdahler-FEinstein metric is a Kdhler metric wgg with Ric(wkg) =
uwkg for some constant p € R. If wgg € —c1(M) then we necessarily have
i = —1. The existence of a Kahler-Einstein metric on M with ¢;(M) < 0 is due
to Yau [Yau78] and Aubin [Aub78] independently.

The uniqueness of wgg € —c1(M) is due to Calabi [Cal57] and follows from
the maximum principle. Indeed, suppose wip,wks € —ci(M) are both Kéhler-

Einstein. Writing wicp, = wKE+§E)5<p, we have Ric(wip) = —wiy = Ric(wkg)—

ga@,@ and hence

(wkE + %05@”
WKE

for some constant C'. By considering the maximum and minimum values of ¢+ C'

on M we see that ¢ + C' = 0 and hence wgg = wip-

To prove Theorem 3.4.1, we reduce (3.4.1) to a parabolic complex Monge-
Ampere equation as in the previous section. Let {2 be a volume form on M

satisfying
J—1 _
——001logQ = wp € —c1(M), / Q= / wy - (3.4.3)
2 M M

s

log =¢p+C, (3.4.2)
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Then we consider the normalized parabolic complex Monge-Ampére equation,

v—1 a9 n
d + %500 V-1 _-
7= log (o 25 ?) -, wo + ?8&0 > 0, @lt=0 = 0. (3.4.4)

Given a solution ¢ = ¢(t) of (3.4.4), the metrics w = wp + \/2—?8&0 solve (3.4.1).
Conversely, as in Section 3.3.1, given a solution w = w(t) of (3.4.1) we can obtain
via the d9-Lemma a solution ¢ = ¢(t) of (3.4.4).

We wish to obtain estimates for ¢ solving (3.4.4). First:

Lemma 3.4.2. We have

(i) There exists a uniform constant C' such that for t in [0, 00),
() lcocary < Ce™. (3.4.5)

(i) There exists a continuous real-valued function @oo on M such that for t in
[0,00),
le(t) = poollcoqan < Ce™ (3.4.6)
(i) |lo(t)llcocary is uniformly bounded for t € [0, 00).

(iv) There exists a uniform constant C' such that on M x [0,00), the volume
form of w = w(t) satisfies

1
awg <w" < Clwy. (3.4.7)
Proof. Compute
d , .
4P =Ae =, (3.4.8)
and hence p
%(etgb) = A(ely). (3.4.9)

Then (i) follows from the maximum principle (Proposition 3.1.7). For (ii), let

s,t > 0 and x be in M. Then
/ O(z,u)du| < / |o(z, u)|du < / Ce "du = C(e '—e™%),
t t ¢
(3.4.10)

which shows that ¢(t) converges uniformly to some continuous function ., on
M. Taking the limit in (3.4.10) as s — oo gives (ii). (iii) follows immediately
from (ii). (iv) follows from (3.4.4) together with (i) and (iii). O

o2, 8)—p(x, )] =

We use the C° bound on ¢ to obtain an upper bound on the evolving metric.
Lemma 3.4.3. There exists a uniform constant C such that on M x [0, 00),
w = w(t) satisfies

1
oo <w < Cuwyp. (3.4.11)
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Proof. By part (iv) of Lemma 3.4.2 and the argument of Corollary 3.3.5, it suffices
to obtain a uniform upper bound for tr,w.
Applying Proposition 3.2.5,

d
<dt - A) log tr ,,w < Cotr ywo — 1, (3.4.12)
for Cy depending only on gg. We apply the maximum principle to the quantity
Q = logtr,w — Ay as in the proof of Lemma 3.3.4, where A is to be chosen
later. We have
d
(dt — A> Q < Cptrpwg —1— AP+ An — Atr ,wyp. (3.4.13)
Assume that @ achieves a maximum at a point (xg,ty) with tg > 0. Choosing
A = Cy+ 1 and using the fact that ¢ is uniformly bounded, we see that tr ,wq is
uniformly bounded at (z,t). Arguing as in (3.3.30), we have,

1 n—1 wn
m (tr w(JJO) (CEO, to);g(xo, to) S C, (3414)
using part (iv) of Lemma 3.4.2. Since ¢ is uniformly bounded, this shows that
@ is bounded from above at (zg,%p). Hence tr,,w is uniformly bounded from
above. [l

(tr yow) (o, to) <

We can now complete the proof of Theorem 3.4.1. By Corollary 3.2.16 we
have uniform C™ estimates on w(t). Since () is bounded in C? it follows that
we have uniform C* estimates on ¢(t). Recall that ¢(t) converges uniformly to a
continuous function ¢, on M as t — co. By the Arzela-Ascoli Theorem and the
uniqueness of limits, it follows immediately that there exist times t; — oo such
that the sequence of functions ¢(t) converges in C™ to ¢, which is smooth. In
fact we have this convergence without passing to a subsequence. Indeed, suppose
not. Then there exists an integer k, an € > 0 and a sequence of times t; — oo
such that

lp(ti) — @oollorary = €, for all i (3.4.15)

But since ¢(t;) is a sequence of functions with uniform C**+1 bounds we apply
the Arzela-Ascoli Theorem to obtain a subsequence ¢(t;;) which converges in Cck
to ., say, with
950 — Poollorary = & (3.4.16)

so that ¢l # vso. But ¢(t; ;) converges uniformly to ¢, a contradiction. Hence
©(t) converges to @ in C° as t — oo.

It remains to show that the limit metric wo = wo + ga&pm is Kahler-
Einstein. Since from Lemma 3.4.2, ¢(t) — 0 as t — oo, we can take a limit as
t — oo of (3.4.4) to obtain

n

log wﬁ” — Yoo =0, (3.4.17)

and applying Qa@ to both sides of this equation gives that Ric(ws) = —weo

as required. This completes the proof of Theorem 3.4.1.
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3.4.2 The case of ¢;(M) = 0: Yau’s zeroth order estimate

In this section we discuss the case of the Kahler-Ricci flow on a Kahler manifold
(M, go) with vanishing first Chern class. Unlike the case of ¢; (M) < 0 dealt with
above, there will be no restriction on the Kahler class |wp].
By Theorem 3.3.1, there is a solution w(t) of the Kahler-Ricci flow (3.3.1) for
€ [0,00) and we have [w(t)] = [wo]. The following result is due to Cao [Cao85]
and makes use of Yau’s celebrated zeroth order estimate, which we will describe
in this subsection.

Theorem 3.4.4. The solution w(t) to (3.3.1) converges in C* to the unique
Kéhler-Einstein metric wgg € [wo).

Since ¢1(M) = 0, the Kéhler-Einstein metric wgg must be Kéhler-Ricci flat
(if Ric(wkg) = pwke then ¢ (M) = [uwkr] = 0 implies ¢ = 0). Note that, as
Theorem 3.4.4 implies, there is a unique Kahler-Einstein metric in every Kahler
class on M.

The uniqueness part of the argument is due to Calabi [Cal57]. Suppose wiy =

WKE + ‘/2—?85@ is another Kahler-Einstein metric in the same cohomology class.
Then the equation Ric(wiy) = Ric(wkg) gives

/7’L

log —RE KE =C, (3.4.18)
KE

for some constant C'. Exponentiating and then integrating gives C' = 1 and hence
wils = wifs- Then compute, using integration by parts,

OZ/M@(W%E WKE) / @Ta&P/\ ZWKE/\WM )

/7 n—1
/ &p/\ago/\ ZwKE/\wm 1=0)
1=0
> o [ 100 ke (3.4.19)
nJMm

which implies that ¢ is constant and hence wkp = Wip.
As usual, we reduce (3.3.1) to a parabolic complex Monge-Ampere equation.
Since ¢1(M) = 0 there exists a unique volume form € satisfying

=1 _
——001logQ =0, / Q :/ wg - (3.4.20)
2T M M

Then solving (3.3.1) is equivalent to solving the parabolic complex Monge-Ampere
equation

d_. (wo + Y=L00p)"
at? =8 ) :
We first observe:

J_1 _
wo + 2—86@ >0, Y=o = 0. (3.4.21)
s
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Lemma 3.4.5. We have

(i) There exists a uniform constant C such that for t € [0, 00)
1) lcoary < C- (3.4.22)

(i) There exists a uniform constant C' such that on M x [0,00) the volume
form of w = w(t) satisfies

1
5&18 <w" < Clwg. (3.4.23)

Proof. Differentiating (3.4.21) with respect to ¢t we obtain

d
A¢ 3.4.24
5P =49, (3.4.24)
and (i) follows immediately from the maximum principle. Part (ii) follows from
(). O

We will obtain a bound on the oscillation of ¢(¢) using Yau’s zeroth order esti-
mate for the elliptic complex Monge-Ampere equation. Note that Yau’s estimate
holds for any Kéhler manifold (not just those with ¢, (M) = 0):

Theorem 3.4.6. Let (M,wp) be a compact Kéhler manifold and let ¢ be a
smooth function on M satisfying

v—1 _ V-1 —
(wo + 5 —00p)" =g, wo+ 5 —00p >0 (3.4.25)

for some smooth function F'. Then there exists a uniform C depending only on
sup,s F' and wy such that

oscyrp :=supp —inf p < C. (3.4.26)
M M

Proof. We will follow quite closely the exposition of Siu [Siu87]. We assume
without loss of generality that | wewy = 0. We also assume n > 1 (the case
n = 1 is easier, and we leave it as an exercise for the reader).

Write w = wqg + Ea&o. Then

¢ [ 1otz [ o —am)
n—1

/ wia&p/\Zwo/\w
=0
/7 n—1
/ Ogo/\ago/\ZwO/\w” 1=
1=0

\Y

/ 0|2, wir- (3.4.27)
nJm
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By the Poincaré (Theorem 3.1.8) and Cauchy-Schwarz inequalities we have

1/2
[t <o [ ot < [ ot <o ( / |<P|2w3> (3428
M M M M

and hence ||¢[2(,) < C. We now repeat this argument with ¢ replaced by ¢[p|*
for & > 0. Observe that the map of real numbers x — z|z|* is differentiable with
derivative (o + 1)|x|“. Then

¢ [l 2 [ ol —um)
M M
/s S -
—_ — aiaa /\ 1 /\ n—1l—
/Mcplso\ 5 00 ;:0 wh A w

n—1
=(a+1) / lo| %V =100 A D A Zwé Awn
M i=0

=120 | V0 (el AT (el A’gwa A

= 5
(5+1)
(3.4.29)
It then follows that for some uniform C' > 0,
/2 2 n a+l, n
}3 (@Is@l )‘ wh < Cla+1) [ o> wg. (3.4.30)
M wo M

Now apply the Sobolev inequality (Theorem 3.1.9) to f = ¢|p|*/2. Then for
B =n/(n—1) we have

1/8
(/ \so!("”)ﬁwg) §C<(a+1)/ y@\a+1w3+/ |<p\a+2wg>. (3.4.31)
M M M

By Hélder’s inequality we have for a uniform constant C,
/ lp|“Tlwl <14 0/ || 2w (3.4.32)
M M
Now substituting p = a + 2 we have from (3.4.31),

||90H}Zp5(wo) < Cpmax (17 H@Hip(wo)) . (3.4.33)
Raising to the power 1/p we have for all p > 2,

max(L, il o ) < CVPPHP max(L, [l 1 (un))- (3.4.34)
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Fix an integer & > 0. Replace p in (3.4.34) by pB* and then ps*~! and so on, to
obtain

B 1
max(1, H<p||Lp5k+1(wO)) < C'vF (pBF)roF max(1, HSOHLpﬁk(wO)) <l

J ST ST 1 1
< CvbF +pﬁk—1 +oty (p/Bk‘)pﬁk (pﬁk_l)pﬁk_l .. .p% max(l, ||(p||Lp(wo))
= Crmax(1, ||l 1r(w)) (3.4.35)

for

0y = o G e+) 3 (Gt +) g7 (e g 3)  (3.4.36)

Since the infinite sums ) | % and > # converge for § =n/(n—1) > 1 we see that
for any fixed p, the constants C}, are uniformly bounded from above, independent
of k.

Setting p = 2 and letting k£ — oo in (3.4.35) we finally obtain

max(L, [¢llco) < Cmax(L, (@l r2(wy)) < €', (3.4.37)

and hence (3.4.26). O

Now the oscillation bound for ¢ = ¢(t) along the Kéhler-Ricci flow (3.4.21)
follows immediately:

Lemma 3.4.7. There exists a uniform constant C such that for t € [0, 00),

oscpyre < C. (3.4.38)

Proof. From Lemma 3.4.5 we have uniform bounds for ¢. Rewrite the parabolic
complex Monge-Ampere equation (3.4.21) as

V=1 Q
(wo + =5 —00p(t)" = Dy with  F(t) = log — () (3.4.39)
n 0
and apply Theorem 3.4.6. O

3.4.3 Higher order estimates and convergence when ¢;(M) =0

In this subsection we complete the proof of Theorem 3.4.4. The proof for the
higher order estimates follows along similar lines as in the case for ¢;(M) < 0.
As above, let ¢(t) solve the parabolic complex Monge-Ampere equation (3.4.21)

on M with ¢;(M) = 0 and write w = wgy + ga&p.
Lemma 3.4.8. There exists a uniform constant C' such that on M x [0,00),
w = w(t) satisfies

1
oo < w < Cwyp. (3.4.40)
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Proof. By Lemma 3.4.5 and the argument of Corollary 3.3.5, it suffices to ob-
tain a uniform upper bound for tr,,w. As in the case of Lemma 3.4.3, define
Q = logtr,w — Ap for A a constant to be determined later. Compute using
Proposition 3.2.5,

d
(dt — A) Q < Cotr ywy — Ap + An — Atr ,wo, (3.4.41)

for Cy depending only on gg. Choosing A = Cy + 1 we have, since ¢ is uniformly
bounded,

(;i - A) Q < —trwo + C. (3.4.42)

We claim that for any (z,t) € M x [0, 00),
(tr wow) (2, ) < CeAP@—ntarcpo, @), (3.4.43)

To see this, suppose that @ achieves a maximum on M x [0, ¢] at the point (xq, to).
We assume without loss of generality that to > 0. Applying the maximum prin-
ciple to (3.4.42) we see that (tr ,wo)(zo,%0) < C and, by the argument of Lemma
3.4.3, (try,w)(zo,to) < C'. Then for any x € M,

(log tr wow) (x,t) — Ap(z,t) = Q(x,t) < Q(z0,t0) < logC’ — Ap(xg, to). (3.4.44)

Exponentiating gives (3.4.43).
Define

1
p=p——= [ ¢Q, where V ::/ Q :/ w'". (3.4.45)
Vi M M
From Lemma 3.4.7, ||3][co(ary < C. The estimate (3.4.43) can be rewritten as:

(tr wow) (x7 t) < CBA(¢($¢)+% S o(8) Q—inf ps 5 0.4 G—inflo 4 % Ju @Q)

< 0O+ (s p Ok [ 0 Q) (3.4.46)

Using Jensen’s inequality,

d 1 1 1 w™ 1
— [ = Q) =— ) = — I — | Q<1 — "l =0
dt<V/MS0 ) V/MSO V/M0g<Q> _og<V/Mw> ’

(3.4.47)

and hence infy 4 [}, 0 Q= [}, (t)Q. The required upper bound of tr ,,w follows
then from (3.4.46). O

It follows from Corollary 3.2.16 that we have uniform C°° estimates on g(t)
and the normalized potential function @(t) = ¢(t) — V! [}, ¢(t)Q. It remains
to prove the C*° convergence part of Theorem 3.4.4. We follow the method of
Phong-Sturm [PS06] (see also [MSz09, PSSW09]) and use a functional known as
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the Mabuchi energy [Mab86]. It is noted in [Cao, DT92] that the monotonicity of
the Mabuchi energy along the Kahler-Ricci flow was established in unpublished
work of H.-D. Cao in 1991.

We fix a metric wp as above. The Mabuchi energy is a functional Mab,,, on
the space

V=1 _
PSH(M, wo) = { € C(M) | wo + 5 —00¢ > 0} (3.4.48)

with the property that if ¢; is any smooth path in PSH(M, wy) then

d

aMabwo (pr) = — /M PrRp, W, (3.4.49)

v-1
2T _
that if ¢ is a critical point of Mab,, then w. = wo + —3;1884%0 has zero
scalar curvature and hence is Ricci flat (for that last statement: since ¢; (M) = 0,

where w,, = wo + d0¢py, and R, is the scalar curvature of wy,,. Observe

then Ric(ws) = g@gho@ for some function hy and taking the trace gives
Ay hoo = 0 which implies ho is constant and Ric(wes) = 0).

Typically, the Mabuchi energy is defined in terms of its derivative using the
formula (3.4.49) but instead we will use the explicit formula as derived in [Tian].
Define

Mab,,, () = /

wn
(%2}
. log o Wiy — /M ho(wg; — wp), (3.4.50)

where w, = wp + g@gw and hg is the Ricci potential for wy given by

Ric(wo):—”;laého, /eh%g:/ wy. (3.4.51)
M M

™

Observe that Mab,,, depends only on the metric w, and so can be regarded as
a functional on the space of Kéhler metrics cohomologous to wy. We now need
to check that Mab,,, defined by (3.4.50) satisfies (3.4.49). Let ¢; be any smooth
path in PSH(M,wp). Using integration by parts, we compute

d . n Wor . m .
aMawa(cpt) = /M Aprwg, +/M logw—?Agptw% — /M hoAgrwyy,
:/ gbt(—R(pt—i—trwRic(wo))wgt—/ PtAho wg,
M M
M

The key fact we need is as follows:
Lemma 3.4.9. Let ¢ = ¢(t) solve the Kdihler-Ricci flow (3.4.21). Then

d

—Maby,, (¢) = — / 10p|2w™. (3.4.53)
dt M
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In particular, the Mabuchi energy is decreasing along the Kdhler-Ricci flow.
Moreover, there exists a uniform constant C' such that

d
/ |0p|2w™ < C/ 10@|2w™. (3.4.54)
Proof. Observe that from the Kéhler-Ricci flow equation we have g@&b =
—Ric(w) and taking the trace of this gives A¢p = —R. Then
d
—Maby, (p) = —/ GRwW" :/ GApW" = —/ |0@[2w"™, (3.4.55)
dt M M M

giving (3.4.53). For (3.4.54), compute

& [ ogeer = [ (Gotogopen +ome( [ gaagopen) + [ logpags
dt Jur vt i o J "
:/ Rji8i¢8jgbw"—2/ (A¢)2w”—/ 105> R w"
M M M
gc/ |0@|2 W™, (3.4.56)
M

using (3.4.24), an integration by parts and the fact that, since we have C'*
estimates for w, we have uniform bounds of the Ricci and scalar curvatures of w.

0

It is now straightforward to complete the proof of the convergence of the
Kéhler-Ricci flow. Since we have uniform estimates for w(t) along the flow, we
see from the formula (3.4.50) that the Mabuchi energy is uniformly bounded.
From (3.4.53) there is a sequence of times t; € [i,i + 1] for which

(] ey

By the differential inequality (3.4.54),

(ol

But since we have C° estimates for ¢(t) we can apply the Arzela-Ascoli Theorem
to obtain a sequence of times ¢; such that ¢(t;) converges in C™ to ¢, say.

Writing wee = wo + ‘(889000 > 0, we have from (3.4.58),

n |12
w
Olog ==

n

w
log =2 = 4.
08 C, (3.4.60)

w") (t;) = </M\a<p\§,w"> (t;) =0, asi—oo. (3.4.57)

w ) (t) =0, ast— oo. (3.4.58)

wgo> =0, (3.4.59)

and hence
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for some constant C'. Taking g&g of (3.4.60) gives Ric(ws) = 0. Hence for
a sequence of times t; — oo the Kahler-Ricci flow converges to ws, the unique
Kéahler-Einstein metric in the cohomology class [wp].

To see that the convergence of the metrics w(t) is in C*° without passing to
a subsequence, we argue as follows. If not, then by the same argument as in
the proof of Theorem 3.4.1 we can find a sequence of times ¢t — oo such that
w(ty) converges in C™® to wl, # we. But by (3.4.58), w. is Kéhler-Einstein,

contradicting the uniqueness of Kéhler-Einstein metrics in [wp]. This completes
the proof of Theorem 3.4.4.

Remark 3.4.10. It was pointed out to the authors by Zhenlei Zhang that one
can equivalently consider the functional fM hw™, where h is the Ricci potential
of the evolving metric.

3.5 The case when K); is big and nef

In the previous section we considered the Kahler-Ricci flow on manifolds with
c1(M) < 0, which is equivalent to the condition that the canonical line bundle
Ky is ample. In this section we consider the case where the line bundle K, is
not necessarily ample, but nef and big. Such a manifold is known as a smooth
minimal model of general type.

3.5.1 Smooth minimal models of general type

As in the case of ¢1(M) < 0 we consider the normalized Kéhler-Ricci flow

d
Y= —Ric(w) — w, wli=0 = wo, (3.5.1)

but we impose no restrictions on the Kahler class of wy. We will prove:

Theorem 3.5.1. Let M be a projective algebraic manifold which is a smooth
minimal model of general type (that is, Kjs is nef and big). Then

(i) The solution w = w(t) of the normalized K&hler-Ricci flow (3.5.1) starting
at any Kéahler metric wyp on M exists for all time.

(ii) There exists a codimension 1 analytic subvariety S of M such that w(t)
converges in CP° (M \ S) to a Kéhler metric wgg defined on M \ S which

loc
satisfies the Kéahler-Einstein equation

Ric(wgg) = —wgg, on M\ S. (3.5.2)

We will see later in Section 3.5.3 that wkg is unique under some suitable
conditions. Note that if K,; is not ample, then wkg cannot extend to be a
smooth Kahler metric on M, and we call wkg a singular Kdhler-FEinstein metric.
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The first proof of Theorem 3.5.1 appeared in the work of Tsuji [Tsu88]. Later,
Tian-Zhang [Tzha06] extended this result (see Section 3.5.4 below) and clarified
some parts of Tsuji’s proof. Our exposition will for the most part follow [Tzha06].

From part (i) of Theorem 3.1.12 we see that under the assumptions of Theorem
3.5.1, the cohomology class [wg] — tci (M) is Kéhler for all ¢ > 0 and hence by
Theorem 3.3.1, the (unnormalized) Kéhler-Ricci flow has a smooth solution w(t)
for all time ¢. Rescaling as in Section 3.4.1 we obtain a solution of the normalized
Kaéhler-Ricci flow (3.5.1) for all time. This establishes part (i) of Theorem 3.5.1.
Observe that in fact we only need Kj; to be nef to obtain a solution to the
Kéhler-Ricci flow for all time.

It is straightforward to calculate the Kéahler class of the evolving metric along
the flow. Indeed, [w(t)] evolves according to the ordinary differential equation

L] = —a(M) -], O] = vl (353)
and this has a solution
[w(t)] = —(1 — e Her (M) + e Fuw). (3.5.4)

This shows that, in particular, [w(t)] — —c1(M) as t — oo.

We now rewrite (3.5.1) as a parabolic complex Monge-Ampere equation.
First, from the Base Point Free Theorem (part (ii) of Theorem 3.1.12), Kjs
is semi-ample. Hence there exists a smooth closed nonnegative (1, 1)-form @, on
M with (0] = —c1(M). Indeed, we may take Woo = - ®*wpg where @ : M — PV
is a holomorphic map defined by holomorphic sections of K7}; for m large and
wrg is the Fubini-Study metric (see Section 3.1.7).

Define reference metrics in [w(t)] by

O = e twp + (1 — €)oo, for t € [0, 00). (3.5.5)
Let Q be the smooth volume form on M satisfying

7V_18510g9 = oo € —c1(M), / Q= / Wy (3.5.6)
27T M M

We then consider the parabolic complex Monge-Ampere equation

~ V=197 \n
d + %—=00 V-1 _—-
%90 = log (wt 26 80) — ¥, wy + ?6&0 > 0, (,0|t:0 =0, (357)

which is equivalent to (3.5.1). Hence a solution to (3.5.7) exists for all time.

3.5.2 Estimates

In this section we prove the estimates needed for the second part of Theorem
3.5.1. Assume that ¢ = ¢(t) solves (3.5.7). We have:
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Lemma 3.5.2. There exists a uniform constants C and t' > 0 such that on M,
(i) p(t) < C fort>0.
(i4) p(t) < Cte™ fort > t'. In particular, p(t) < C fort > 0.

(iii) w"(t) < CQ fort > 0.

Proof. Part (i) follows immediately from the maximum principle. Indeed if ¢
achieves a maximum at a point (zg,to) with tog > 0 then, directly from (3.5.7),
~n

d
0< g <log =t

o q ¢ at (xo, to), (3.5.8)

and hence ¢ <log(wi'/Q) < C.
Part (ii) is a result of [Tzha06]. Compute

d
( —A) =@ —n+tryw (3.5.9)
dt
d ) _ . :
pri A)p=—e"try(w) — Weo) — Py (3.5.10)
using the fact that %d)t = —e Y(wp — Weo). Hence
d ‘. .
pri A (e'¢) = —tru(wo — Woo) (3.5.11)
d , .
pri Al (p+p+nt) =tryWe. (3.5.12)

Subtracting (3.5.12) from (3.5.11) gives

(CZ - A) ((e" —=1)p — ¢ —nt) = —tr ywo < 0, (3.5.13)

which implies that the maximum of (e! — 1) — ¢ —nt is decreasing in time, giving
(' —1)p — p—nt <0. (3.5.14)

This establishes (ii). Part (iii) follows from Corollary 3.2.3 (or using (i) and (ii)
and the fact that w"/Q = e¥+¥). O

We now prove lower bounds for ¢ and ¢ away from a subvariety. To do this
we need to use Tsuji’s trick of applying Kodaira’s Lemma (part (iii) of Theorem
3.1.12).

Since Ky is big and nef, there exists an effective divisor F on M with K —
0[E] > 0 for some sufficiently small § > 0. Since wo, lies in the cohomology class
c1(K ) it follows that for any Hermitian metric h of [E] the cohomology class of
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Uso — O Ry, is Kahler. Then by the 90-Lemma we may pick a Hermitian metric h
on [E] such that
(IJOO - 5Rh > CcwWo, (3.5.15)

for some constant ¢ > 0. Moreover, if we pick any ¢ € (0, J] we have
Weo — ERp, > cewp, (3.5.16)

for cc = ce/6 > 0. Indeed, since Wy is semi-positive,

g(am —6Rp) + (1 - g) Do >

%(woo —6Ry) > %wo. (3.5.17)

d)oo —ERh =

Now fix a holomorphic section o of [E] which vanishes to order 1 along the
divisor E. It follows that

V=1 _
Woo + €T6810g o2 > cowo, on M\ E, (3.5.18)
T

since 01og |o|? = 00 log h away from E. Note that here (and henceforth) we are
writing E for the support of the divisor E.
We can then prove:

Lemma 3.5.3. With the notation above, for every e € (0,9] there exists a con-
stant C: > 0 such that on (M \ E) x [0, 00),

(i) ¢ > eloglolj, — C-.
(ii) ¢ > eloglolj, — C..
1

(i) w™ > a\a\%fﬁ.

Proof. 1t suffices to prove the estimate
o+ ¢ >cloglo|f —C., on M\ E, (3.5.19)

where we write C. for a constant that depends only on ¢ and the fixed data.

Indeed this inequality immediately implies (iii). The estimates (i) and (ii) follow

from (3.5.19) together with the upper bounds of ¢ and ¢ given by Lemma 3.5.2.
To establish (3.5.19), we will bound from below the quantity @) defined by

n

w
W7 on M\ E. (3.5.20)

Q= ¢+ —clog|olfj, = log
Observe that for any fixed time ¢, Q(z,t) — oo as z approaches E. Hence for

each time ¢, () attains a minimum (in space) in the interior of the set M \ E.
Now from (3.5.12) we have

d
<dt — A> (¢ + @) = tr oo — n. (3.5.21)
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Using this we compute on M \ E,

d R V=1
(dt — A) Q =tryWe — n +etry, <27r88 log \a!%) (3.5.22)
v_1 _
= tr,, <woo +e-5—00log |ayi> —n (3.5.23)
7r
> c.tr,wp — N, (3.5.24)

where for the last line we used (3.5.18).
Then if @ achieves a minimum at (xg, %) with g in M \ E and ¢y > 0 then
at (xo,t9) we have

tr,wo < . (3.5.25)
Ce

By the geometric-arithmetic means inequality, at (xg, to),

wm Ce

n\tmog 1
<w0> < —trywo < —, (3.5.26)
n

which gives a uniform lower bound for the volume form w"”(xg,ty). Hence

n

M(on,to) 2 —Cg, (3527)

Q(z0,t0) = log
and since () is bounded below at time ¢ = 0 we obtain the desired lower bound
for Q. O

Next we prove estimates for g(t) away from a divisor. First, we from now on

fix an € in (0,0] sufficiently small so that wy + agaglogh is Kdhler. We will
need the following lemma.

Lemma 3.5.4. For the € > 0 fized as above, the metrics w; . defined by

e
2T

v—1
2

Qe =0 +¢ D0logh = (s + € D0logh + e Hwy — Uoo).  (3.5.28)

give a smooth family of Kdahler metrics for t € [0,00). Moreover there exists a
constant C > 0 such that for all t,

1
6(}.}0 S (Dt,s S CWO. (3529)

Proof. From (3.5.18) we see that we, + egaglogh is Kéhler. Hence we may

choose Ty > 0 sufficiently large so that, for C' > 0 large enough,

v—1
27

1 _
6&)0 < QDo +€ d0log h + e*t(wo — (:)oo) < Cuwy, (3530)
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for all t > Tp. It remains to check that ;. is Kéhler for ¢ € [0,7p]. But for
t e [O,To],

2T

21

1 = 1 -
Ore = (1—e™) (djoo +e 00 log h) et (wo +e 00 log h>

2T

1
> e 1o <w0 +e 00 log h) > 0, (3.5.31)

by definition of €. O

We can now prove bounds for the evolving metric:

Lemma 3.5.5. There exist uniform constants C' and « such that on (M \ E) x
[0,00),

(3.5.32)

trp, w < W.

Hence there exist uniform constants C' > 0 and o/ such that on (M \ E) x [0, 00),

o3 ’
h

c’ -
Proof. Define a quantity @ on M \ E by
Q =logtryw— A (p —cloglol}) (3.5.34)

for A a sufficiently large constant to be determined later. For any fixed time ¢,
Q(z,t) - —oo as = approaches E. Then compute using Proposition 3.2.5,

d
(dt — A) Q < Cotrywy — Ap + AA (o —elog|ol}) . (3.5.35)

Now at any point of M \ E,

2T

1 —
A(p—eloglol}) = tr, <w —w—€ 00 log ]J]%) =n—trywre. (3.5.36)
Applying Lemma 3.5.4, we may choose A sufficiently large so that Aw; . > (Co +
1)wo and hence

n

d w
- < _ -
(dt A> Q< —trywg— A <log O <,0> + An

n
< —trywo — Alog = 4 C, (3.5.37)
“o
where we have used the upper bound on ¢ from Lemma 3.5.2.
Working in a compact time interval [0,¢] say, suppose that @ achieves a
maximum at (zg,tp) with 2o in M and ty > 0. Then at (z¢,ty) we have

n

tr owo + Alog % <cC. (3.5.38)
0
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By the same argument as in the proof of Lemma 3.3.4 we see that (tr ,,w)(zg, tg) <
C.
Then for any (z,t) € (M \ E) x [0,t'] we have

Q(z,t) = (log tr uyw)(2,t) — A (p — clog|ol}) (x,t)
< Q(o, to)
<logC — A (¢ —elog|ol}) (zo,t0) < C', (3.5.39)

where for the last line we used part (i) of Lemma 3.5.3. Since ¢’ is arbitary, we
have on (M \ E) x [0,00),

log truyw < C + A (¢ —elog|al?) . (3.5.40)
Since ¢ is bounded from above we obtain (3.5.32) after exponentiating.
For (3.5.33), combine (3.5.32) with part (iii) of Lemma 3.5.3. O
We now wish to obtain higher order estimates on compact subsets of M \ E:
Lemma 3.5.6. For m = 0,1,2,..., there exist uniform constants Cp, and c.,
such that on (M \ E) x [0,00),
C C
S<—5—, |VERm(g)| < —p, (3.5.41)
o] oy

where we are using the notation of Sections 3.2.5 and 3.2.6.

Proof. We prove only the bound on S and leave the bounds on curvature and its
derivatives as an exercise to the reader. We will follow quite closely an argument
given in [SW10]. From Proposition 3.2.8 and (3.5.33),

d |2 2 2 ji g bp kgl
(dt _ A) S = —[VU> - VT[> + [¥]2 - 2Re <gﬂ 9"V Ry \Iqu> (3.5.42)

< — VU2~ VU2 + S+ Clo|, KV, (3.5.43)
for a uniform constant K. We have
0S| < VS(V¥| +|VE|). (3.5.44)
Moreover,
0lofi"| < Clof;*  and |Alo[;| < Clal3", (3.5.45)

where we are increasing K if necessary. Then
d d .
(5~ ) Uoli<s) = lolt (5, = &) 8 = 2RelgT0a055) — (Alol{€)s
< o[y (IVOP? + [VO?) + Clo[pEVS(IV | + V)
+ Clo?5s +C
< O(1+ 0|75 9). (3.5.46)
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But from Proposition 3.2.4 and (3.5.33)
(;; - A) gy = —trwow — g™ R(g0), ;" 95 — 90 979" V20,7008
< Clo]; " - é\a\ff S - %ggigquzkv?gpzvggm (3.5.47)

where VY denotes the covariant derivative with respect to go. We may assume
that K is large enough so that [(A|o|E)tr ,,w| < C. Then

d 1 -
(4~ 2) (olftr ) < — oS + € - 2Re(g 0o 0511 )

1 TR
— oK g8’ 9™ 9"* V29 7V kg
2 pt "

1
g_aw%3+0, (3.5.48)

where for the last line we have used:

= 1
]2Re(g”8i\0]hKﬁj%trwow)] <C+ 6|8\0\hK\2]8‘crwow\2 (3.5.49)
1 % 0 7

< C+ ol g 9™ 9™ V9,V 50k3, (3.5.50)

which follows from (3.2.19), increasing K if necessary.
Now define @ = |35 S + Alo|Ktr 4w for a constant A. Combining (3.5.46)
and (3.5.48) we see that for A sufficiently large,

(C‘li - A> Q< —|o)ffs +C, (3.5.51)

and then @ is bounded from above by the maximum principle. The bound on S

then follows. O
As a consequence:

Lemma 3.5.7. ¢ = ¢(t) and w = w(t) are uniformly bounded in C7°.(M \ E).

Proof. Applying Theorem 3.2.15 gives the C°.(M \ E) bounds for w. Since by

loc
Lemmas 3.5.2 and 3.5.3, ¢ is uniformly bounded (in C°) on compact subsets of

M\ E, the C.(M \ E) bounds on ¢ follow from those on w. O

3.5.3 Convergence of the flow and uniqueness of the limit
We now complete the proof of Theorem 3.5.1. From part (ii) of Lemma 3.5.2 we

have ¢ < Cte™ for t > t. Hence for ¢t > t/,

% (p+Ce'(t+1)) <0. (3.5.52)
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On the other hand, from Lemma 3.5.3, the quantity ¢ + Ce (¢t +1) is uniformly
bounded from below on compact subsets of M\ E. Hence ¢(t) converges pointwise
on M\ E to a function ¢.. Since we have Cf° (M \ E) estimates for o(t) this
implies, by a similar argument to that given in the proof of Theorem 3.4.1, that
@ converges to Yoo in Cpe (M \ E). In particular o is smooth on M \ E. Define
Woo = Weo + %859@00. Then wy is a smooth Kéhler metric on M \ E.
Moreover, since o(t) converges to ¢ we must have, for each z € M \ E,
o(x,t;) — 0 for a sequence of times t; — co. But since ¢(t) converges in CP% (M \
E) as t — oo we have by uniqueness of limits that ¢(t) converges to zero in
Co(M\ E) as t — oo. Taking the limit of (3.5.7) as t — oo we obtain

n

log %" e =0 (3.5.53)

on M \ E and applying 99 to this equation gives Ric(weo) = —woo on M \ E.
This completes the proof of Theorem 3.5.1.

We have now proved the existence of a singular Kahler-Einstein metric on M.
We now prove a uniqueness result. Let {2, W, 0 and h be as above.

Theorem 3.5.8. There exists a unique smooth Kéahler metric wxp on M \ FE
satisfying

(i) Ric(wgp) = —wggpon M\ E.

(ii) There exists a constant C' and for every € > 0 a constant C. > 0 with

1
6|O“%€Q < wgp < CQ, on M\ E. (3.5.54)
3

Note that although it may appear that condition (ii) depends on the choices
of 2, o0 and h, in fact it is easy to see it does not.

Proof of Theorem 3.5.8. The existence part follows immediately from Theorem
3.5.1, Lemma 3.5.2 and Lemma 3.5.3, so it remains to prove uniqueness. Suppose
wkg and Wkg are two solutions and define functions ¢ and ¢ on M \ E by

n

1 = log WSI;E and ¢ = log ng, (3.5.55)

with © as in (3.5.6). Then we have
V=1 V=1

9 _ 1 _ -
WKE = —Ric(wKE) = Weo + T88¢, WKE = —RiC(d)KE) = Weo + Taaib
m i
3 (3.5.56)
Hence it suffices to show that ¢ = 1. By symmetry it is enough to show ¥ > .

For any € > 0 and § > 0 sufficiently small, define

H =1 — (1 -8 — delog|al?. (3.5.57)
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From the condition (3.5.54), ¢ is bounded from above and ¢ > ¢'log |o|? — C/
for any ¢’ > 0. Taking ¢’ = £§/2 we see that

)
H> —% log|of2 — Cu — C, (3.5.58)
and hence H is bounded from below by a constant depending on € and § and

tends to infinity on E. Hence H achieves a minimum at a point xy € M \ E.
On the other hand, we have

log 2KE — 4 ), (3.5.59)
WKE

which using (3.5.56) we can rewrite as

(€ + (1= 8)%52000 — 62y, + ¥ 2o0H )" )
log _ — ) — . (3.5.60)
WKE

Since dws — de Ry, is Kahler for e sufficiently small, we obtain

(1—68)" (wKE + 1o (1—?5))"

) — 1 > log — (3.5.61)
KE
Hence at the point x¢ at which H achieves a minimum we have
Y — 1 > nlog(l—9), (3.5.62)

and so, using the inequality ¢ > ¢log lo|? — C.,
H(xo) > 6 (x0) + nlog(l — 8) — delog |o|? (x0) > —0C. + nlog(l — ). (3.5.63)

For any € > 0 we may choose 0 = 0(¢) sufficiently small so that 6C. < /2 and
nlog(l—¢) > —e/2, giving H(zg) > —e and hence H > —e on M \ E. It follows
that on M \ E,

Y > (1—08)Y + deloglol? —e. (3.5.64)

Letting ¢ — 0 (so that § — 0 too) gives 9 > 1 as required. O

3.5.4 Further estimates using pluripotential theory

In this section we will show how results from pluripotential theory can be used
to improve on the estimates given in the proof of Theorem 3.5.1.

The following a priori estimate, extending Yau’s zeroth order estimate, was
proved by Eyssidieux-Guedj-Zeriahi [EGZ11]. A slightly weaker version of this
result, which would also suffice for our purposes, was proved independently by
Zhang [Zha06].
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Theorem 3.5.9. Let M be a compact Kahler manifold and w a closed smooth
semi-positive (1,1)-form with [;,w™ > 0. Let f be a smooth nonnegative func-

tion. Fix p > 1. Then if ¢ is a smooth function with w + \/2—?85@ > 0 solving
the complex Monge-Ampere equation

1 _
(w4 ——00p)" = fw", (3.5.65)
27
then there exists a constant C' depending only on M,w and || f||1»(ar..) such that

oscyrp < C. (3.5.66)

The differences between this result and Theorem 3.4.6 are that here w is only
required to be semi-positive and the estimate on ¢ depends only on the LP bound
of the right hand side of the equation. We remark that we have not stated the
result in the sharpest possible way. The conditions that ¢ and f are smooth can
be relaxed to ¢ being bounded with w -+ Qa&p > 0 and f being in LP?. We have
ignored this to avoid technicalities such as defining the Monge-Ampeére operator
in this more general setting. We omit the proof of this theorem since it goes
beyond the scope of these notes. The theorem is a generalization of a seminal
work of Kotodziej [Kol98]. For a further generalization, see [BEGZ10].

We will apply Theorem 3.5.9 to show that the solution ¢ = ¢(t) of the
parabolic complex Monge-Ampeére equation (3.5.7) is uniformly bounded, a result
first established by Tian-Zhang [Tzha06]. Moreover, we can in addition obtain a
bound on ¢ [Zha09].

Proposition 3.5.10. There exists a uniform C such that under the assumptions
of Theorem 3.5.1, ¢ solving (3.5.7) satisfies for t € [0, 00),

lellco <C and  [|@]lco < C. (3.5.67)

Hence there exists a uniform constant C' > 0 such that for t € [0, 00),

%Q <w" <. (3.5.68)

Proof. First observe that

V=1 _ 1y $2
(@ + 5 —00p)" = far, for f=e""—0>0. (3.5.69)

o
From the definition of @; and Lemma 3.5.2 we see that f is uniformly bounded
from above, and hence bounded in LP for any p. Applying Theorem 3.5.9 we see
that oscprp < C' for some uniform constant.

For the bound on ¢, it only remains to check that there exists a constant C”
such that for each time ¢ there exists © € M with |p(z)| < C’. From Lemma 3.5.2
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we have an upper bound for ¢(x) for all z € M. For the lower bound, observe
that
. 1 _
/ e+ = / @+ YL o) = / o> e, (3.5.70)
M M 2 M
for some uniform constant ¢ > 0. It follows that at each time ¢ there exists z € M
with e?(@+e@) > ¢/ [ Q. Since ¢ is uniformly bounded from above by Lemma
3.5.2 this gives p(z) > —C’ for that z, as required.
For the bound on ¢ we use an argument due to Zhang [Zha09]. From (3.5.7)
and Theorem 3.2.2,
d d w"
iy =" (loe=—)=—-R—-n< —t 5.71
praCRED) dt<0g9) R —n < Cpe (3.5.71)
for a uniform constant Cp. We may suppose that [|¢||co < Cp for the same
constant Cy > 0. We claim that ¢ > —4Cy. Suppose not. Then there exists a
point (xg,to) with ¢(zo,t9) < —4Cy. Using (3.5.71) we have for any ¢ > ¢,

(& + 0)(@0,t) — (¢ + @) (w0, t0) < Co / s = o — ). (35.72)

to

Hence for t > tg,
gb(.fE(), t) < (QO + QO)(.T(), t()) + Coeito — gp(a;o, t) < —Co, (3573)

using the fact that ¢(zg,tg) < —4Cp. This is a contradiction since ¢(xzg,t) is
uniformly bounded as ¢ — oo. O

An immediate consequence is:

Corollary 3.5.11. The singular Kdhler-Einstein metric wgg constructed in The-
orem 3.5.1 satisfies
1
aﬂ <wpp <CQ on M\ E, (3.5.74)
for some C > 0.

As another application of Proposition 3.5.10, we use the estimate on ¢ to-
gether with the parabolic Schwarz lemma to obtain a lower bound on the metric
w.

Lemma 3.5.12. Under the assumptions of Theorem 3.5.1, there exists a uniform
constant C such that

1
w > 5(2)00, on M x[0,00). (3.5.75)

Proof. Recall that W, = %@*ng where ® : M — PV is a holomorphic map and
wryg is the Fubini-Study metric on PY. We can then directly apply Theorem 3.2.6
to obtain

d
<dt — A) log tr o, Wee < CO'tr oo + 1, (3.5.76)
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for C” an upper bound for the bisectional curvature of wrs. Define Q = log tr ,@Woo—
Ay for A to be determined later. Compute, using Proposition 3.5.10,

(jt _ A> Q < O'tr oo — Ap + An — Atr @y + 1

where we have chosen A to be sufficiently large so that Ady > (C" 4 1)0e.
It follows from the maximum principle that @ and hence tr,@o, is uniformly
bounded from above and this completes the proof of the lemma. O

Observe that Lemma 3.5.12 together with the volume upper bound from
Lemma 3.5.2 show that the metric w(t) is uniformly bounded above and be-
low on compact subsets of M \ S, for S the set of points where W, is degenerate.
Thus we can obtain an alternative proof of Theorem 3.5.1 which avoids the use
of Lemma 3.5.3 and Lemma 3.5.5.

Finally we mention that Zhang [Zha09] also proved a uniform bound for the
scalar curvature of the evolving metric in this setting.

3.6 Kahler-Ricci flow on a product elliptic surface

In this section we investigate collapsing along the Kéhler-Ricci flow. We study
this behavior in the simple case of a product of two Riemann surfaces.

3.6.1 Elliptic surfaces and the Kahler-Ricci flow

Let M now have complex dimension two. An elliptic curve E is a compact
Riemann surface with ¢1(E) = 0 (by the Gauss-Bonnet formula this is equivalent
to having genus equal to 1). We say that M is an elliptic surface if there exists a
surjective holomorphic map 7 : M — S onto a Riemann surface S such that the
fiber 7~1(s) is an elliptic curve for all but finitely many s € S. In particular, the
product of an elliptic curve and any Riemann surface is an elliptic surface, which
we will call a product elliptic surface.

In [STO7], the Kéhler-Ricci flow was studied on a general minimal elliptic
surface (see Section 3.8 for a definition of minimal). In this case there are finitely
many singular fibers of the map n. It was shown that the Kéhler-Ricci flow
converges in C1*8 for any f € (0,1) at the level of potentials away from the
singular fibers, and also converges on M in the sense of currents, to a generalized
Kdhler-Einstein metric on the base S. A higher dimensional analogue was given
in [ST12].

Here we study the behavior of the Kahler-Ricci flow in the more elementary
case of a product elliptic surface M = E x S, where E is an elliptic curve and S is
a Riemann surface with ¢;(S) < 0 (genus greater than 1). Because of the simpler
structure of the manifold, we can obtain stronger estimates than in [STO7].
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By the uniformization theorem for Riemann surfaces (or the results of Section
3.4), S and E admit Kéhler metrics of constant curvature which are unique up
to scaling. Hence we can define Kéhler metrics wg on S and wg on E by

Ric(ws) = —wsg, Ric(wg) =0, / wg = 1. (3.6.1)
E

Denote by mg and 7y the projection maps g : M — S and ng : M — E.
As in the case of the previous section we consider the normalized Kéhler-Ricci
flow

d
Y= —Ric(w) — w, wli=0 = wo, (3.6.2)
The first Chern class of M is given by ¢;(M) = —[7*wg], which can be seen
from the equation
Ric(mws + TpwEg) = —Tows. (3.6.3)

Since m*wg is a nonnegative (1,1) form on M, it follows from Theorem 3.3.1 that
a solution to (3.6.2) exists for all time for any initial K&hler metric wy.

As a simple example, first consider the case when the initial metric wq splits
as a product. Suppose wy = W*Ew% + ﬂgwg, where w% and wg are smooth metrics
on F and S respectively. Then the Kéhler-Ricci flow splits into the Kéahler-Ricci
flows on E and S, with w(t) = mhwE + Téws where wpy and wgy solve the
Kéhler-Ricci flow on E and S respectively. Since ¢1(E) = 0 and ¢;1(S) < 0 we can
apply the results of Section 3.4 to see that wg+ converges in C* to 0 (because of
the normalization) as t — oo and wg; converges in C*° to wg. Hence the solution
to the original normalized Kahler-Ricci flow converges in C°° to mgws.

We now turn back to the general case of a non-product metric. For conve-
nience, here and henceforth we will drop the 75 and 7%, and write wg and wg for
the (1, 1)-forms pulled back to M. We prove:

Theorem 3.6.1. Let w(t) be the solution of the normalized Kahler-Ricci flow
(3.6.2) on M = E x S with initial Kahler metric wy. Then

(i) For any 3 € (0,1), w(t) converges to wg in C?(M, go).

(ii) The curvature tensors of w(t) and their derivatives are uniformly bounded
along the flow.

(iii) For any fixed fiber E = 75’ (s), we have
le'w(t)|p — whatllcogmy = 0 as t — oo, (3.6.4)
where wpq is the Kihler Ricci-flat metric on E with [, waa = [z wo-

Remark 3.6.2. We conjecture that in (i), the convergence in CP(M) can be
replaced by C*° (M) convergence. Such a result is contained in the work of Gross-
Tosatti-Zhang [GTZ11] for the case of a family of Ricci-flat metrics. It seems
likely that their methods could be extended to cover this case too. It would also be
interesting to find a proof of C°° convergence using only the maximum principle.
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Since the normalized Kéhler-Ricci flow exists for all time we can compute, as
in (3.5.3) and (3.5.4), the evolution of the Kéhler class to be

w(t)] = e fuwo] + (1 — e )ws] (3.6.5)

Before proving Theorem 3.6.1 we will, as in the sections above, reduce (3.6.2)
to a parabolic complex Monge-Ampere equation. Define reference metrics w; €

[w(?)] by
G = e two + (1 — e Hws, for t € [0, 00). (3.6.6)

Define a smooth volume form Q on M by

i@élog@ =wg € —c1(M), / Q= 2/ wo A\ wg. (3.6.7)
27T M M

In fact, from (3.6.3) one can see that {2 is a constant multiple of wg A wg. We
consider the parabolic complex Monge-Ampere equation

d et (@ + YL 00p)? V-1 _—

—p =log (@0 + 55 99) —, Wi+ ——00¢p > 0, ©li=0 = 0. (3.6.8)
dt Q 2w
As in earlier sections, a solution ¢ = ¢(t) of (3.6.8) exists for all time and

w=w+ \/2—?8&0 solves the normalized Kéahler-Ricci flow. Note that we insert
the factor of e! in the equation to ensure that ¢ is uniformly bounded (see Lemma
3.6.3 below) but of course it does not change the evolution of the metric along
the flow.

3.6.2 Estimates

In this section we establish uniform estimates for the solution ¢ = (t) of (3.6.8),
which we know exists for all time.

Lemma 3.6.3. There exists C > 0 such that on M x [0, 00),
(i) lol < C.

(i) ¢l < C.

1
(iii) 5@3 <w? < 0w

Proof. For (i), first note that since e!@? = e~'w2 + 2(1 — e *)wo A ws we have

1
2 < elo? < 0N, (3.6.9)

Hence if ¢ achieves a maximum at (xg,ty) with ¢y > 0 then at that point,

d t~2
0< prid < log% —p<logC — ¢, (3.6.10)
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giving ¢ < log C. The lower bound of ¢ follows similarly.
For (ii) observe that %d)t = wg — w; and hence

d
(dt —A) O =try(ws — @) +1—¢. (3.6.11)

By definition of @; there exists a uniform constant Cy > 0 such that Cowr > wg.
For the upper bound of ¢, we apply the maximum principle to @1 = ¢—(Cpo—1)¢.
Compute

d
(dt — A) Q1 =try(ws —w) +1—Cop+ (Co — 1)tr,(w — @)

<1—Cop+2(Co—1), (3.6.12)

and we see that ¢ is uniformly bounded from above at a point where (1 achieves
a maximum. Since ¢ is bounded by (i) we obtain the required upper bound of ¢.
For the lower bound of ¢, let Q2 = ¥ + 2¢ and compute

d
<dt — A) Q2 = trw(wg — (J)t) +1+p— 2trw(w — (;)t)
> tr o+ @ — 3. (3.6.13)

Using (3.6.8), (3.6.9) and the arithmetic-geometric means inequality, we have at
a point (zg,to) where Q2 achieves a minimum,

' Q \ /2 2\V2 o
e~ (te)/2 = (etw2> <C <:jt2> < gtrwd)t <C' - (3.6.14)

Hence ¢ is uniformly bounded from below at (x¢, to), giving (ii). Part (iii) follows
from (i) and (ii). O

Next we estimate w in terms of w;. It is convenient to define another family
of reference metrics w; whose curvature we can control more precisely. Define
Wp = Wg + wg and

O =e g + (1 — e Hws = ws + e twg. (3.6.15)
Observe that w; and w; are uniformly equivalent.
Lemma 3.6.4. There ezists C > 0 such that on M x [0, 00),
1

Proof. From part (iii) of Lemma 3.6.3 it suffices to obtain an upper bound of the
quantity trz,w from above. Compute using the argument of Proposition 3.2.4,

d o o i
<dt - A) trow < —trow — ¢ R="9,5 — 3/ 979" Vig, 1 Vi1 + (dtgfl) 955
(3.6.17)
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where we are using Rﬁek and V = V3, to denote the curvature and covariant

derivative with respect to g;. Since %d)t = —t + wg > —W¢, we have
DY g < trow. (3.6.18)
dt W
Hence, from the argument of Proposition 3.2.5,
i—A log tr 5w < —Lgﬁf%—z’“gf (3.6.19)
dt YT trgw ij Tk e
Next we claim that
=~ 5 2w Nw
—g'' R gy = (trows) ——5—
wWo
< (trows)(trgow) < (trwws) (tr g,w). (3.6.20)

To see (3.6.20), compute in a local holomorphic product coordinate system (2!, 22)

with 2! a normal coordinate for wgs|s in the base S direction and 22 a normal
coordinate for wg|p in the fiber E direction. In these coordinates g; is diagonal
and (g¢);7 = (9s);7- Since the curvature of wg vanishes, we have from (3.6.3)

Ry = —(99)17(98)17, (3.6.21)

and R~ 7 = 0if 7,5,k and £ are not all equal to 1. Hence the only non-zero

ijk -
component of the curvature of @; appearing in (3.6.20) is Rﬁ11 = —1. This
gives the first equality of (3.6.20), and the next two inequalities follow from the
definition of &y and @s.

Combining (3.6.19), (3.6.20) we have

d
(dt — A> log trg,w < tr,wg. (3.6.22)

Now define
Q3 = logtrg,w — Ap, (3.6.23)

for A = Cy + 1 where Cj is the positive constant with Cyw; > wg and compute

(d — A> Q3 < tr ywg — A¢+Atrw(w —L:)t)

dt
S C—tr wd)t
1
<C- atr @ W5 (3.6.24)

for some C’ > 0. For the last line we have used the estimate (iii) of Lemma
3.6.3 and the fact that &; and @; are uniformly equivalent. Since ¢ is uniformly
bounded from part (i) of Lemma 3.6.3 we see that Q)3 is bounded from above by
the maximum principle, completing the proof of the lemma. (Il

Next we prove an estimate on the derivative of w using an argument similar
to that of Theorem 3.2.9.
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Lemma 3.6.5. There exists a uniform constant C such that on M x [0,00),
S:=|Vggl? <C and |Vggls <C, (3.6.25)

where | - |, | - |5, denote the norms with respect to the metrics g = g(t) and go
respectively. Moreover, we have

— — < —= + .6.
( 7 A> S 5 |IRm(g)] C (3.6.26)

for a uniform constant C’.

Proof. First we show that

d 1
(dt — A> tro,w < C — @\v%g\?, (3.6.27)

for uniform constants C,C’. From (3.6.17), (3.6.18), (3.6.20) and part (iii) of
Lemma 3.6.3,

(jt - A) trow < C = g'g"g"*"Vig ;Vign < C — és. (3.6.28)
For the last inequality we are using the fact that Vj = Vg which can be seen
by choosing a coordinate system at a point in which 0;g: = 0 for all ¢ and any
t > 0. This establishes (3.6.27).

Using the notation of Proposition 3.2.8, write \Ilfj = Ffj — F(go)fj so that
S = |¥|?. Then

d T2 2 2 Ji b kgl
<dt — A) S =—|VU|* - |VV¥|* + |¥]° — 2Re (gj 9?9,V R(QO)Z-EP \I/jq) .

We have

VPR(Go) ; ¥ = —Qba‘l’?;R(fJo)mgpk — g™ U7 R(go)

iop k + gbaq]fnaR(go) .

ibp

(3.6.29)
Indeed, as in the proof of Lemma 3.6.4, this can be seen by choosing a local
holomorphic product coordinate system (2!, 2%) centered at a point x with 2!
normal for wg and 22 normal for wg. Using the argument of (3.6.20) and the

result of Lemma 3.6.4 we have

ibm

IRm(go)|2 == ¢”* g™ g™ 9,51 (o)
32w Aw

ap(~ b

kq
= (try wg) 5
Wo

< (tr o@p)3tr p,w < C. (3.6.30)
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Combining (3.6.29) and (3.6.30),

‘2Re ( 9'g% g,V R(go) ’f?@) ) < CS. (3.6.31)

ibp

Since [V¥|? = [Rm(go) — Rm(g)|2, we compute

<;t — A> S < —|VU2 - |VE]?+CS
1
< —§|Rm(g)\2 +CS+C' (3.6.32)

Then the upper bound on S follows from (3.6.28) and (3.6.32) by applying
the maximum principle to S + Atr,w for sufficiently large A. The inequality
V3o g|§O < C follows from the fact that the metric g(¢) is bounded from above
by go (Lemma 3.6.4). The inequality (3.6.26) follows from (3.6.32). O

We then easily obtain estimates for curvature and all covariant derivatives of
curvature, establishing part (ii) of Theorem 3.6.1.

Lemma 3.6.6. There exist uniform constants Cp, for m = 0,1,2,... such that
on M x [0, 00),
[VERm(g)[*> < Cpp. (3.6.33)

Proof. This follows from Lemma 3.6.5 and the arguments of Theorem 3.2.13 and
3.2.14. O

3.6.3 Fiber collapsing and convergence

In this subsection, we complete the proof of Theorem 3.6.1.

First we define a closed (1, 1) form wg,y on M with the properties that [wgat] =
[wo] and for each s € S, wgay restricted to the fiber 7T§1(S) is a Kéhler-Ricci flat
metric. To do this, fix s € S and define a function ps on 7T§1(S) by

VT o . VT
Wolyg1 (o5 00ps > 0, Ric {wolo o) + 5000, | =0, /,rus)psw‘)_o'
S

(3.6.34)
Since ps satisfies a partial differential equation with parameters depending smoothly
on s € S, it follows that ps varies smoothly with s and hence defines a smooth

function on M, which we will call p. Now set wga; 1= wo + %65& This is a
closed (1, 1) form with the desired properties. Note that for each sin S, wga |7T§1 (5)

is a metric, but wg,y may not be positive definite as a (1,1) form on M.
We make use of wg,; to prove the following estimate on (.

Lemma 3.6.7. There exists C > 0 such that on M x [0, 00),

o] < C(1 +t)e . (3.6.35)
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Proof. Since wg,y is a constant multiple of wg when restricted to each fiber, we
see from the definition of {2 that

Q = 2wg A waat- (3.6.36)
Let Q = ¢ — e p. Then

et(etwhar + (1 — e Hws + \/2—?85@)2
2wg N Waat

d
ZQ=log Q. (3.6.37)

For a positive constant A, consider the quantity Q; = e'@Q — At. At a point
(x0,t0) with tg > 0 where @)1 achieves a maximum, we have

e wpat + (1 — e7"ws)?
2wg N Wt
<elog(l+Ce™)—A<C' — A, (3.6.38)

—A

d
ogansaloge

for uniform constants C,C’. Choosing A > C’ gives a contradiction. Hence Q
is bounded from above. It follows that ¢ < C(1 + t)e™t for a uniform constant
C. The lower bound for ¢ is similar. O

Lemma 3.6.8. Fiz 3 € (0,1). We have
(i) ©(t) = 0 in C*tB(M) as t — oco.
(ii) w(t) = wg in CB(M) ast — oco.

d
(iii) PTA 0 in CO(M) as t — .

Proof. From Lemma 3.6.5 the tensor Vg, g is bounded with respect to the fixed
metric go. Moreover, g < Cgo for some uniform C. It follows that Az ¢ is
bounded in C'(M,gg). Since ¢ is bounded in C°, we can apply the standard
Schauder estimates for Poisson’s equation [GTO01], to see that ¢ is bounded in
C?*@ for any a € (0,1). Choosing o > (3, part (i) follows from this together with
Lemma 3.6.7. Part (ii) follows from part (i) and the fact that & converges in
C®° to wg as t — oo.

For part (iii), suppose for a contradiction that there exist € > 0 and a sequence
{(xi;ti)}ieN C M x [0, OO) with t; — oo and

9] (@i, t:) > e (3.6.39)

From Lemma 3.6.3 and Lemma 3.6.6, the quantity

d

@sb = —Rw)—1-¢ (3.6.40)
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is uniformly bounded in C*(M x [0,00)). Hence there exists a uniform constant
6 > 0 such that for each i,

1| (24, t) > g for all ¢ € [t;, t; + 4. (3.6.41)
Hence
) ti+9 ti+90
3= [ wltaa=| [ et o
t; t;
= lp(i, ti + 6) — (i, i)
< sup |p(z,t; +9) — p(x,t;)], (3.6.42)
zeM
a contradiction since ¢(t) converges uniformly to 0 in C°(M) as t — oo. O

Finally, we prove part (iii) of Theorem 3.6.1.

Lemma 3.6.9. Fiz s € S and write E = w5 (s) for the fiber over s. Write
What = Wiat|g- Then on E,

cw(t)|p — whay  as t — 0o, (3.6.43)

where the convergence is uniform on C°(E). Moreover, the convergence is uni-
form in s e S.

Proof. We use here an argument similar to one found in [Tosl10b]. Applying
Lemma 3.6.5 we have

Var(9lB)]}), < [Vagl* < C. (3.6.44)

From Lemma 3.6.4, we see that g|g is uniformly equivalent to e gp. It follows
that

Vs (e'glp)ls, = € IVas(glp) -y, < Ce™' Vg (glE)ly, < C'e™".  (3.6.45)

Since ggat is a constant multiple of gg we see that

Ve (€'glE — gnat)ly, < C'e™". (3.6.46)
Moreover, [e'w|g] = [what]. It is now straightforward to complete the proof

of the lemma. Indeed, any two K&ahler metrics on the Riemann surface E are
conformally equivalent and hence we can write etw| E = e%wqa for a smooth
function o0 = o(z,t) on E x [0,00). We have
|d(e? — 1)]§E —0 ast— oo, and / (e? = 1)wg = 0. (3.6.47)
E
From the second condition, for each time ¢ there exists y(t) € F with o(y(t),t) =0
and hence by the Mean Value Theorem for manifolds,

@) 1] = (7@t — 1) — (e"WHD _1)] 50 ast — oo, (3.6.48)
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uniformly in # € E. This says precisely that e'w(t)|g — wpat uniformly as ¢ — oc.
Moreover, none of our constants depend on the choice of s € S. This completes
the proof of the lemma. O

Combining Lemma 3.6.6 with Lemmas 3.6.8 and 3.6.9 completes the proof of
Theorem 3.6.1.

3.7 Finite time singularities

In this section, we describe some behaviors of the Kéhler-Ricci flow in the case of a
finite time singularity. The complete behavior of the flow is far from understood,
and is the subject of current research. In Section 3.7.1, we prove some basic
estimates, most of which hold under fairly weak hypotheses. Next, in Section
3.7.2, we describe a result of [Zhal0] on the behavior of the scalar curvature and
discuss some speculations. In Sections 3.7.3 and 3.7.4 we describe, without proof,
some recent results [SSW11, SW10] and illustrate with an example.

3.7.1 Basic estimates

We now consider the Kahler-Ricci flow

d
Y= —Ric(w), wli=0 = wo, (3.7.1)

in the case when T' < co. The cohomology class [wo] —T'c1 (M) is a limit of Kéhler
classes but is itself no longer Kahler. The behavior of the Kéhler-Ricci flow as
t tends towards the singular time T will depend crucially on properties of this
cohomology class.

We first observe that since T' < oo we immediately have from Corollary 3.2.3

the estimate
w" < CQ, (3.7.2)

for a uniform constant C.

As in Section 3.3 we reduce (3.3.1) to a parabolic complex Monge-Ampere
equation. Choose a closed (1,1) form @y in the cohomology class [wo] — Tc1(M).
Given this we can define a family of reference forms @; by

& = (T = thwo + téor) € fwo] — ter (M), (3.7.3)

Observe that w; is not necessarily a metric, since wr may have negative eigen-
values. Write y = (&7 — wo) = %@t € —c1(M) and define Q to be the volume

form with
V=1 _
——001logQ = x € —c1 (M), / Q= / wg - (3.7.4)
2 M M

We then consider the parabolic complex Monge-Ampere equation
(@ + 52000)"
Q b

Jv—1 _

@SO
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From (3.7.2) we immediately have:
Lemma 3.7.1. For a uniform constant C we have on M x [0,T),
o <C. (3.7.6)

If we assume that wr > 0 then the next result shows that the potential ¢ is
bounded [Tzha06] (see also [SW10]). Note that since [wo] — T'c1(M) is on the
boundary of the Kahler cone, one would expect in many cases that this class
contains a nonnegative representative wr.

Proposition 3.7.2. Assume that wr is nonnegative. Then for a uniform con-
stant C' we have on M x [0,T),

o] < C. (3.7.7)

Proof. The upper bound of ¢ follows from Lemma 3.7.1. Alternatively, use the
same argument as in the upper bound of ¢ in Lemma 3.3.2. For the lower bound,
observe that

. 1 . 1

o = Tn (T — t)wo + toor)™ > ﬁ(T —t)"wy > co(T —t)"82, (3.7.8)
for some uniform constant ¢y > 0. Here we are using the fact that wr is nonneg-
ative. Define

¥ =¢+n(T —t)(log(T —t) —1) — (log cg — 1)t, (3.7.9)
and compute
5 Eag n
%¢ S = O log(T — 1) — (log.co — 1). (3.7.10)

At a point where 1 achieves a minimum in space we have g@gw = %85@ >0
and hence from (3.7.8),

%w > log(co(T —t)") —nlog(T —t) — (logco — 1) = 1. (3.7.11)

It follows from the minimum principle that 1 cannot achieve a minimum after
time ¢t = 0, and so v is uniformly bounded from below. Hence ¢ is bounded from
below. |

If wr is the pull-back of a Kéhler metric from another manifold via a holo-
morphic map (so in particular Wy > 0), we have by the parabolic Schwarz lemma
(Theorem 3.2.6) a lower bound for w(t):
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Lemma 3.7.3. Suppose there exists a holomorphic map f : M — N to a compact
Kahler manifold N and let wy be a Kahler metric on N. We assume that

[wo] — T'er (M) = [f*wn]. (3.7.12)
Then on M x [0,T),
w > éf*wN, (3.7.13)
for a uniform constant C.

Proof. The method is similar to that of Lemma 3.5.12. We take wr = f*wny > 0.
Define u = tr, f*wy. We apply the maximum principle to the quantity

Q =logu— Ap — An(T —t)(log(T —t) — 1), (3.7.14)

for A to be determined later, and where we assume without loss of generality
that u > 0. Compute using (3.2.24)

d
(dt - A> Q < Cou — Ap + Anlog(T — t) + Atr ,(w — &)

n

— tr o (Cof*wn — (A — 1)@x) — Alog ﬁ — tr @y + An.
(3.7.15)

Now choose A sufficiently large so that (A — )&y — Cof*wny > ffwy for all
t € [0,T]. By the geometric-arithmetic means inequality, there exists a constant
¢ > 0 such that

(3.7.16)

tro,wp >

_\n 1/n
o (E202)
w

Then, arguing as in the proof of Lemma 3.3.4,

_\n _ \n 1/n
<d—A>Q§—u+Alog(Tt)Q—c((Tt)Q> + An < —u+C,
dt wn wn

for a uniform constant C, since the map p — Alog u—cp'/™ is uniformly bounded
from above for p > 0. Hence at a maximum point of ) we see that u is bounded
from above by C. Since ¢ and (T — t)log(T — t) are uniformly bounded this
shows that @ is uniformly bounded from above. Hence u is uniformly bounded
from above. g

A natural question is: when is the limiting class [wg] —T'c1 (M) represented by
the pull-back of a K&hler metric from another manifold via a holomorphic map?
It turns out that this always occurs if the initial data is appropriately ‘algebraic’.
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Proposition 3.7.4. Assume there exists a line bundle L on M such that klwy] =
c1(L) for some positive integer k. Then there exists a holomorphic map f : M —
PN to some projective space PN and

[wo] = Ter(M) = [fw], (3.7.17)
for some Kdhler metric w on PV,

Proof. We give a sketch of the proof. Note that by the assumption on L, the
manifold M is a smooth projective variety. From the Rationality Theorem of
Kawamata and Shokurov [KMMS87, KolMori98|, T is rational. The class [wo] —
Tci (M) is nef since it is the limit of Ké&hler classes. From the Base Point Free
Theorem (part (ii) of Theorem 3.1.12), [wo] — T'c1(M) is semi-ample, and the
result follows. ]

If we make a further assumption on the map f then we can obtain C* esti-
mates for the evolving metric away from a subvariety.

Theorem 3.7.5. Suppose there exists a holomorphic map f : M — N to a
compact Kéhler manifold N which is a biholomorphism outside a subvariety
E C M. Let wy be a Kahler metric on N. We assume that

lwo] — Ter (M) = [fwn]- (3.7.18)

Then on any compact subset K of M \ E there exists a constant cx > 0 such
that
w>cgwy, on K x[0,T). (3.7.19)

Moreover we have uniform C}y, estimates for w(t) on M \ E.

Proof. The inequality (3.7.19) is immediate from Lemma 3.7.3 and the fact that
ffwy is a Kéhler metric on M \ E. From the volume form bound (3.7.2), we
immediately obtain uniform upper and lower bounds for w on compact subsets of
M\ E. The higher order estimates follow from the same arguments as in Lemmas

3.5.6 and 3.5.7. O

We will see in Section 3.7.3 that the situation of Theorem 3.7.5 arises in the
case of blowing down an exceptional divisor.

3.7.2 Behavior of the scalar curvature

In this section we give prove the following result of Zhang [Zhal0] on the behavior
of the scalar curvature. Given the estimates we have developed so far, we can give
quite a short proof. Recall that we have a lower bound of the scalar curvature
from Theorem 3.2.2.

Theorem 3.7.6. Let w = w(t) be a solution of the Kéhler-Ricci flow (3.7.1) on
the maximal time interval [0,7"). If T < oo then

lirtn_>s%1p (S}\l}) R(g(t))> = 00. (3.7.20)
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In the case of the general Ricci flow with a singularity at time T' < oo it is
known that sup,, |Ric(g(t))| — oo as t — T [Se05].

Proof of Theorem 3.7.6. We will assume that (3.7.20) does not hold and obtain
a contradiction. Since we know from Theorem 3.2.2 that the scalar curvature has
a uniform lower bound, we may assume that || R(t)[|co(as) is uniformly bounded
for t € [0,T). Let ¢ solve the parabolic complex Monge-Ampere equation (3.7.5).
First note that

d w™

—1 — || =|R| < C. 3.7.21

e (5 )| = 1ri< (3.7.21)
Integrating in time we see that |¢| = |log 4| is uniformly bounded. Integrating

in time again, we obtain a uniform bound for ¢. Define H = tp — ¢ — nt, which
is a bounded quantity. Then using (3.3.16) we obtain (cf. (3.5.13)),

d
(dt - A) H=ttrox —n+try(w—wy) =try(txy —wy) = —trywe.  (3.7.22)

Apply Proposition 3.2.5 to see that

d
(dt — A> tryow < Cotr wwo, (3.7.23)

for a uniform constant Cjy depending only on wy. Define @) = logtr,,w+ AH for
A = Cy+ 1. Combining (3.7.22) and (3.7.23), compute

d
(dt - A) Q < —trywo <0, (3.7.24)

and hence by the maximum principle @) is bounded from above by its value at
time ¢ = 0. It follows that tr,,w is uniformly bounded from above. Since we
have a lower bound for ¢ = log %, we see that for a uniform constant C,

1

oo <w<Cwy, on M x]I0,T). (3.7.25)
Applying Corollary 3.2.16, we obtain uniform estimates for w(t) and all of its
derivatives. Hence w(t) converges to a smooth Kéahler metric w(7) which is
contained in [wg] — T'e;(M). Thus [wo] — Ter (M) is a Kéahler class, contradicting
the definition of 7. O

We remark that Theorem 3.7.6 can be proved just as easily using the parabolic
Schwarz lemma instead of Proposition 3.2.5. Indeed one can replace () with
Q = logtr,wo + AH and apply the Schwarz lemma with the holomorphic map
f being the identity map and wy = wp. This was the method in [Zhal0]. Also,
one can find in [ZhalO] a different way of obtaining a contradiction, one which
avoids the higher order estimates.

We finish this section by mentioning a couple of ‘folklore conjectures’:
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Conjecture 3.7.7. Let w = w(t) be a solution of the Kdhler-Ricci flow (3.3.1)
on the mazximal time interval [0,T). If T < oo then

R< | (3.7.26)

for some uniform constant C.

This conjecture has been established in dimension 1 by Hamilton and Chow
[Chow91, Ham88| and by Perelman in higher dimensions if [wg] = ¢1(M) > 0
[Per03c] (see also [SeT08]). Perelman’s result makes use of the functionals he
introduced in [Per02]. In [Zhal0], it was shown in a quite general setting, that
R<CO/(T —1t)>2

A stronger version of Conjecture 3.7.7 is:

Conjecture 3.7.8. Let w = w(t) be a solution of the Kdhler-Ricci flow (3.3.1)
on the mazximal time interval [0,T). If T < oo then

C
< — 1.2
|Rm| < ¢ (3.7.27)

for some uniform constant C.

Another way of saying this is that all finite time singularities along the Kéahler-
Ricci flow are of Type I. This is related to a conjecture of Hamilton and Tian that
the (appropriately normalized) Kéhler-Ricci flow on a manifold with positive first
Chern class converges to a Kahler-Ricci soliton, with a possibly different complex
structure in the limit.

3.7.3 Contracting exceptional curves

In this section we briefly describe, without proof, the example of blowing-down
exceptional curves on a Kahler surface in finite time. We begin by defining what
is meant by a blowing-down and blowing-up (see for example [GHT78]).

First, we define the blow-up of the origin in C2. Let 2!, 22 be coordinates on
C?, and let U be a open neighborhood of the origin. Define

U={(z,0) eUxP|zet}, (3.7.28)

where we are considering ¢ as a line in C? through the origin. One can check that
U is a 2-dimensional complex submanifold of U x P'. There is a holomorphic
map 7 : U — U given by (z,£) — z which maps U \ 7—(0) biholomorphically
onto U \ {0}. The set 7—1(0) is a 1-dimensional submanifold of U, isomorphic to
Pl

Given a point p in a Kéhler surface N we can use local coordinates to construct
the blow up m: M — N of p, by replacing a neighborhood U of p with the blow
up U as above. Thus M is a Kihler surface and 7 a holomorphic map extending
the local map given above. Up to isomorphism, this construction is independent
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of choice of coordinates. The curve E = 7~ !(p) is called the exceptional curve.
Since 7(F) = p, the map m contracts or blows down the curve E. Moreover,
is an isomorphism from M \ E to N \ {p}. From the above we see that F is a
smooth curve which is isomorphic to P!. Moreover, the reader can check that it
satisfies £ - £ = —1.

Conversely, given a curve E on a surface M with these properties we can
define a map blowing down E. More precisely, we define an irreducible curve F
in M to be a (—1)-curve if it is smooth, isomorphic to P! and has E - E = —1.
If M admits a (—1)-curve E then there exists a holomorphic map = : M — N to
a smooth Kahler surface N and a point p € Y such that 7 is precisely the blow
down of E to p, as constructed above. Note that if E is a (—1) curve then by the
Adjunction Formula, Kg - £ = —1.

The main result of [SW10] says that, under appropriate hypotheses on the
initial Kahler class, the Kéahler-Ricci flow will blow down (—1)-curves on M
and then continue on the new manifold. To make this more precise, we need
a definition.

Definition 3.7.9. We say that the solution g(t) of the Kdhler-Ricci flow (3.7.1)
on a compact Kdahler surface M performs a canonical surgical contraction if
the following holds. There exist distinct (—1) curves E1,...,Ey of M, a compact
Kahler surface N and a blow-down map © : M — N with 7(E;) = y; € N and
W|M\Uf:1 g, @ biholomorphism onto N\ {y1,...,yx} such that:

(i) As t — T—, the metrics g(t) converge to a smooth Kdhler metric gr on
M\ Ule E; smoothly on compact subsets of M \ Ule E;.

(ii) (M, g(t)) converges to a unique compact metric space (N, dr) in the Gromou-
Hausdorff sense ast — T~ . In particular, (N, dr) is homeomorphic to the
Kahler surface N.

(iii) There exists a unique mazimal smooth solution g(t) of the Kdhler-Ricci
flow on N fort € (T,Tx), with T < Ty < oo, such that g(t) converges to
(=Y *gn as t — T+ smoothly on compact subsets of N\ {y1,...,yx}-

(iv) (N,g(t)) converges to (N,dr) in the Gromov-Hausdorff sense ast — T™.

The following theorem is proved in [SW10]. It essentially says that whenever
the evolution of the Kéahler classes along the Kéhler-Ricci flow indicate that a
blow down should occur at the singular time T' < oo, then the Kéhler-Ricci flow
carries out a canonical surgical contraction at time 7.

Theorem 3.7.10. Let g(t) be a smooth solution of the K&hler-Ricci flow (3.7.1)
on a Kéhler surface M for ¢ in [0,T") and assume T' < co. Suppose there exists
a blow-down map 7 : M — N contracting disjoint (—1) curves Ey,..., Ex on M
with 7(F;) = y; € N, for a smooth compact Kéhler surface (N,wy) such that
the limiting K&hler class satisfies

[wo] — Te1(M) = [m*wn]. (3.7.29)
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Then the Kéhler-Ricci flow ¢(t) performs a canonical surgical contraction with
respect to the data Eq,..., Ey, N and .

Note that from Theorem 3.7.5, we have C7%. estimates for g(t) on M\Uf:1 E;,
and thus part (i) in the definition of canonical surgical contraction follows im-
mediately. For the other parts, estimates are needed for g(¢) near the subvariety
E. To continue the flow on the new manifold, some techniques are adapted from
[ST09]. We refer the reader to [SW10] for the details. In fact, the same result
is shown to hold in [SW10] for blowing up points in higher dimensions, and in
[SW11] the results are extended to the case of an exceptional divisor £ with nor-
mal bundle O(—k), which blows down to an orbifold point. See also [LaNT09]
for a different approach to the study of blow-downs.

In Section 3.8.3, we will show how Theorem 3.7.10 can be applied quite gen-
erally for the Kéhler-Ricci flow on a Kéhler surface.

3.7.4 Collapsing in finite time

In this section, we briefly describe, again without proof, another example of a
finite time singularity.

Let M be a projective bundle over a smooth projective variety B. That is,
M = P(F), where m : E — B is a holomorphic vector bundle which we can take
to have rank r. Write 7 also for the map w : M — B. Of course, the simplest
example of this would be a product B x P"~!. We consider the Kihler-Ricci flow
(3.7.1) on M. The flow will always develop a singularity in finite time. This is
because

[ @ony>o, (3.7.30)
F

for any fiber F, whereas if T = oo then 1[wp] — c1(M) > 0 for all ¢ > 0. The
point is that the fibers F' =2 P"~! must shrink to zero in finite time along the
Kahler-Ricci flow.

In [SSW11], it is shown that:

Theorem 3.7.11. Assume that
[wo] — Ter(M) = [ wpgl, (3.7.31)

for some Kéhler metric wp on B. Then there exists a sequence of times t; — T
and a distance function dg on B, which is uniformly equivalent to the distance
function induced by wg, such that (M, w(t;)) converges to (B, dp) in the Gromov-
Hausdorff sense.

Note that from Lemma 3.7.3 we immediately have w(t) > %TF*WB for some
uniform C' > 0. The key estimates proved in [SSW11] are:

(i) w(t) < Cwo.
(ii) diam,F < O(T — t)'/3, for every fiber F.
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Thus we see that the metrics are uniformly bounded from above along the flow
and the fibers collapse. Given (i) and (ii) it is fairly straightforward to establish
Theorem 3.7.11. We refer the reader to [SSW11] for the details.

The following conjectures are made in [SSW11]:

Conjecture 3.7.12. With the assumptions above:

(a) There exists unique distance function dg on B such that (M,w(t)) converges
in the Gromov-Hausdorff sense to (B,dp), without taking subsequences.

(b) The estimate (ii) above can be strengthened to diam,,)F < C(T — Y2, for
every fiber F.

(¢) Theorem 3.7.11 (and parts (a) and (b) of this conjecture) should hold more
generally for a bundle 7 : M — B over a Kdihler base B with fibers m*(b)
being Fano manifolds admitting metrics of nonnegative bisectional curva-
ture.

We end this section by describing an example which illustrates both the case
of contracting an exceptional curve and the case of collapsing the fibers of a
projective bundle. Let M be the blow up of P? at one point p € P?. Let
f : M — P? be the map blowing down the exceptional curve E to the point p.
To see the bundle structure on M, note that the blow-up of C? at the origin can
be identified with M \ f~'(H) for H a hyperplane in P?. We have a map 7 from
the blow up of C2, which is {(z,£) € C? x P! | z € £}, to P! given by projection
onto the second factor. This extends to a holomorphic bundle map 7 : M — P!
which has P! fibers. We refer the reader to [Cal82, SW09] for more details.

Writing w; and wsy for the Fubini-Study metrics on P! and P? respectively,
we see that every Kahler class o on M can be written as a linear combination
a = B[m*wi] + y[f*we] for B, > 0. The boundary of the Kéhler cone is spanned
by the two rays R=%[r*w] and R=Y[f*ws]. The first Chern class of M is given by

c1(M) = [7*wi] + 2[f*we] > 0. (3.7.32)

Hence if the initial Kdhler metric wy is in the cohomology class ag = Bo[m*w1] +
Yo[f*w2] then the solution w(t) of the K&hler-Ricci flow (3.7.1) has cohomology
class

w(t)] = B[ wn] + A wal, with B(E) = Bo—t, A(t) = 70— 2t. (3.7.33)

There are three different behaviors of the Kéhler-Ricci flow according to whether
the cohomology class [w(t)] hits the boundary of the K&hler cone at a point on
R>[r*w1], at a point on R>°[f*ws] or at zero. Namely:

(i) If v0 > 2B then a singularity occurs at time 7' = Sy and
[wo] = Ter(M) =~(T)[f*wa], with y(T) =0 —28 >0.  (3.7.34)

Thus we are in the case of Theorem 3.7.10 and the Ké&hler-Ricci flow per-
forms a canonical surgical contraction at time 7.



156 CHAPTER 3. INTRODUCTION TO THE KRF

(ii) If 4o < 28 then a singularity occurs at time T = y/2 and
[wo] = T'er (M) = B(T)[w"w1],  with B(T") = Bo — /2 >0.  (3.7.35)

Thus we are in the case of Theorem 3.7.11 and the Kéahler-Ricci flow will
collapse the P! fibers and converge in the Gromov-Hausdroff sense, after
passing to a subsequence, to a metric on the base P!.

(iii) If 7o = 26y then the cohomology class changes by a rescaling. It was shown
by Perelman [Per03c, SeT08]| that (M,w(t)) converges in the Gromov-
Hausdorff sense to a point.

The behavior of the Ké&hler-Ricci flow on this manifold M, and higher di-
mensional analogues, was analyzed in detail by Feldman-Ilmanen-Knopf [FIK03].
They constructed self-similar solutions of the Kéhler-Ricci flow through such sin-
gularities (see also [Ca094]) and carried out a careful study of their properties.
Moreover, they posed a number of conjectures, some of which were established
in [SW09].

Indeed if we make the assumption that the initial metric wq is invariant under
a maximal compact subgroup of the automorphism group of M, then stronger
results than those given in Theorems 3.7.10 and 3.7.11 were obtained in [SW09].
In particular, in the situation of case (ii), it was shown in [SW09] that (M,w(t))
converges in the Gromov-Hausdorff sense (without taking subsequences) to a
multiple of the Fubini-Study metric on P! (see also [Foll]).

One can see from the above some general principles for what we expect with
the Kéahler-Ricci low. Namely, the behavior of the flow ought to be able to be
read from the behavior of the cohomology classes [w(t)] as ¢ tends to the singular
time T'. If the limiting class [wo] — Tc1(M) = [7*wn] for some 7 : M — N with
wy Kéhler on N, then we expect geometric convergence of (M,w(t)) to (N, wn)
in some appropriate sense. This philosophy was discussed by Feldman-Ilmanen-
Knopf [FIK03].

3.8 The Kahler-Ricci flow and the analytic MMP

In this section, we begin by discussing, rather informally, some of the basic ideas
behind the minimal model program (MMP) with scaling. Next we discuss the
program of Song-Tian relating this to the K&hler-Ricci flow. Finally, we describe
the case of Kéahler surfaces.

3.8.1 Introduction to the minimal model program with scaling

In this section, we give a brief introduction of Mori’s minimal model program
(MMP) in birational geometry. For more extensive references on this subject, see
[CKL11, Deb01, KMMS87, KolMori98], for example. We also refer the reader to
[Siu08] for a different analytic approach to some of these questions.
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We begin with a definition. Let X and Y be projective varieties. A rational
map from X to Y is given by a holomorphic map f: X \ V — Y, where V is a
subvariety of X. We identify two such maps if they agree on X — W for some
subvariety W. Thus a rational map is really an equivalence class of pairs (fy, U)
where U is the complement of a variety in X (i.e. a Zariski open subset of X)
and fy : U — Y is a holomorphic map.

We say that a rational map f from X to Y is birational if there exists a
rational map from Y to X such that f o g is the identity as a rational map. If
a birational map from X to Y exists then we say that X and Y are birationally
equivalent (or birational or in the same birational class).

Although birational varieties agree only on a dense open subset, they share
many properties (see e.g. [GH78, Ha77]). The minimal model program is con-
cerned with finding a ‘good’ representative of a variety within its birational class.
A ‘good’ variety X is one satisfying either:

(i) Kx is nef; or

(ii) There exists a holomorphic map 7 : X — Y to a lower dimensional variety
Y such that the generic fiber X, = 7~ !(y) is a manifold with Kx, < 0.

In the first case, we say that X is a minimal model and in the second case we
say that X is a Mori fiber space (or Fano fiber space). Roughly speaking, since
Kx nef can be thought of as a ‘nonpositivity’ condition on c¢;(X) = [Ric(w)], (i)
implies that X is ‘nonpositively curved’ in some weak sense. Condition (ii) says
rather that X has a ‘large part’ which is ‘positively curved’. The two cases (i)
and (ii) are mutually exclusive.

The basic idea of the MMP is to find a finite sequence of birational maps
fi,..., fr and varieties Xq,..., Xy,

X=Xg - Xy N CRITTEEs . TR - Xp (3.8.1)

so that X}, is our ‘good’ variety: either of type (i) or type (ii). Recall that Kx
nef means that Kx - C > 0 for all curves C'. Thus we want to find maps f; which
‘remove’ curves C with Kx -C < 0, in order to make the canonical bundle ‘closer’
to being nef.

If the complex dimension is 1 or 2, then we can carry this out in the category
of smooth varieties. In the case of complex dimension 1, no birational maps
are needed and case (i) corresponds to ¢1(X) < 0 or ¢;(X) = 0 while case (ii)
corresponds to X = P!. Note that in case (i), X admits a metric of negative or
zero curvature, while in case (ii) X has a metric of positive curvature.

In complex dimension two, by the Enriques-Kodaira classification (see [BHPV]),
we can obtain our ‘good’ variety X via a finite sequence of blow downs (see Sec-
tion 3.8.3).

Unfortunately, in dimensions three and higher, it is not possible to find such
a sequence of birational maps if we wish to stay within the category of smooth
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varieties. Thus to carry out the minimal model program, it is necessary to con-
sider varieties with singularities. This leads to all kind of complications, which
go well beyond the scope of these notes. For the purposes of this discussion, we
will restrict ourselves to smooth varieties except where it is absolutely impossible
to avoid mentioning singularities.

We need some further definitions. Let X be a smooth projective variety. As
we have discussed in Section 3.1.7, there is a natural pairing between divisors and
curves. A I-cycle C on X is a formal finite sum C' = ), a;C}, for a; € Z and C;
irreducible curves. We say that 1-cycles C and C' are numerically equivalent if
D -C = D - (' for all divisors D, and in this case we write C ~ C’. We denote
by N1(X)z the space of 1-cycles modulo numerical equivalence. Write

NI(X)Q:NI(X)Z®ZQ and Nl(X)R:Nl(X)Z®ZR. (382)

Similarly, we say that divisors D and D’ are numerically equivalent if D - C =
D' - C for all curves C. Write N'(X)z for the set of divisors modulo numerical
equivalence. Define N(X)g, N!(X)g similarly. One can check that N1(X)g and
N1(X)g are vector spaces of the same (finite) dimension. In the obvious way, we
can talk about 1-cycles with coefficients in Q or R (and correspondingly, Q- or
R-divisors) and we can talk about numerical equivalence of such objects.
Within the vector space N1 (X)g is a cone N E(X) which we will now describe.
We say that an element of Ny (X)g is effective if it is numerically equivalent to a
1-cycle of the form C' = )", a;C; with a; € R=9 and C; irreducible curves. Write
NE(X) for the cone of effective elements of Ni(X)r, and write NE(X) for its
closure in the vector space Ni(X)g. The importance of NE(X) can be seen
immediately from the following theorem, known as Kleiman’s criterion:

Theorem 3.8.1. A divisor D is ample if and only if D - w > 0 for all nonzero
w € NE(X).

We can now begin to describe the MMP with scaling of [BCHM10]. This is
an algorithm for finding a specific sequence of birational maps fi,... fx. First,
choose an ample divisor H on X. Then define

T =sup{t >0 | H+tKx > 0}. (3.8.3)

If T' = oo, then we have nothing to show since Kx is already nef and we are in
case (i). Indeed, if C is any curve in X then

1 1 1

Kx -C=
We can assume then that T' < co. We can apply the Rationality Theorem of
Kawamata and Shokurov [KMMS87, KolMori98] to see that T is rational, and
hence H + T K x defines a Q-line bundle.

Next we apply the Base Point Free Theorem (part (ii) of Theorem 3.1.12) to
L = H+TKx to see that for sufficiently large m € Z=°, L™ is globally generated



3.8. THE KAHLER-RICCI FLOW AND THE ANALYTIC MMP 159

and H°(X, L™) defines a holomorphic map 7 : X — PV such that L™ = 7*O(1).
We write Y for the image of w. This variety Y is uniquely determined for m
sufficiently large. The next step is to establish properties of this map .

Define a subcone NE(m) of NE(X) by

NE(r) ={w e NE(X) | L-w = 0}, (3.8.5)
which is nonempty by Theorem 3.8.1. We now make the following;:

Simplifying assumption: NE(7) is an eztremal ray of NE(X).

A ray R of NE(X) is a subcone of the form R = { w | A € [0,00)} for some
w € NE(X). We say that a subcone C in NE(X) is extremal if a,b € NE(X),
a+ b € C implies that a,b € C. In general, NE(7) is an extremal subcone but
not necessarily a ray. However, it is expected that it will be an extremal ray for
generic choice of initial ample divisor H (see the discussion in [ST09]).

Remark 3.8.2. In the case that NE(m) is not an extremal ray, one can still
continue the MMP with scaling by applying Mori’s Cone Theorem [KodMor71]
to find such an extremal ray contained in N E(r).

The extremal ray R = NE(mw) has the additional property of being Kx-
negative. We say that a ray is Kx-negative if Kx - w < 0 for all nonzero w in
the ray. Clearly this is true in this case since 0 = L-w=H -w+ TKx - w and
therefore Kx -w = —T7'H -w < 0 if w is a nonzero element of R. Thus from
the point of view of the minimal model program, R contains ‘bad’ curves (those
with negative intersection with Kx) which we want to remove.

Moreover, the map 7 contracts all curves whose class lies in the extremal ray
R = NE(m). The union of these curves is called the locus of R. In fact, the locus
of R = NE(m) is exactly the set of points where the map = : X — Y is not an
isomorphism. Moreover, R is a subvariety of X [Deb01, KodMor71]. There are
three cases:

Case 1. The locus of R is equal to X. In this case 7 is a fiber contraction and
X is a Mori fiber space.

Case 2. The locus of R is an irreducible divisor D. In this case 7 is called a
divisorial contraction.

Case 3. The locus of R has codimension at least 2. In this case, 7 is called a
small contraction.

The process of the MMP with scaling is then as follows: if we are in case 1,
we stop, since X is already of type (ii). In case 2 we haveamap 7 : X - Y C PN
to a subvariety Y. Let Hy on Y be restriction of O(1)|y. We can then repeat
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the process of the minimal model program with scaling with (Y, Hy) instead of
(X, H).

The serious difficulties occur in case 3. Here the image Y of 7 will have
very bad singularities and it will not be possible to continue this process on Y.
Instead we have to work on a new space given by a procedure known as a flip.
Let m: X — Y be a small contraction as in case 3. The flipof 1: X — Y is a
variety X together with a holomorphic birational map 7 : X — Y satisfying
the following conditions:

(a) The exceptional locus of mT (that is, the set of points in X on which 7+
is not an isomorphism) has codimension strictly larger than 1.

(b) If C is a curve contracted by 7% then Kx+ - C > 0.

Thus we have a diagram

R '/7r+ (3.8.6)

The composition (77)~! o 7w is a birational map from X to X*, and is also
sometimes called a flip. In going from X to Y we have contracted curves C' with
Kx - C < 0. The point of (b) in the definition above is that in going from Y
to X* we do not wish to ‘gain’ any curves C of negative intersection with the
canonical bundle. The process of the flip replaces curves C on X with Kx-C <0
with curves ¢’ on X+ with Ky+ - C’ > 0. This fits into the strategy of trying to
make the canonical bundle ‘more nef’.

Given a small contraction 7 : X — Y, the question of whether there actually
exists a flip 77 : XT — Y is a difficult one. It has been established for the
MMP with scaling [BCHM10, HM10]. Returning now to the MMP with scaling:
if we are in case 3 we replace X by its flip X and we denote by LT the strict
transform of O(1)|y via " (see for example [Ha77]). We can now repeat the
process with (X*, HT) instead of (X, H).

We have described now the basic process of the MMP with scaling. Start with
(X,H) and find 7 : X — Y contracting the extremal ray R on which H + TKx
is zero. In case 1, we stop. In case 2 we carry out a divisorial contraction and
restart the process. In case 3, we replace X by its flip X and again restart the
process. A question is now: does this process terminate in finitely many steps?
It was proved in [BCHM10, HM10] that the answer to this is yes, at least in the
case of varieties of general type. If we have not already obtained a Mori fiber
space, then the final variety X} contains no curves C' with Kx - C < 0, and we
are done.

We conclude this section with an example of a flip (see [Deb01, SY10]). Let
Xnn = P(Opn @ Opn(—1)207F1) be the P! bundle over P". Let Yy, ,, be the
projective cone over P x P" in P(m+1)(+1) by the Segre embedding

(Z0s ey Zn] X [Wos oo, W] = [ZoWo, ooy ZiWi, ooy ZinWiy| € PIMAD (DL
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Note that Y, ,, = Y,m. Then there exists a holomorphic map ®,,, : X,,, —
Y, n for m > 1 contracting the zero section of X, ,, of codimension m + 1 to the
cone singularity of Y;, ,. The following diagram gives a flip from X,,,, to X, n,
for 1 <m <mn,

D Lo Xom
%k A o (3.8.7)
Ymn

3.8.2 The Kahler-Ricci flow and the MMP with scaling

Let X be a smooth projective variety with an ample divisor H. We now relate
the MMP with scaling to the (unnormalized) Kéahler-Ricci flow
d .

Y= —Ric(w), wl=0 = wo, (3.8.8)

We assume that the initial metric wp lies in the cohomology class ¢1([H])
associated to the divisor H. As we have seen from Section 3.3.1, a smooth
solution w(t) of the Ké&hler-Ricci flow exists precisely on the time interval [0,T),
with T' defined by (3.8.3). In general, we expect that as ¢ — T', the Kahler-Ricci
flow carries out a ‘surgery’, which is equivalent to the algebraic procedure of
contracting an extremal ray, as discussed above.

The following is a (rather sketchy) conjectural picture for the behavior of the
Kahler-Ricci flow, as proposed by Song and Tian in [ST07, ST09, Tian08|.

Step 1. We start with a metric wp in the class of a divisor H on a variety X. We
then consider the solution w(t) of the Kahler-Ricci flow (3.8.8) on X starting at
wp. The flow exists on [0,T) with T'=sup{t >0 | H +tKx > 0}.

Step 2. If T' = oo, then Kx is nef and the Kahler-Ricci flow exists for all time.
The flow w(t) should converge, after an appropriate normalization, to a canonical
‘generalized Kéahler-Einstein metric’ on X as t — oo.

Step 3. If T < oo, the Kéhler-Ricci flow deforms X to (Y, gy) with a possibly
singular metric gy ast — 7.

(a) If dim X = dimY and Y differs from X by a subvariety of codimension 1,
then we return to Step 1, replacing (X, go) by (Y, gy).

(b) If dim X = dimY and Y differs from X by a subvariety of codimension
greater than 1, we are in the case of a small contraction. Y will be singu-
lar. By considering an appropriate notion of weak Kéhler-Ricci flow on Y,
starting at gy, the flow should immediately resolve the singularities of Y
and replace Y by its flip Xt (see [SY10]). Then we return to Step 1 with
X,
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(¢) If 0 < dimY < dim X, then we return to Step 1 with (Y, gy ).

(d) If dimY = 0, X should have ¢;(X) > 0. Moreover, after appropriate
normalization, the solution (X, w(t)) of the Kahler-Ricci flow should deform
to (X’,w’) where X’ is possibly a different manifold and ' is either a
Kéhler-Einstein metric or a Kéhler-Ricci soliton (i.e. Ric(w’) = W'+ Ly (&)
for a holomorphic vector field V'). See the discussion after Conjecture 3.7.8.

Namely, the Kéhler-Ricci flow should construct the sequence of manifolds
X1,..., Xk of the MMP with scaling, with X} either nef (as in Step 2) or a
Mori fiber space (as in Step 3, part (c) or (d)). If we have a Mori fiber space,
then we can continue the flow on the lower dimensional manifold Y, which would
correspond to a lower dimensional MMP with scaling. At the very last step, we
expect the Kéhler-Ricci flow to converge, after an appropriate normalization, to
a canonical metric.

In [ST09], Song-Tian constructed weak solutions for the Kéhler-Ricci flow
through the finite time singularities if the flips exist a priori. Such a weak so-
lution is smooth outside the singularities of X and the exceptional locus of the
contractions and flips, and it is a nonnegative closed (1, 1)-current with locally
bounded potentials. Furthermore, the weak solution of the K&ahler-Ricci flow is
unique.

In Step 2, when T = oo, one can say more about the limiting behavior of
the Kéhler-Ricci flow. The abundance conjecture in birational geometry predicts
that K x is semi-ample whenever it is nef. Assuming this holds, the pluricanonical
system H°(X, K'?) for sufficiently large m induces a holomorphic map ¢ : X —
Xecan. Xcan 18 called the canonical model of X and it is uniquely determined by
the canonical ring of X. If we assume that X is nonsingular and Kx is semi-
ample, then normalized solution ¢(t)/t always converges weakly in the sense of
distributions. Moreover:

e If kod(X) = dim X, then X,y is birationally equivalent to X and the limit
of g(t)/t is the unique singular Kéhler-Einstein metric on Xcan [Tzha06,
Tsu88]. If X is a singular minimal model, we expect the Kéhler-Ricci flow
to converge to the singular Kéahler-Einstein metric of Guedj-Eyssidieux-

Zeriahi [EGZ11].

e If 0 < kod(X) < dim X, then X admits a Calabi-Yau fibration over Xcay,
and the limit of g(¢)/t is the unique generalized Kéahler-Einstein metric
(possibly singular) gean on Xcan defined by Ric(gean) = —gean + gwp away
from a subvariety of X ., where gwp is the Weil-Petersson metric induced
from the Calabi-Yau fibration of X over X¢a, [ST07, ST12].

o If kod(X) = 0, then X itself is a Calabi-Yau manifold and so the limit
of ¢g(t) is the unique Ricci flat K&hler metric in its initial K&hler class
[Cao85, YauT7s] .
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A deeper question to ask is whether such a weak solution is indeed a geometric
solution of the Kéahler-Ricci flow in the Gromov-Hausdorff topology. One would
like to show that the Kéahler-Ricci flow performs geometric surgeries in Gromov-
Hausdorff topology at each singular time and replaces the previous projective
variety by a ‘better’ model. Such a model is again a projective variety and the
geometric surgeries coincide with the algebraic surgeries such as contractions and
flips. If this picture holds, the Kéahler-Ricci flow gives a continuous path from X
to its canonical model X ,, coupled with a canonical metric in the moduli space
of Gromov-Hausdorff. We can further ask: how does the curvature behave near
the (finite) singular time? Is the singularity is always of Type I (see Conjecture
3.7.8)7 Will the flow give a complete or compact shrinking soliton after rescaling
(cf. [Ca094, FIKO03])?

3.8.3 The Kahler-Ricci flow on Kahler surfaces

In this section, we describe the behavior of the Kéhler-Ricci flow on Kéhler
surfaces, and how it relates to the MMP. For the purpose of this section, X will
be a Kahler surface.

We begin by discussing the minimal model program for surfaces. It turns
out to be relatively straightforward. We obtain a sequence of smooth manifolds
X1,..., X, and holomorphic maps fi,..., f&,

X=Xy - Xy e N CREETEer e R - X5 (3.8.9)

with X} ‘minimal’ in the sense described below. Moreover, each of the maps f;
is a blow down of a curve to a point.

We say that a Kéhler surface X is a minimal surface if it contains no (—1)-
curve. By the Adjunction Formula, a surface with Kx nef is minimal. On
the other hand, a minimal surface may not have Kx nef (an example is P?) and
hence this definition of minimal surface differs from the notion of ‘minimal model’
discussed above.

The minimal model program for surfaces is simply as follows: given a surface
X, contract all the (—1)-curves to arrive at a minimal surface. The Kodaira-
Enriques classification can then be used to deduce that one either obtains a
minimal surface with Kx nef, or a minimal Mori fiber space. A minimal Mori
fiber space is either P? or a ruled surface, i.e. a P! bundle over a Riemann
surface (in the literature, sometimes a broader definition for ruled surface is
used). Dropping the minimality condition, Mori fiber spaces in dimension two
are precisely those surfaces birational to a ruled surface. Note that since P? is
birational to P! x P!, every surface birational to P? is birational to a ruled surface.

We wish to see whether the Kéhler-Ricci flow on a Kéhler surface will carry
out this ‘minimal model program’. The Kéahler-Ricci flow should carry out the
algebraic procedure of contracting (—1)-curves. Recall that in Section 3.7.3 we
defined the notion of canonical surgical contraction for the Kahler-Ricci flow.



164 CHAPTER 3. INTRODUCTION TO THE KRF

Starting at any Ké&hler surface X, we will use Theorem 3.7.10 to show that
the Kéahler-Ricci flow will always carry out a finite sequence of canonical surgical
contractions until it either arrives at a minimal surface or the flow collapses the
manifold.

Theorem 3.8.3. Let (X,wp) be a Kéhler surface with a smooth Kéhler metric
wp. Then there exists a unique maximal K&hler-Ricci flow w(t) on Xy, X1, ..., Xk
with canonical surgical contractions starting at (X, wp). Moreover, each canonical
surgical contraction corresponds to a blow-down 7 : X; — X;11 of a finite number
of disjoint (—1) curves on X;. In addition we have:

(a) Either T}, < oo and the flow w(t) collapses X}, in the sense that
Vol X — 0, as t =1, .
Then X, is birational to a ruled surface.
(b) Or T = oo and X has no (—1) curves.

Proof. Let T1 be the first singular time. If 77 = oo then Kx is nef and hence X
has no (—1)-curves, giving case (b).

Assume then that T} < oo. The limiting class at time T} is given by a =
[wo] — T1c1(X). Suppose that

o = tl_i)l%([wo} —te1(X))? = tl_i)r;ll Vol X > 0, (3.8.10)
so that we are not in case (a). Thus the class « is nef and big. On the other
hand, o cannot be a Kéhler class by Theorem 3.3.1.

We further notice that o + efwo] is Kahler for all ¢ > 0 by Theorem 3.3.1.
Then
a-(a+ew) = o +ea - [wo)] >0 (3.8.11)

if we choose € > 0 sufficiently small.

We now apply the Nakai-Moishezon criterion for Kéhler surfaces (Theorem
3.1.15) to see that there must exist an irreducible curve C on X such that a-C' = 0.
Let £ be the space of all irreducible curves F¥ on X with o- £ = 0. Then £ is
non-empty and every F in £ has E? < 0 by the Hodge Index Theorem (Theorem
3.1.14). Moreover, if E € &,

since [wo] is Kéhler. It then follows from the Adjunction formula (Theorem 3.1.13)
that £ must be a (—1) curve.

We claim that if F; and Fo are distinct elements of £ then they must be
disjoint. Indeed, since F;, Es are irreducible and distinct we have E7 - F5 > 0.
Moreover, (E1+ E3)-a = 0 and applying the Hodge Index Theorem again, we see
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that 0 > (Ey + E2)? = =2+ 2E; - E», so that the only possibility is By - Ey = 0,
proving the claim. It follows that £ consists of finitely many disjoint (—1) curves
By, ... E.

Let m: X — Y be the blow-down map contracting E1, ..., Ex, on X. Then Y
is again a smooth Kihler surface. Since H'!(X,R) is generated by H"!(Y,R)
and the ¢1([E;]) for i = 1, ..., k (see for example Theorem 1.9.1 in [BHPV]), there
exists B € HY'(X,R) and a; € R such that

k
a=m"B+Y aici([E)). (3.8.12)
=1

Since m*3 - E; = 0 for each 1 = 1, ..., k, we have o - F; = a; = 0 for all 7 and hence
oa=m*p.

We claim that 3 is a Kahler class on Y. First, for any curve C on Y, we have
p-C =a-71*C > 0. Moreover, 2 =a? > 0.

Next we consider a, = 7*f — 52?11 c1([Ei]). Then a. is a Kahler class
on X for sufficiently small € > 0 by applying the Nakai-Moishezon criterion for
Kihler surfaces. This is because a? > 0, a. - C > 0 for any curve on X and
ae - (@ + €|wp]) > 0 if we choose € > 0 sufficiently small.

Let v be a fixed Kéhler class on Y. Then

k
=1

for sufficiently small € > 0. Applying the Nakai-Moishzeon criterion once more,
this proves the claim that 3 is a Kéhler class on Y.

We now apply Theorem 3.7.10 to see that the Kéahler-Ricci flow performs a
canonical surgical contraction. We repeat the above procedure until either the
volume tends to 0 or the flow exists for all time. This proves that either T} < oo
and Volyy Xy — 0 as t — 1)~ or T, = oo and X}, has no (—1) curves.

Finally, in the case (a), the theorem follows from Proposition 3.8.4 below. [J

We make use of Enriques-Kodaira classification for complex surfaces (see
[BHPV]) to prove:

Proposition 3.8.4. Let (X,wg) be a Kdhler surface with a smooth Kdhler metric
wo. Let T be the first singular time of the Kdhler-Ricci flow (3.8.8). If T < oo
and VolyX — 0, ast — T. Then X is birational to a ruled surface. Moreover:

(a) Either there exists C > 0 such that

Vol X
o< (:;9_“1)5)2 <0, (3.8.14)

and X is a Fano surface (in particular, is birational to P?) and wy €
Tcl(X).
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(b) Or there exists C > 0 such that

L X
1 Yoo X _ (3.8.15)

O

If X is Fano then wy is not in a multiple of ¢1(X).

Proof. We first show that X is birational to a ruled surface. Suppose for a
contradiction that kod(X) > 0. Then some multiple of Kx has a global holomor-
phic section and hence is effective. In particular, (jwo] + TKx) - Kx > 0, since
[wo] + TKx is a limit of K&hler classes. Then

0 = ([wo] + TKx)* = T(Jwo] + TKx) - Kx + (lwo] + TKx) - [wo]
> ([wo] + TKx) - [wo] > 0, (3.8.16)

which implies that (jwo] +7Kx)-[wo] = 0. Using the Index Theorem and the fact
that [wo]? > 0 and (Jwo] + TKx)? = 0 we have [wg] + TKx = 0. But this implies
that X is Fano, contradicting the assumption kod(X) > 0. Thus we have shown
that X must have kod(X) = —oo. By the Enriques-Kodaira classification for
complex surfaces which are Kéhler (see chapter VI of [BHPV]), X is birational
to a ruled surface.

Since Vol X = ([wo]+tKx)? is a quadratic polynomial in ¢ which is positive
for t € [0,T) and tends to zero as t tends to T, we have

Volyn X = [wo]® + 2t[wo] - Kx + *K% = C1(T — t) + Co(T — t)*,  (3.8.17)

for constants C7 > 0 and C5. First assume C; = 0. Then C5 > 0 and we are in
case (a). From (3.8.17) we obtain

K% =0Cy>0, [wl?=K%T? |w] Kx=-K%T<O0. (3.8.18)

In particular, (Jwo] + TKx) - [wo] = 0 and hence by the Index Theorem, [wp] +
TKx = 0. Thus X is Fano and wg € Tc¢;(X). Note that by the classification of
surfaces, X is either P2, P! x P! or P? blown-up at k points for 1 < k < 8.
Finally, if C; > 0 then we are in case (b). If [wo] is a multiple of ¢;(X) then
the volume Vol X tends to zero of order (T — t)?, a contradiction. O

We now discuss the long time behavior of the Kahler-Ricci flow when we are
in case (b) of Theorem 3.8.3. There are three different behaviors of the Kéhler-
Ricci flow as t — oo depending on whether X has Kodaira dimension equal to 0,
1 or 2:

e if kod(X) = 0, then the minimal model of X is a Calabi-Yau surface with
c1(X) = 0. The flow g(t) converges smoothly to a Ricci-flat Kahler metric
as t — oo, as shown in Section 3.6.



3.8. THE KAHLER-RICCI FLOW AND THE ANALYTIC MMP 167

e If kod(X) =1, then %g(t) converges in the sense of currents to the pullback
of the unique generalized Kéhler-Einstein metric on the canonical model of
X ast — oo [STO7]. A simple example of this is given in Section 3.6 in the
case of a product elliptic surface.

o If kod(X) = 2, 1g(t) converges in the sense of currents (and smoothly
outside a subvariety) to the pullback of the unique smooth orbifold Kéhler-
Einstein metric on the canonical model of X as t — oo [Kob85, Tzha06,
Tsu96]. In the case that c1(X) < 0, we showed in Section 3.6 that 1g(t)
converges smoothly to a smooth Kahler-Einstein metric.

In fact, in the case when T} = oo, the scalar curvature of % g(t) is uniformly
bounded as t — oo [ST11, Zha09]. Furthermore, if we assume that Xj is a
minimal surface of general type, and it admits only irreducible (—2)-curves, then
( Xk, % g(t)) converges in Gromov-Hausdorff sense to its canonical model with the
unique smooth orbifold Kéhler-Einstein metric [SW11].
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Chapter 4

Regularizing properties of the
Kahler-Ricci flow

Sébastien Boucksom! & Vincent Guedj?

Introduction

The Kéhler-Ricci flow w; = —Ric(w;), defined on a compact Kéhler manifold X
endowed with an initial Kéhler form wg, has been the object of intensive study
over the last decades. In particular, it is known that the flow is defined as long as
the cohomology class [w] = [wo] + t[K x] stays in the Kéhler cone of X. The flow
is thus defined on a time interval interval [0,T'[ with either 7" = +o00, in which
case Kx is nef and X is thus minimal by definition, or T' < +o0 and [wo] +T'[Kx]
lies on the boundary of the Kéahler cone.

In [ST09], J.Song and G.Tian proposed to use the Minimal Model Program
(MMP for short) to continue the flow beyond time 7. At least when [wo] is
a rational class (and hence X is projective), the MMP allows to find a mildly
singular projective variety X’ birational to X such that [wo] + t[Kx] induces a
Kahler class on X’ for ¢ > T sufficiently close to T'. It is therefore natural to try
and continue the flow on X', but new difficulties arise due to the singularities of
X'. After blowing-up X’ to resolve these singularities, the problem boils down
to showing the existence of a unique solution to a certain degenerate parabolic
Monge-Ampeére equation, whose initial data is furthermore singular.

The purpose of these notes is to survey Song and Tian’s solution to this
problem. Along the way, a regularizing property of parabolic Monge-Ampere
equations is exhibited, which can in turn be applied to prove the regularity of
weak solutions to certain elliptic Monge-ampere equations, following [SzTol1].

LCNRS-Université Pierre et Marie Curie, Institut de Mathématiques de Jussieu, F-75251
Paris Cedex 05, France.

2Institut Universitaire de France & Institut Mathématiques de Toulouse, Université Paul
Sabatier, 31062 Toulouse cedex 09, France.
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Nota Bene. These notes are written after the lectures the authors delivered
at the second ANR-MACK meeting (8-10 june 2011, Toulouse, France). As the
audience consisted of non specialists, we have tried to make these lecture notes
accessible with only few prerequisites.

4.1 The Kahler-Ricci flow on a singular variety

4.1.1 Forms and currents with potentials

Let X be a complex analytic variety with normal singularities. Since closed
(1,1)-forms on X are not necessarily locally dd°-exact, we introduce the follow-
ing terminology (compare [EGZ09, section 5.2]). Let D, C¥ and PHx = ker dd°
denote respectively the sheaves of germs of distributions, smooth and plurihar-
monic functions on X.

Definition 4.1.1. A (1,1)-form (resp. (1,1)-current) with potentials on X is
defined to be a section of the quotient sheaf C¥/PHx (resp. Dy /PHx). We

also set
Hy(X) = HY(X,PHx).

Concretely, a (1,1)-form with potentials is thus a closed (1,1)-form 6 that is
locally of the form 6 = dd°u for some smooth function u. We say that 6 is a
Kahler form if w is strictly psh. Similarly, a (1,1)-current with potentials T is
locally of the form dd®p where ¢ is a distribution. Note that T is positive iff ¢ is
a psh function (see for instance [Dem85] for the basic facts about psh functions
on complex varieties).

The space H ;(’ilc (X) is isomorphic to the usual dd°-cohomology space computed
using either (1, 1)-forms or currents with potentials, since the sheaves C$ and D’y
are both soft, hence acyclic.

Proposition 4.1.2. Let o € Hcllc’llc (X) and let T be a closed positive (1,1)-current
on Xyeg rTepresenting the dd°-class a|Xreg'

(i) There exists a unique positive (1,1)-current with potentials on X extending
T, and its dd®-cohomology class is .

(it) If X is compact Kdihler and T has locally bounded potential on Xicg then
ereg T™ is finite, bounded above by vol(a).

Proof. Let 0 be a (1,1)-form with potentials on X representing a. We then have
T = 0|x,,, + dd°p for some quasi-psh function ¢ on Xieg. If U is a small enough
neighborhood of a given point of X then § = ddu for some smooth function v on
U, and u + ¢ is a psh function on U,es. By the Riemann extension theorem for
psh function [GR56], u + ¢ automatically extends to a psh function on U, and
(i) easily follows. (ii) is then a consequence of [BEGZ10)]. O

We will also use the following simple fact.



4.1. THE KAHLER-RICCI FLOW ON A SINGULAR VARIETY 171

Lemma 4.1.3. Let p : X — X' be a birational morphism between compact
normal varieties, let A C X and A" C X' be closed analytic subsets of codimension
at least 2, and let u be a psh function on u=1(X'\ A" YN X\ A. Then u is constant.

Proof. By [GR56] u extends to a psh function on p~1(X’\ A’), hence descends
to a psh function v’ on X'\ A’ since p has connected fibers by Zariski’s main

theorem. By [GR56] again, u’ extends to a psh function on X', hence is constant.
O

4.1.2 Log terminal singularities

Recall that a normal variety X is Q-Gorenstein if its canonical divisor K x exists
as a (Q-line bundle, which means that there exists r € N and a line bundle L on X
such that L|x,,, = rKx,,. If X is compact Kéhler and Q-Gorenstein, it follows
from Proposition 4.1.2 that any Kahler form w on X,e with dd®-cohomology
class c1(+Kx,.,) (in particular, + the Ricci form of a Kéhler metric on Xig)
automatically has finite volume.

Let X be a Q-Gorenstein variety and choose a log resolution of X, i.e. a
projective birational morphism 7 : X’ — X which is an isomorphism over Xiq
and whose exceptional divisor £ = ), E; has simple normal crossings. There is
a unique collection of rational numbers a;, called the discrepancies of X (with
respect to the chosen log resolution) such that

Kx ~Q W*Kx+2aiEi.

(2

By definition, X has log terminal singularities if a; > —1 for all ¢. This definition
is independent of the choice of a log resolution; this will be a consequence of the
following analytic interpretation of log terminal singularities as a finite volume
condition.

After replacing X with a small open set, we may choose a non-zero section
o of the line bundle rKx for some r € N*. Restricting to X, we get a smooth
positive volume form by setting

fy = <im20 A a) v (4.1.1)

Such measures are called adapted measures in [EGZ09]. The key fact fact is then:

Lemma 4.1.4. Let z; be a local equation of E;, defined on a neighborhood U C X'
of a given point of E. Then

(T ho)nm = [ [ 1z:**av

(2

for some smooth volume form dV on U.
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As a consequence we see that a Q-Gorenstein variety X has log terminal
singularities iff every adapted measure p, has locally finite mass near points of
Xging. The construction of adapted measures can be globalized as follows: let ¢
be a smooth metric on the Q-line bundle Kx. Then

i e na )"
P i= () (4.1.2)

‘O-|r¢

becomes independent of the choice of a local non-zero section o of rKx, hence
defines smooth positive volume form on X,.s, which has locally finite mass at
infinity (i.e. near points of Xi,e) iff X is log terminal.

Remark 4.1.5. In [ST09] the authors define a smooth volume form on X to be a
measure of the form pg for a smooth metric ¢ on Kx. We prefer to avoid this
terminology, which has the drawback that w™ might not be smooth in this sense
even if w is a (smooth) Kéhler form on X.

The following simple result illustrates why log terminal singularities are nat-
ural in the context of Kéahler geometry.

Proposition 4.1.6. Let X be a Q-Gorenstein compact Kdihler variety, and as-
sume that there exists a Kdhler form w on Xyeg with non-negative Ricci curvature
and which extends as a (1,1)-current with potentials on X. Then X necessarily
has log terminal singularities.

Proof. Let ¢ =logw™" be the smooth metric of Kx,,, corresponding to the volume
form w™. The curvature of —¢ is equal to Ric(w), which is non-negative by
assumption. It follows that —¢ is psh, hence extends to a psh metric on —Kx
by Proposition 4.1.2. If ¢ is a local generator of mKx near a given point of X
as above, then —log |o|,4 is the corresponding local weight of m¢, and is thus
bounded below. This means that p, < Cw™ for some C' > 0, which shows that
1o has finite mass near the given point of X by Proposition 4.1.2. O

Remark 4.1.7. Using the techniques of Remmert-Shiffman and Skoda-El mir, one
can show that w automatically extends to X as a closed positive (1,1)-current
(that might however not have local potentials near singular points). It is likely
that the assumption that this extension has local potentials in Proposition 4.1.6
is superfluous.

4.1.3 Kahler-Ricci flows on singular varieties

The following results are a mild generalization of [ST09]. The first one deals with
the non-normalized Ké&hler-Ricci flow.

Theorem 4.1.8. Let X be a compact Kahler variety with log terminal singular-
ities and let f : X — Y be a birational morphism with Y compact normal, such
that Kx is f-ample. Let o € H;(’ii (Y) be a Kdhler class on'Y and set

T :=sup{t > 0| ffa+t[Kx] Kdhler class on X} .
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Set Q := Xieg N [ (Yeeg) and let wy € f*a be a positive (1,1)-current on X
with continuous potentials. Then there exists a unique family of (1,1)-currents
w € f*a+t[Kx], t €]0,T|, such that

(i) we has uniformly bounded potentials w.r.t. to t €]0,T'[ for each T" < T.
(ii) on Qx]0,T[ wy is smooth and satisfies wy = —Ric(wy).
(iii) the potentials of w; converge to those of wy in CO(€).
For the so-called normalized K&hler-Ricci flow, the result implies:

Corollary 4.1.9. Let X be a compact variety with log terminal singularities
and £Kx ample (and hence X projective). Given a positive (1,1)-current wp
with continuous potentials such that [wo] = [£Kx], there exists a unique unique
family of (1,1)-currents wy € [£Kx]|, t €]0,+00], such that

(i) wi has uniformly bounded potentials w.r.t. to t €]0,T'[ for each T' < +oo.
(11) on Xyegx]0, +00[ wy is smooth and satisfies wy = —Ric(w) on 2x]0, 400l
(i4i) the potentials of wy converge to those of wo i CO(Xreg)-

A simple change of variable reduces Corollary 4.1.9 to a special case of The-
orem 4.1.8. More specifically, setting

Ws i= (1 + S)C‘)i log(14s)

transforms a solution of wy = —Ric(w;) F wy on X x]0, +00[ into a solution of
ws = —Ric(Wy) on Xyeg x]0,T'[, with [ws] = [wo] + s[K x| where T' = 400 if Kx is
ample and T =1 if —Kx is ample.

4.1.4 Reduction to a parabolic Monge-Ampeére equation

As a first step, we will reduce Theorem 4.1.8 to a degenerate parabolic Monge-
Ampere equation on a log resolution of X.
With the notation of Theorem 4.1.8, let 8y € f*a be a smooth representative,
so that wy = O + dd°pq for some Hp-psh function ¢y € C°(X). Let also ¢ be a
smooth metric on Kx, with curvature form y and associated adapted measure
1 = pg asin (4.1.2). For any Kéhler form w on X,g, it follows from the definitions
that
—ddlog (w"/p) = x + Ric(w) (4.1.3)

holds on X,eg. Setting
Ht = 90 + tX,

we are looking for a family of positive currents of the form w; = 0; + dd“p; where
¢ is smooth on 2x]0,T[. Using (4.1.3), the equation w; = —Ric(w;) reads

dd® (1 — log (wf' /) = 0
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on {2 for each ¢ €]0,T[, which implies that ¢; —log (wj'/u) is constant by Lemma
4.1.3. After writing this constant c¢(¢) as a time derivative to absorb it in ¢, we
end up with the parabolic Monge-Ampere equation on 2x]0, 7’|

&r = log (0 + ddp)" /0.

with 0; := 6y + tx. Now let as in Section4.1.2 7 : X’ — X be a log resolution.
By Lemma 4.1.4 p/ := 7*p is of the form

y o= A |7

where dV is a smooth volume form on X', @* are quasi-psh functions with
logarithmic poles along the exceptional divisor F, smooth on X \ E, and such
that e™¥~ € LP for some p > 1.

If we set 0 := %6, and ¢, := ¢ then 6; is an affine path of closed (1,1)-
forms on X’ with semipositive class, and the ample locus €2 of [f{] is contained in
X'\ E. After dropping the primes, we are thus reduced to proving the following
theorem:

Theorem 4.1.10. Let X be a compact Kdahler manifold. Assume given the fol-
lowing data:

e an affine path 0, = 0y + tx, t € [0,T[, of closed (1,1)-forms such that the
cohomology class of 0, is semipositive and big for t € [0,T].

e a positive measure 1 of the form
©= Ty

where YT are quasi-psh functions that are smooth on a Zariski open subset
Q of the ample locus of (0] and such that e=%~ € LP for some p > 1.

e a function ¢y € C°(X) N PSH(X, 6)).
Then there exists a unique family @i, t €]0,T[, of functions on X such that:
(i) i is Oi-psh and uniformly bounded w.r.t. t €0, T'[ for each T" < T.
(i1) on Qx]0,T[ ¢ is smooth and satisfies oy = log (0 + ddpi)" /.

(iii) ¢ — o uniformly on compact subsets of Q as t — 0.

4.2 Toolbox

4.2.1 The maximum principle

The following simple maximum principle will the main tool to establish upper an
lower bounds.
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Proposition 4.2.1. Let X be a (not necessarily compact) Kdhler manifold, let wy,
t € [0,T], be a smooth family of Kéahler metrics on X, and denote by Ay = tr, dd°®
the Laplacian with respect to wy. Assume that H € C*(X x [0,T]) satisfies

a
- >

(wi + ddCHt)"}

n
Wt

or

P
9>
ot = Og[

and assume also that H — +oo near 0X x [0,T] if X is not compact. Then
infx Hy > infx Hy for all t € [0,T]. If we replace > with < and assume that
H — —o0 near 0X x [0,T] then supy Hy < supy Hp.

Proof. Upon replacing H with H+¢ct with € > 0, we may assume in each case that
the inequality is strict. The properness assumption guarantees that H achieves
its infimum (resp. supremum) at some point (xg,t9) € X x [0,7], and the strict
differential inequality implies that t( is necessarily 0, since we would have %H <0
(resp. > 0) and dd°H > 0 (resp. < 0) at (xo, o) otherwise. O

4.2.2 A Laplacian inequality

If 0, w are (1, 1)-forms with w Kéhler, recall that the trace of § with respect to w
is defined by
AWt
n—-—.
wTL

tr,(0) ==

At each point of X one can diagonalize 6 with respect to w, with eigenvalues
A1 < ... < Ay, and we then have tr(0) = >, A\i. If ¢ is a function, its Laplacian
with respect to w is given by

Ay = tr,(ddp).
Proposition 4.2.2. Let w,w’ be two Kdhler forms on a Kdhler manifold X .

(i) We have

3=

(‘*’) < Ly W) < (“) (tr ()"

wn w

(ii) If the holomorphic bisectional curvature of w is bounded below by B € R,
then
_ tryRic(w’)

/
A, 1o w') >
w 1 gtrw( )_ tr ( ,)

+ Btrw/(w).

The inequality in (ii) goes back to [Aub78, Yau78]; in the present form it is
due to Siu [Siu87, pp. 97-99]. We include a proof for the reader’s convenience.
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Proof. The left-hand inequality in (i) amounts to the arithmetico-geometric in-
equality for the eigenvalues of w’ wrt w; the right-hand inequality follows from
similar elementary eigenvalue considerations.

We now prove (ii). Since this is a pointwise inequality, we can choose normal
coordinates (z;) at a given point 0 € X so that w = \/jlzkl wrdzy, A dz; and

w =+/—1 Zk’l wy,dzi A dz; satisfy

W = O — ZRijklzizj + O(||Z||3)
,J
near 0 and w}d = MOy at 0. Here R;jp; denotes the curvature tensor of w, dyy
stands for the Kronecker symbol, and A\; < ... < A, are the eigenvalues of w’ with

respect to w at 0.
Observe that the inverse matrix (w*) = (wy;) ™! satisfies

WM =0 + Y Rijzizy + O(||2%). (4.2.1)

i?j

Recall also that the curvature tensor of w’ is given in local coordinates (z;) by

r 3., I a0 A
ijkl — —dajwkl + prqazwkqﬁjwpl,
p,q

hence
;jkl = —&-(%w}d + Z A;laiwkp(?jwz’,l (4.2.2)
P
at the point 0. Setting u := tr,(w’) we have dd°logu = v~ dd“u — u=2du A d‘u,
hence
Ay logu = u ' Ayu — u™2tr o (du A du).

Now we have at 0
Aw/u = Z /\;lazgz(wkkw;ck)
ik

and
tr (du A dcu) = Z )\i_laiwfck(‘)iwl/l,
ikl
with
@51 (wkkwék) = MeRiirr + @Ew;k
thanks to (4.2.1). It follows that

Ay logu =u™t Z AN R + Z A 00wy, | —u? Z A Lo iy
ik ik ikl
(4.2.3)
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On the one hand, the assumption on the holomorphic bisectional curvature of w
reads Ry > B for all 4, k, hence

> N MRk = BO A M) = Btro(w)u. (4.2.4)
) k

ik 7

On the other hand, (4.2.2) yields

S AT 0Bichy, = = D N Rl + > AT O,
i,k ik i,k,p

Note that 3, MR, = tr Ric(w'), while

1yl s 12 Iy—1ia s 2~ -1 1o A,
E/\z Ap 10wy |” > E A A 0w ” = u E Ai i Oy
i,k,p i,k ikl

by the Cauchy-Schwarz inequality. Combining this with (4.2.3) and (4.2.4) yields
the desired inequality. O

4.2.3 Existence theorem for parabolic Monge-Ampeére equations

The following result is basically due to Cao [Cao85], Tsuji [Tsu88] and Tian-
Zhang [Tzha06].

Theorem 4.2.3. Let X be a compact Kahler manifold and p be a smooth positive
volume form on X. Let also (wi)ic(o,r| be a smooth family of Kdihler forms. Then
every ¢ € C°°(X) such that wy + dd°pg > 0 uniquely extends to a solution
p € C®°(X x [0,T]) of

o (wt + ddcgot)"
atnp = log [ .

Uniqueness follows from the maximum principle (Proposition 4.2.1). We refer
to the lecture notes by Song and Weinkove for a proof of existence, which amounts
to proving a priori estimates similar to Section 4.4 below.

4.3 Smoothing property of the Kahler-Ricci flow

By analogy with the regularizing properties of the Heat equation, it is expected
that the K&hler-Ricci flow can be started from a degenerate initial data (say a
positive current, rather than a Kéhler form), instantaneously smoothing out the
latter.

The goal of this section is to illustrate positively this expectation by explaining
the proof of the following result of Szekelyhidi-Tosatti [SzToll]:
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Theorem 4.3.1. Let (X,w) be a n-dimensional compact Kdhler manifold. Let
F:RxX — R be a smooth function and assume vy € PSH(X,w) is continuous®

and satisfies
(w + ddCepo)™ = e~ FWo2)yn,

Then g € C*°(X) is smooth.

As the reader will realize later on, the proof is a good warm up, as the
arguments are similar to the ones we are going to use when proving Theorem
4.1.10.

Let us recall that such equations contain as a particular case the Kahler-
Einstein equation. Namely when the cohomology class {w} is proportional to the
first Chern class of X4, AM{w} = ¢1(X) for some A € R, then the above equation
is equivalent to

Ric(w + ddcl/Jo) =w+ ddclﬁo,

when taking
F(p,x) = Ao+ h(x)

with h € C*°(X) such that Ric(w) = Aw + dd°h. Szekelyhidi-Tosatti’s result is
thus particularly striking since there isn’t uniqueness® of the solutions to such
equations (when one exists).

The interest in such regularity results stems for example from the recent works
[BBGZ09, EGZ11] which provide new tools to construct weak solutions to such
complex Monge-Ampere equations.

The idea of the proof is both simple and elegant, and goes as follows: assume
we can run a complex Monge-Ampere flow

0ot (w+ ddCpe)"™

2 = log [w" + F(pr,x)

with an initial data g9 € PSH(X,w)NC%X) in such a way that
1. (x,t) — ¢ is continuous on X x [0,7],

2. (x,t) = ¢ is C*°-smooth on X x]0, 7.

Then 1y will be a fixed point of such a flow hence if ¥y denotes the flow originating
from g, Yo = ¢ has to be smooth !

To simplify our task, we will actually give full details only in case

F(s,x) = —G(s) + h(z) with s — G(s) being convez

3The authors state their result assuming that 1o is merely bounded, but they use in an
essential way the continuity of 1o, which is nevertheless known in this context by [Kol98].

“This of course assumes that ¢;(X) has a definite sign.

5In the Kihler-Einstein Fano case, a celebrated result of Bando and Mabuchi [BM87] asserts
that any two solutions are connected by the flow of a holomorphic vector field.
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and merely briefly indicate what extra work has to be done to further establish
the most general result. Note that this particular case nevertheless covers the
Kahler-Einstein setting.

In the sequel we consider the above flow starting from a smooth initial po-
tential gy and establish various a priori estimates that eventually will allow us
to start from a poorly regular initial data. We fix once and for all a finite time
T > 0 (independent of ¢g) such that all flows to be considered are well defined on
X x[0,T7]: it is standard that the maximal interval of time on which such a flow is
well defined can be computed in cohomology, hence depends on the cohomology
class of the initial data rather than on the (regularity properties of the) chosen
representative.

4.3.1 A priori estimate on ¢

We consider in this section on X x [0, 7' the complex Monge-Ampere flow (CM AF)

Opr (w4 ddpy)™

St —tog | IR L i)

with initial data po € PSH(X,w)NC>(X). Our aim is to bound [|¢¢| oo (x x[0,77)
in terms of |[¢ol| e (x) and T'.

4.3.1.1 Heuristic control

Set M (t) = supy . It suffices to bound M (t) from above, the bound from below
for m(t) := infx ¢ will follow by symmetry.

Assume that we can find ¢ € [0,T] — z(t) € X a differentiable map such that
M(t) = ¢¢(z(t)). Then M is differentiable and satisfies

_ O¢t

M=

(z(t) < Fer(z(t)), () < F(M(t)),

where

F(s) :=sup F(s,r)
zeX

is a Lipschitz map.
It follows therefore from the Cauchy-Lipschitz theory of ODE’s that M (t) is
bounded from above on [0,7] in terms of T', M (0) = supx ¢p and F' (hence F').

4.3.1.2 A precise bound

We now would like to establish a more precise control under a simplifying as-
sumption:

Lemma 4.3.2. Assume ¢, are smooth families of w-psh functions such that

0
L <log(w+ ddo)" ") + Flr, )
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and

% > log [(w + ddy)" Jw"] + F (¢, x),

where
F(s,x) = As — G(s,x) with s — G(s,-) non-decreasing.

Then for all t € [0,T],

sup(py — ) < M max{sup (o — ), 0}.
X X

Proof. Set u(z,t) :== e (¢ — ) (z) — et € CO(X x [0,T)]), where ¢ > 0 is fixed
(arbitrary small). Let (zo,%0) € X x [0,T] be a point at which u is maximal.

If to = 0, then u(x,t) < (vo — ¥o)(zo) < supx(go — o) and we obtain the
desired upper bound by letting € > 0 decrease to zero.

Assume now that ¢ty > 0. Then @ > 0 at this point, hence

0< —e— e (o — W) 4+ e (B — ).

On the other hand ddSu < 0, hence ddS¢; < ddS): and

xT

(w+ ddcw)"}

Gr— U < F(pp,x) — F(ib, x) + log [WWL

< Flen,x) = Ftr, ).
Recall now that F(s,z) = As — G(s, z). Previous inequalities therefore yield
G(pt, ) < G(¢, ) at point (x,t) = (xo,to).

Since s — G(s, ) is assumed to be non-decreasing, we infer ¢, (z¢) < 1y, (x0), so
that for all (z,t) € X x [0,T],

u(z,t) < u(zg,to) <O0.

Letting € decrease to zero yields the second possibility for the upper bound. O

By reversing the roles of ¢, 1, we obtain the following useful:

Corollary 4.3.3. Assume @y, are solutions of (CMAF) with F as above.
Then

e — Vel oo (xxpo.7) < €7 o — ol oo (x)-

As a consequence, if ¢ j is a sequence of smooth w-psh functions decreasing to
@0 € PSH(X,w)NC’(X), and ¢ j are the corresponding solutions to (CM AF) on
X x[0,T7, then the sequence (¢ j); uniformly converges towards ¢; on X x [0, 7]
as j — +oo with ¢, € CO(X x [0,T7).
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4.3.2 A priori estimate on ¢,

We assume here again that on X x [0, 7]

it ~ log {(w—i—dd ©t) }
wn

F
ot + ((ptax)

with initial data g € PSH(X,w)NC>®(X).

Lemma 4.3.4. There exists C > 0 which only depends on |[¢o||pe(x) such that
for all t € [0,T],

. CT -
[@ellpee(x) < e T”SOOHLOO(X)-

Let us stress that such a bound requires both that the initial potential g is
uniformly bounded and that the initial density

w + ddpg)" .
fo= (o dd’po)" = log o — F(po, )

wn
is uniformly bounded away from zero and infinity. We shall consider in the sequel
more general situations with no a priori control on the initial density fy.

Proof. Observe that
0Py oF
0Pt _ Ao 4 28 .
ot tPr + s (o1, 7)1,
where A; denotes the Laplace operator associated to w; = w + ddps.
Since F is C'-smooth, we can find a constant C' > 0 which only depends on
(F and) H@tHLOO(XX[O,TD such that

OF
—-C < %((Pt,l‘) < +C.

Consider H, (z,t) := e~““¢,(x) and let (2o, tg) be a point at which H realizes
its maximum on X x [0,T]. If t; = 0, then ¢;(x) < e“T supy o for all (z,t) €
X % [0,T]. If to > 0, then

o< (& -a) )= Fen -] o

hence ¢4, (xo) < 0, since %—f(got,x) — C < 0. Thus ¢¢(x) < 0 in this case. All in
all, this shows that

P < e“T max {sup gbo,()} .
X

Considering the minimum of H_(z,t) := et (x,t) yields a similar bound

from below and finishes the proof since max{supy o, —infx ¢o} > 0. O
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4.3.3 A priori estimate on Ay,

Recall that we are considering on X x [0, 7]

Opr (w+ ddpy)"
o = log [w" + F(pr, z)

with initial data pg € PSH(X,w)NC>®(X). Our aim in this section is to establish
an upper bound on Ay, which is uniform as long as ¢t > 0 and is allowed to
blow up when t decreases to zero.

4.3.3.1 A convexity assumption

To simplify our task, we shall assume that
F(s,z) = —G(s) + h(z), with s — G(s) being convex.
This assumption allows us to bound from above A, F(p,z) as follows:
Lemma 4.3.5. There ezists C > 0 which only depends on ||| (x) such that
Ao (Pl @) < C 1+ tr o ()]
where wy = w + ddp;.

Recall here that for any smooth function h and (1, 1)-form /3,

dd°h A Wt Awn 1
n———— while tr, g := nﬁi
wn wn

Ayh =
Proof. Observe that
dd® (F(p,2)) = =G"(p)dp N d°p — G'(p)dd°p < —G'(p)dd"p

since G is convex. Now dd‘p = (w + dd°¢) —w = w, —w = w; — w is a difference
of positive forms and —C < —G’'(p) < +C, therefore

dd® (F(p,x)) < C(wy +w),

which yields the desired upper bound. [l

Our simplifying assumption thus yields a bound from above on A, (F(¢,x))
which depends on tr(wy) (and |¢ol[ze(x)) but not on [V peo(xxjem)- A
slightly more involved bound from above is available in full generality, which
relies on Blocki’s gradient estimate [Blo09]. We refer the reader to the proofs of
[SzToll, Lemmata 2.2 and 2.3] for more details.



4.3. SMOOTHING PROPERTY OF THE KAHLER-RICCI FLOW 183

4.3.3.2 The estimate

Proposition 4.3.6. Assume that F'(s,z) = —G(s)+h(x), with s — G(s) convez.
Then

0 <try(w) <Cexp(C/t)
where C' > 0 depends on ||@ol| oo (x) and ||o|| feo(x)-
Proof. We set u(x,t) := try(w) and

O[(SU, t) = thg U(IL’, t) - A@t($)7

where A > 0 will be specified later. The desired inequality will follow if we can
uniformly bound « from above. Our plan is to show that

<§t _ At> () <C1+ (Bt +Cy — A)try, (w)

for uniform constants C1, C2 > 0 which only depend on |||l (x) [[¢0ll Lo (x)-
Observe that

0 t Ou .
<8t — At> (o) =logu + vt Apy — tAlogu + AAp;.
The last term yields AAyp; = An — Atry,, (w). The for to last one is estimated
thanks to Proposition 4.2.2,
tr o, (Ric(wt))
—tA;logu < Bttr,, e
t 108U = r t(w)+ tI‘w(LL)t)

It follows from Lemma 4.3.5 that

t Ou t wy' t
a5 = EAt (log w") + EAwF(SOtw%')
t t
= - {—tro(Ricw) + tr o (Ricw)} + aAwF("Dt’ z)
_ttrw(RiCWt) N C(l + u).
trw(wt) u

We infer

t Ou

—tAilogu + rTs < Bttry, (w) + Ch,

u

using that u is uniformly bounded below as follows from Proposition 4.2.2 again.
To handle the remaining (first and third) terms, we simply note that ¢; is
uniformly bounded below, while
logu < log [Ctr, (w)"™!] < Co + Cstry, (w)

by Proposition 4.2.2 and the elementary inequality logxz < x. Altogether this
yields

<§t - At) () <Cy+ (Bt+C3— A)try,(w) < Cy,

if we choose A > 0 so large that Bt + C3 — A < 0. The desired inequality now
follows from the maximum principle. O
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4.3.4 Proof of Theorem 4.3.1
4.3.4.1 Higher order estimates

Using the complex parabolic Evans-Krylov theory together with Schauder’s es-
timates, it follows from our previous estimates that the following higher order a
priori estimates hold:

Proposition 4.3.7. For each fized ¢ > 0 and k € N, there exists Ci(e) > 0
which only further depends on ||¢ol|r(x) and ||¢ol|Le(x) such that

lpeller (xxfe,rn) < Ck(e)-

4.3.4.2 A stability estimate
Let 0 < f,g € L?(w™) be densities such that

fire e o

It follows from the celebrated work of Kolodziej [KKol98] that there exists unique
continuous w-psh functions ¢, 1 such that

(w+dd@)" = fw", (w+ ddy)" = gw" and /X(go —Y)w" =0.

We shall need the following stability estimates:

Theorem 4.3.8. There exists C > 0 which only depends on || f||12, |lg|lz2 such
that

lo = ¢llre(xy < CIf = 9l 72 (x)
for some uniform exponent v > 0.

Such stability estimates go back to the work of Kolodziej [Kol03] and Blocki
[Blo03]. Much finer stability results are available by now (see [DZ10, GZ11]). We
sketch a proof of this version for the convenience of the reader.

Proof. The proof decomposes in two main steps. We first claim that

1

le = Yll2x) < ClIF = all Py (4.3.1)
for some appropriate C' > 0. Indeed we are going to show that
/ dlp — ) Ad(p — ) Aw"L < Oy (p, )2 "7, (4.3.2)
X

where
I(p.)) = /X (6 — ) {(@ + ddp)" — (w + ddp)"} > 0
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is non-negative, as the reader can check that an alternative writing is
n—1
. s
Ip) = 3 [ dlo =) ndlp =) Aol Ay
j=0
In our case the Cauchy-Schwarz inequality yields

(p,0) = /X“” g — P < Nl — bl — glle,

therefore (4.3.1) is a consequence of (4.3.2) and Poincaré’s inequality.
To prove (4.3.2), we write w = w, — ddp and integrate by parts to obtain,

[ o= vy ndr(o—w) nart
- /d(w—w A (p — ) A A" —/d(eo—de%so—w)Addww“2

= [dto—w) ndto =) Ay n 2+ [ dlp =) Ao A (1, = ) A

We take care of the last term by using Cauchy-Schwarz inequality, which yields

1/2
/d(so_w)AdCS"A%Aw"2SA(/d(so—w)AdC(so—dJ)Aww\w"2> ,

where
A% = /algo/\dcgo/\wgp/\u)’12

is uniformly bounded from above, since ¢ is uniformly bounded in terms of
[ £l z2(x) by the work of Kolodziej [Kol98]. Similarly

1/2
_/d(‘p_w)Adc‘PAww/\wn_QSB(/d(w—w)Adcw—zﬂ)Aww Aw”_2> :

where
B? = /dgo/\dcp/\ww A w2

is uniformly bounded from above. Note that both terms can be further bounded
from above by the same quantity by bounding from above w, (resp. wy) by
We + Wap-

Going on this way by induction, replacing at each step w by w, + wy,, we end
up with a control from above of [ d(p —) Ad¢(¢ — 1)) Aw™ ™! by a quantity that
is bounded from above by C1I (¢, ¢>2_<n_1) (there are (n — 1)-induction steps), for
some uniform constant C' > 0. This finishes the proof of the first step.

The second step consists in showing that
I = YllLe(x) < Callp — ?l)HZg(X)

for some constants Cy,y > 0. We are not going to dwell on this second step here,
as it would take us too far. It relies on the comparison techniques between the
volume and the Monge-Ampere capacity, as used in [Kol98]. U
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4.3.4.3 Conclusion

We are now in position to conclude the proof of Theorem 4.3.1 (at least in case
F(s,z) = —G(s) + h(x), with G convex). Let o € PSH(X,w) be a continuous
solution to

(w + ddCepg)" = e FWoT)

Fix u; € C*°(X) arbitrary smooth functions which uniformly converge to vy
and let ¢; € PSH(X,w)NC>®(X) be the unique smooth solutions of

(w+ddp;)" = cje_F(uj’z)w",

normalized by [ < (¥j —1o)w™ = 0. Here ¢; € R are normalizing constants wich
converge to 1 as j — +o0, such that

Cj/ e—F(u‘j,x)wn:/ wn7
X X

and the existence (and uniqueness) of the 1;’s is provided by Yau’s celebrated
result [Yau78]. It follows from the stability estimate (Theorem 4.3.8) that

|15 — %ol oo (x) — 0 as j — +o0,

hence
|15 — wjllpeo(x)y — 0 as j — +oo.

Consider the complex Monge-Ampeére flows

0pr (w+ddpe ;)"
W] = log [w"] + F(¢r,j, ) — logcj,

with initial data g ; := 1;. It follows from Lemma 4.3.2 that
et — el L (x xorn < €14y — Ykl Lo (x) + [log ¢; — log x|,
thus (p¢); is a Cauchy sequence in the Banach space C%(X x [0,77]). We set
poi= lim g € CO(X < [0,T]).

Note that ¢, € PSH(X,w) for each t € [0, T] fixed and ¢ = 1o = lim ¢ ; by
continuity. Proposition 4.3.7 shows moreover that (¢ ;); is a Cauchy sequence in
the Fréchet space C>°(X x]0,T7), hence (z,t) — ¢(z) € C*(X x]0,T]). Observe
that

90,51l Loe(x) = I[F'(¥5, ) — F(uj, )| oo (x) < Clloy — wjllpeo(xy — 0.
Lemma 4.3.4 therefore yields for all ¢t > 0,

[@ell oo (x) = jEI—Poo @51 Loo (x) < C'jggloo 10,51 oo (x) = 0.

This shows that ¢ — ¢ is constant on ]0,7], hence constant on [0,7] by
continuity. Therefore 1y = ¢4 is smooth, as claimed.
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4.4 A priori estimates for parabolic Monge-Ampere
equations

In this section (X,w) denotes a compact Kdhler manifold endowed with a ref-
erence Kéhler form with volume form dV'. Let (wi)ejo,r) be a smooth path of
Kahler forms, a smooth positive volume form p = fdV. Our goal is to provide a
priori estimates on a solution ¢ € C*(X x [0,7]) to

gt(p — log [(wﬁ"dd%)} . (4.4.1)

that only depend on
e the C%-norm of p;
e a given semipositive and big (1, 1)-form 6 such that w; > 6 for t € [0,T7;

e the LP-norm and certain Hessian bounds for the density f of u.

4.4.1 C°bound

Lemma 4.4.1. Let 0 be a semipositive and big (1,1)-form and C > 0, p > 1
such that

(i) 0<6<w <Cw fortel0,T].
(ii) C~1 < [ and [ fPdV < C.
(iti) supx ol < C.

Then there exists A > 0 only depending on 0, T, p and C such that

sup | < A.
X x[0,T)

Proof. During the proof we shall say that a constant is under control if it only
depends on the desired quantities.

Step 0: an auxiliary construction. The following construction will also be
used in the proof of Lemma 4.4.3 below. For e €]0, 1] we introduce the Kéhler
form

ne = (1 —e)f + 2w
S nZ

and set c; := log i Since wy is a continuous family of Kéahler forms, we can

fix 0 < e < 1 such that w; > ew for all ¢t € [0,7]. Note that ¢, is under control
(even though e itself is not!). Observe that w; > (1 — )0 + ewy, hence

wy > e for t €0, 7). (4.4.2)



188 CHAPTER 4. REGULARIZING PROPERTIES OF THE KRF

By [Yau78] there exists a unique smooth 7.-psh function p. such that
(1 + dd pe)™ = e p (4.4.3)

and normalized by supy p = 0. The LP-norm of the right-hand side is under
control and 1/20 < n. < (C + 1)w, so that the uniform version of Kolodziej’s
L*>-estimates [EGZ09] shows that supy |p.| is under control.

Step 1: Bounding ¢; from above. By non-negativity of the relative entropy
of the probability measure p1/ [ o with respect to (wy + ddp;)™/ [ wi* we have

J (o))

It follows that % (i) < Ay with Ay under control, hence [¢u < Aj since
supy |eo| is under control. On the other hand there exists 6 > 0 and By > 0 such
that [ e 9yn < By for all normalized #-psh functions ¢, by Skoda’s uniform
integrability theorem [Zer01]. By Holder’s inequality it follows that [ e <
By where §' := 0/q with ¢ the conjugate exponent of p, and we get a uniform
mean value inequality

wpp< 1P B,
X fﬂ

for all #-psh functions . Applying this to ¢ = ¢, yields the desired upper bound
on @¢.

Step 2: Bounding ¢; from below. Consider 7. and p. as in Step 0, and set
H; := o1 — pe — cet. By (4.4.3) and (4.4.2) we get

(o + ddpe + ddH)" | (wn +dd°pe + dd°H)"

QH = log
! (- + ddpo)™ (r + ddpo)"

ot

on X x [0,7], hence infx H; > infx Hy by Proposition 4.2.1. Since ¢. and
supy |pe| < M are under control, this concludes the proof of Lemma 4.4.1. O

Remark 4.4.2. Let us stress, as a pedagogical note to the non expert reader, that
this parabolic C’-estimate thus follows from

e the elementary maximum principle (Proposition 4.2.1 )
e Skoda’s uniform integrability theorem

e Kolodziej’s uniform elliptic estimate [Kol98, EGZ09]



4.4. A PRIORI ESTIMATES FOR PARABOLIC MONGE-AMPERE EQUATIONS189

4.4.2 Bounding the time derivative.

Lemma 4.4.3. With the notation and assumptions of Lemma 4.4.1, assume
furthermore that wy is an affine path, so that wy = x is independent of t. Then
there exists A > 0 only depending on 6, C' p and T such that

sup ¢y < At~ for t €]0, T).
X

For each T < T there exists A’ only depending on 0, C, p and T' such that

inf ¢y > —A't™Y fort €]0,T"].

Proof. We have w; = wg + tx. Set w := w; + dd°p; and let A} = tr w;dd¢ be the
Laplacian with respect to w;. We trivially have

Ajpr = n— tr 4y (@), (4.4.)

while applying % to ¢ = log(wy™/p) yields

0 .
(825 - AQ) Pt =troX. (4.4.5)

Step 1: bounding ¢; from above. Set H; := ty; — oy — nt. Then

0
<6t — A%) Hy = tr(tx —wi) = tr(—wo) <0

on X x [0,T]. Proposition 4.2.1 yields supyx Hy < supyx Hp for 0 <t < T, hence
the desired upper bound on t¢; since supy |¢| is under control by Lemma 4.4.1.

Step 2: bounding ¢; from below. Recall 7., pe from Step 0 of the proof of
Lemma 4.4.1. Consider

Hy ==t + Apy — p- + Bt

where A, B > 0 will be specified afterwards. Using (4.4.4) and (4.4.5) we get

0
(875 — At> H; = tr, (tx + Aw, + ddp:) + (1 + A)pr — An + B.

We now fix A > 1 under control such that (A + 1)T'/A < T. We then have for
te[0,77]
Aw + X = Awat1yea = Ane 2 1e

by (4.4.2), hence

0
<at - AQ) Hy > tr oy (n. + ddp) + (A+ 1)y — An + B
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m

> pehe (’fn> +(A+1)log (wt) — An+B
w p

t

using (4.4.3) and the arithmetico-geometric inequality. Since
ne™ezt/m — (A+1)logz > —C

is bounded below by a constant under control for z €]0, 400, we may now choose
B > 0 under control such that (% - At) H; > 0on X x[0,7']. Proposition 4.2.1
therefore yields infx Hy > infx Hy for ¢ € [0, 7], which concludes the proof of
Lemma 4.4.3 since supy |pe| and supy |¢¢| are under control. O

4.4.3 Bounding the Laplacian on the ample locus.

Lemma 4.4.4. With the notation and assumptions of Lemma 4.4.1, assume that
wr < Cw. Assume also that the volume form p is written as

p=e? YL (4.4.6)
where Y* € O®(X) satisfy
(i) ddpT > —Cw and —C < supy ¢t < C.
(ii) ddp= > —Cw, supx ¢~ < C, and |le™¥ ||p» < C for a given p > 1.

Let also K be a compact subset of the ample locus of the big class [0] and 0 <
T < T. Then there exists A > 0 only depending on 0, C, p, T' and K such that

sup |Agyle?” < e fort €]0,T7).
K

Proof. We first observe that the estimate (ii) of Lemma 4.4.1 in fact follows from
(i) and (ii). Indeed the upper bound follows from Hélder’s inequality. To get the
lower bound, it is enough to show by Jensen’s inequality that [t¢*w™ is under
control, which follows from the mean value inequality for Cw-psh functions.

From now on we work on the ample locus © C X of [f]. We may choose a
f-psh function 1y < 0 such that 19 — —oo near 92 and

W= (0 + ddcwgﬂg

extends to a Kahler form on a compactification X of O dominating X. The latter
condition implies that there exists C7 > 0 under control such that w < Ciw
and the holomorphic bisectional curvature of @ is bounded below by —C;. By
Proposition 4.2.2 we thus have

tr zRic(w))

—Ailogtra(w) < ==

+ C’ltrwé (w). (4.4.7)
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Now w,® = e®t; implies Ric(w;) = Ric(u) — dd°p;. Combining this with

tra(djt + ddCQDt)

0
2 Jogtr () =

ot tro(w,)
we get
0 trg (Ric(p) + wy) ~
(875 - A;) log tr z(w}) < o)) + Citr ().

Now Ric(p) = —ddtp™ + dd°~ + Ric(w) < Cow + ddp~ for some Cy > 0 under
control, and w; < Cw by assumption, hence

Cs+ Az~

trw(wé) —i—CltI'wz(w).

(57— ) rowtraten) <

In order to absorb ¥~ in the left-hand side, write
0 <Cw+ddy™ <CCiw+ dd“y~ < tr W, (CCL@ + dd“d ™ wy,

which yields
0 < 71001 + Ag,w

< (@ .
S ) S COty@) + A

Using the trivial inequality trg(w;)tr o (W) > n we arrive at

(aat - AQ) (logtrg(wy) +¢7) < Cutr (@) (4.4.8)

with C4 > 0 under control.
Now set

H; = t(logtrg(w;) + ¢~ ) + A — 1)
with A := 2+ C4T. Since
@+ dd°(pr — ) = 0 + dd°pr < wi + ddpr = W

we have
Aé((,@t —thp) <n— trw{(a)v
which combines with (4.4.8) to yield

<§t — A;) H;y <logtrg(wi) + 1~ — 2tr, (@) — Apr + An

<logtrg(w)) + 9~ — 2tr, (@) + Cst ™!
since supy [t¢¢| is under control. By (i) of Proposition 4.2.2 we get

logtrg(w;) + ¥~ < (n—1)logtr w (@) + Cet™! (4.4.9)
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using " < 0 and the bound on |t¢;], and we get

<§t - AQ) Hy < —tr (@) + Crt
since (n — 1)logz — 22 < —z + O(1) for z €]0, +00].

We now follow the proof of the minimum principle; since ¥y — —oo near 90X,
there exists (z0,%0) € © x [0,7] such that Hy,(z0) = sup(ysex o, He(x) for
some to €]0,7"]. If ¢ty > 0 then (% — Ay) Hy > 0 at (o, o), hence tr,, (@) <
C7t~1 at (zg,t0), and we get

t(log tr@(wé) + ?f)_) S Cg

at (xo,to) thanks to (4.4.9). Since ¥p < 0 and |¢:| is under control, we infer
Hi(xz) < Cy at (z0,to), hence for all (z,t) € X x [0,7”]. As a conclusion we
obtain A, B > 0 under control such that

trg(wy) < Be ™V~ Ao

for ¢t € [0, "], which concludes the proof of Lemma 4.4.4. O

4.4.4 A stability estimate

We next prove the following Lipschitz continuity property of solutions to (4.4.1).

Lemma 4.4.5. Let wi, ¢i, i = 1,2 satisfy the assumptions of Lemma 4.4.4
(with the same measure p and semipositive and big form 6). Then for each
K & Amp (0) such that infx )~ > —C' there exists Ax > 0 under control such
that for all t € [0,T]

sl = o] < (o~ il + s i -1
where we have set for each real (1,1)-form «
lof| =inf{s > 0| +a < sw}.
Proof. We write

N :=sup|pg — gl M = sup_[lw) —wi|.
X te[0,T]

If M = 0 then w} = w? for t € [0,T], and Proposition 4.2.1 easily yields the
desired inequality with Ax = 1. We thus assume that M > 0 and set for
A€ [0, M]

wg\ = (1 - %) wtl + %wf
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Since w; is a Kihler form for ¢ € [0, 7], Theorem 4.2.3 yields a unique solution
©* € C®(X x [0,T]) to the parabolic Monge-Ampere equation

9
—* =1
5 = log

7 (4.4.10)

(wg\ + ddcgot’\)n]

w0 = (1= 37) o + 77

and ¢* futhermore depends smoothly on A. We also note that supy |¢7| is uni-
formly under control for ¢ € [0,7] and A € [0, M], thanks to Lemma 4.4.1. Setting
wp = w + dd°p} we have

0 0 _
(816 - A?) (a)\@i\) =M tr WA (wy —wy) < tr (W) (4.4.11)

where A} denotes the Laplacian with respect to w? and the right-hand inequality
follows from the definition of M. Now introduce

_ 0 _
Hy=e A (aAsO?) — A%} + A%y + Ay,

where A > 0 will be specified below. Recalling (4.4.6) we compute
0 whr

<8t - A?) Hy = —AH; — A3} + A%y + A%+ — A% log (771
w

d d
+e At <8t - A?) (mtp;\) +tr (—A?(wtA + ddapy) — Add%/ﬁ) + A2n

S —AHt + Ainogtrng(W) +t1“w? (e—Atw _ A2(wt>\ —+ dd0¢9) —_ Addcw_) + B17

using ¢y, ¢+ < 0, the arithmetico-geometric inequality and the fact that sup y ||
is under control. Using the lower bound dd®y~ > —Cw we get

e My — A%(w) + dd®g) — Addy™ < (AC + 1)w — A%(0 + ddvp) < —cA%w
for ¢ > 0 under control and all A large enough. It follows that

tr m (e_Atw — A%(w) + ddepg) — A ddci/)_) + A?nlogtr WA (w)

< A? (—ctrwéx (w) +nlogtr . (w)) < A’By.
We conclude that (% — Ai‘) H, < —AH;+ Bs with A, B3 > 0 under control. Now

Hy=M"" (05— 0p) — A%} + A% + Ay,
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hence supy Hy < M~'N 4 By, and the maximum principle yields supy H; <
M~IN + Bs. It follows that

0
sup ~~¢; < BsM™'N + By,
K O

which integrates to
sup (¢f — 1) < BoN + BrM,

and the result follows by symmetry. O

4.5 Proof of Theorem 4.1.10

Let (X,w) be a compact Kahler manifold endowed with a reference Kahler form.
We assume given the following data:

e An affine path 6, = 0y + tx, t € [0, T, of closed (1, 1)-forms such that the
cohomology class of 6, is semipositive and big for t € [0, T7[.

e A positive measure p of the form
= L 7

where 1)* are quasi-psh functions that are smooth on a Zariski open subset
Q of the ample locus of [fg] and such that e=%" € LP for some p > 1.

e A function g € C°(X)NPSH(X, 6p).

Our goal is to show the existence of a unique family ¢; of functions on X which
satisfy the following properties:

(i) ¢y is ¢-plurisubharmonic and bounded, uniformly with respect to ¢ €]0, 7|
for each 77 < T..

(ii) on ©2x]0,T ¢ is smooth and satisfies there

0 . (Gt + ddcht)n

(iii) ¢ — o uniformly on compact subsets of Q as ¢t — 0.

(4.5.1)

As a first remark, we may assume that there exists a semipositive and big form
0 with 6, > 6 for ¢t € [0,T]. Indeed, by assumption there exists ug, ur € C*°(X)
such that 6y + dd“ug and 07 + dd“ur are both semipositive and big. If we set

Up 1= (1 — %) ug + %UT
then each 0 < ¢ < 1 we then have
O + ddus = (1 — 7) (80 + dduo) + 7 (01 + dd°vr).
> Z(00 + ddug) =: 0

for t € [0,T — €]. The reduction is now achieved by replacing T" with T — &, 6y
with 0 + ddug, x with x + T~ *dd(ur — uo), and ¥ with ¥+ + T~ (upr — ug).
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4.5.1 Existence

We regularize the data. By [Dem92], there exist two sequences 1/12: € C*(X)
such that

. ¢f€[ decreases pointwise to ¥, and the convergence is in C°°(£);

o dd“it > —Cuw for some fixed C' > 0.

By Richberg’s theorem we similarly get a decreasing sequence 906 € C*°(X) such
that 0; := supy ‘gp% — go()’ — 0 and 6y + ddcgog) > —c;w with €; — 0. We then set
° 9% =0 +¢jw, 9{ = 96 +tx.
) :uk:J — e¢:_¢;wn
Since 9{ is a Kéhler form for ¢ € [0, T] and 06 + ddccpg > 0, Theorem 4.2.3 yields

a unique solution /" € C* (X x [0,T]) to

(gj + dde j,k,l)n
O ikl e [V TT0F
o’ [kl (4.5.2)

j7k7l JE— j
Yo = %o

Lemma 4.5.1. The sequence (¢?*1); | is bounded in the Fréchet space C* (2x]0,TY),
and there exists C'> 0 such that supy (o 1) ‘goj’k’l‘ < C for all j, k,l.

Proof. The C%bound on X x [0, T] follows from Lemma 4.4.1. By Lemma 4.4.3
and 4.4.4, for each compact set L € 2x]0, T there exists a uniform constant
C, > 0 such that

j.k,l
ot

o . )
sup }4/3 ‘ + sup ‘goj’k’l + sup ‘A«pj’k’l‘ <Cp (4.5.3)
L L L
for all j,k,I. The boundedness in C*°-topology on x]0,T[ follows by the
parabolic version of the Evans-Krylov a priori estimates and parabolic boot-

strapping (see e.g. [Gillll]). O

Lemma 4.5.2. For each j fized the sequence p?*! is increasing (resp. decreasing)
with respect to k (resp. 1). For each K € ) there exists Ax > 0 such that

sup |@"Mt — PP < Ag (6;+ 6 + e+ ¢5) (4.5.4)
Kx[0,T)]

for alli,j, k,I.
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Proof. The monotonicity with respect to k and [ follows immediately from Propo-
sition 4.2.1, while the last assertion is a consequence of Lemma 4.4.5. O

Using Lemma 4.5.1 and 4.5.2 we get the existence of
l—00 k—o0
in C* (2x]0,T) by monotonicity. By Lemma 4.5.2 the sequence ¢; is Cauchy
with respect to the sup-norm, hence the existence of
@ = lim ¢,
Jj—o0
in C*°(02x]0,T) using again Lemma 4.5.1. By (4.5.2), ¢ satisfies

8 o (Gt + ddcgot)n
50 = log [

on 2x]0,T[. Lemma 4.5.2 also shows that ¢ is bounded on §2 x [0,T] and yields
for each K € ) a constant Ax > 0 such that

sup ‘wj’k’l - 90‘ < Ag (3 +¢5)
Kx]0,T)

for all j,k,l. Since for each j, &, fixed we have lim;_g gog’k’l = gog it follows that

vt — o uniformly on compact subsets of 2, so that ¢ satisfies (4.5.1).

4.5.2 Uniqueness

Let ¢/ € C*°(Q2x]0,T[) be another solution to (i), (ii) and (iii) above. Our
goal is to prove ¢’ = ¢ by the maximum principle. Fix ¢» € C*°(Q) such that
0+ dd“yp >0, ¢ <0 and ¥ — —oo near 92. We also fix 0 < ¢ < 1 with cf < w,
so that w + c¢dd®yp > 0. A

Let us first prove ¢ > ¢’. For a given index j set Hy := ¢ — ¢} — cgj1p. On
1x]0,T] we have

QH o (0 + dd°¢; + dd°Hy + €(w + cddq))"
ot %8 (0; + dd°g))"
(0 + dd°}, + dd°Hy)"
(0, + ddep))™
hence infg Hs > infg Hy for s > ¢t > 0 by Proposition 4.2.1. Since cp{ and ¢}

are bounded on §2 independently of ¢ and 1) — —oo at 012, there exists K; €
independent of ¢ €]0,7[ such that infq H; = infx, Hy;. Using the boundary

> log

conditions limy_, ¢] = ¢} and limy_,¢ ¢, = ¢ uniformly on compact sets of €,
it follows that ‘
lim inf H; = inf (¢} — o — cej16) = 0
i

t—0 Kj
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since (p% > o and 1 < 0. We have thus shown that ¢/ > ¢’ + cgj1 on 2x]0,T7,
hence ¢ > ¢’ by letting j — oo.

In order to prove the converse inequality, we need to introduce yet another
parameter in the construction of ¢, in order to allow more flexibility. Fix 7" < T
and choose 0 < §p < 1 such that 77 < (1 — dp)T. For 6 € [0, 0] and t € [0,T"]
set 00 := (1 — 0)f + tx and Hf’j := 09 + ¢jw, and note that

6027 > (1 — 69)9.

Since '
(1—=08)0p +ejw~+ (1 —6)ddp) > 0,

Theorem 4.2.3 yields a unique solution %! € C>°(X x [0,T"]) to

. n
' (0?] +ddc<p5’j’k’l)

g@f’]’k’l — log

ot L (4.5.5)

0,5,k,l j
G = (1 - 00

Just as in Lemma 4.5.1 and 4.5.2, ©?®! is monotonic with respect to k and
I, uniformly bounded on X x [0,7"], the sequence (¢?%1!);;; is bounded in
C* (2x]0,T"]), and for each K &€ §2 we have an estimate

sup |0 — G| < Ape(e; + 5 + 63+ 9))
K x[0,7]

independent of § € [0, do], i, 7, k and {. We may thus consider

o5k = Tim IR DT = Tim Pk o — Tim o5
l—00 k—oco J
in C* (QX]O7TD
Since
j kel 8,5,k /
X X

and HG% - Hg’j | = 61|60 are uniformly bounded, Lemma 4.4.5 shows that

sup |pBiRl — (’Dj,k,l‘ < Cxé

Kx[0,T]

for each K € Q, with Cx > 0 independent of 4, j, k, [, and hence

s1}1{p ’cp‘s - <p‘ < Ckéd (4.5.6)

for all ¢ € [0, dp].
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Now we introduce for a given § €]0, 8] Hy := @} — @) — 61p € C=(2x]0,T"[).

We have "
) (69 + dd®? + 6(6o + dd°tp) + dd®Hy)

~H=1
ot o8 (02 + ddeg))”

(67 + dd°pf + dd°Hy)"
(07 + ddep})"

> log
hence infq Hy > infq H; for s > t > 0 by Proposition 4.2.1. Since ¢° and ¢ are
bounded, there exists K5 € Q such that infq H; = infg, (¢} — ¢¢ — d1b), hence
limy o infq Hy = infg, (—dpo — 0¢) > —dsupy |po|. We have thus shown that
@ > ® + 6 — Ssupy |@o| on 2x]0,T"], and we obtain ¢’ > ¢ on Q by letting
0 — 0 thanks to (4.5.6).

Remark 4.5.3. Since ¢; is uniformly bounded for ¢ in a compact set of ]0, 77,
[EGZ11] implies that ¢; € C°(X) for each t €]0,T[ and supy | — 5| < CJt —
s| for t,s in a compact set of ]0,T[. It follows that ¢ € C°(Xx]0,T[). Is it
continuous on the whole X x [0,77 ?
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Chapter 5

The Kahler-Ricci flow on Fano
manifolds: an introduction

Huai-Dong Cao'

Introduction

In this lecture notes, we aim at giving an introduction to the Kéahler-Ricci flow
(KRF) on Fano manifolds, i.e., compact Kéahler manifolds with positive first
Chern class. It will cover mostly some of the developments of the KRF in its first
twenty years (1984-2003), especially an essentially self-contained exposition of
Perelman’s uniform estimates on the scalar curvature, the diameter, and the Ricci
potential function (in C'-norm) for the normalized Kihler-Ricci flow (NKRF),
including the monotonicity of Perelman’s p-entropy and s-noncollapsing theo-
rems for the Ricci flow on compact manifolds. Except in the last section where
we shall briefly discuss the formation of singularities of the KRF in Fano case,
much of the recent progress since Perelman’s uniform estimates are not touched
here, especially those by Phong-Sturm [PS06] and Phong-Song-Sturm-Weinkove
[PSSW09, PSSW08b, PSSW11]| (see also [Pal08, CZ09, Sz10, Tos10a, MSz09,
Zhall] etc.) tying the convergence of the NKRF to a notion of GIT stability for
the diffeomorphism group, in the spirit of the conjecture of Yau [Yau93] (see also
[Tian97, Don02]). We hope to discuss these developments, as well as many works
related to Kéhler Ricci solitons, on another occasion. We also refer the readers
to the recent lecture notes by J. Song and B. Weinkove [SW] in the same volume
for some of the other significant developments in KRF'.

In spring 1982, Yau invited Richard Hamilton to give a talk at the Institute for
Advanced Study (IAS) on his newly completed seminar work “Three-manifolds
with positive Ricci curvature” [Ham82]. Shortly after, Yau asked me, Ben Chow
and Ngaiming Mok to present Hamilton’s work on the Ricci flow in details at

!Department of Mathematics, Lehigh University, Bethlehem, PA 18015, USA. Partially sup-
ported by NSF grant DMS-0909581.
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Yau’s IAS geometry seminar. At the time, Ben Chow and I were first year
graduate students, and Mok was an instructor at Princeton University. There
was another fellow first year graduate student, S. Bando, working with Yau. It
was clear to us that Yau was very excited about Hamilton’s work and saw its
great potential. He encouraged us to study and pursue Hamilton’s Ricci flow.

Besides attending courses at Princeton and Yau’s lecture series in geometric
analysis at TAS, I spent most of 1982 preparing for Princeton’s General Exam-
ination, a three-hour oral exam covering two basic subjects (Real & Complex
Analysis and Algebra) plus two additional advanced topics. But I also contin-
ued to study Hamilton’s paper. After I passed the General Exam in January
1983, I went to see Yau and asked for his suggestion for a thesis problem. Yau
immediately gave me the problem to study the Ricc flow on Kéhler manifolds,
especially the long time existence and convergence on Fano manifolds. I have
to admit that at the time I hardly knew any complex geometry (but I did not
dare to tell Yau so!). In the following months, I spent a lot of time reading and
trying to understand Yau’s seminal paper on the Calabi conjecture [Yau78|, and
also Calabi’s paper on extremal Kéhler metrics [Cal82] suggested by Yau. In the
mean time, it happened that Yau invited Calabi to visit IAS in spring 1983 and
I benefited a great deal from Calabi’s lecture series on “Vanishing theorems in
Kahler geometry” at IAS that spring.

By spring 1984 I had managed to prove the long time existence of the canonical
Kahler-Ricci flow by adopting Yau’s celebrated a priori estimates for the Calabi
conjecture to the parabolic case, as well as the convergence to Kéhler-Einstein
metrics when the first Chern class is either negative or zero, but little progress
toward the convergence when first Chern class is positive. Without fully aware of
the significance and the difficulties of the problem in the Fano case, I felt kind of
embarrassed that I did not meet my adviser’s expectation. But to my relief, Yau
seemed quite pleased and encouraged me to write up the work. That resulted
my 1985 paper [Cao85]. In Fall of 1984, several of Yau’s Princeton graduate
students, including me and B. Chow, followed him to San Diego where both
Richard Hamilton and Rick Schoen also arrived. By then Bando [Bando84] had
used the short time property of the flow to classify three-dimensional compact
Kéhler manifolds of nonnegative bisectional curvature [Bando84] and graduated
from Princeton. Shortly after our arrival in San Diego, following Hamilton’s
work in [Ham86], Ben Chow and I also used the short time property of the flow
to classify compact Kéhler manifolds with nonnegative curvature operator in all
dimensions [CaoChow86]. In 1988, Mok’s work [Mok88| was published in which
he was able to show (in 1986) nonnegative bisectional curvature is preserved in all
dimensions. By combining the short time property of the flow and the existence
of special rational curves by Mori [Mori79], Mok proved the generalized Frankel
conjecture in its full generality (see also a recent new proof by H. Gu [Gu09]).
This is a brief history of the KRF in its early years.

Late 1980s and 1990s saw great advances in the Ricci flow by Hamilton
[Ham88, Ham93a, Ham93b, Ham95b, Ham95a, Ham97, Ham99] which laid the
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foundation for his program to use the Ricic flow to attack the Poincaré and ge-
ometrization conjectures. In particular, the works of Hamilton [Ham88] and Ben
Chow [Chow91] imply that every metric on a compact Riemann surface can be
deformed to a metric of constant curvature under the Ricci flow. During the same
period, there were several developments in the KRF, including the constructions
of U(n)-invariant Kahler-Ricci soliton examples by Koiso [Koiso90] and the au-
thor [Cao94]?; the Li-Yau-Hamilton inequalities and the Harnack inequality for
the KRF [Ca092, Cao97]; the important work of W.-X. Shi [Shi90, Shi97], another
former student of Yau, using the noncompact KRF to approach Yau’s conjecture
that a complete noncompact Kahler manifold with positive bisectional curvature
is biholomorphic to the complex Euclidean space C" (see [ChauT08] for a recent
survey on the subject), etc. In addition, in 1991 at Columbia University, I ob-
served that Mabuchi’s K-energy [Mab86] and the functional defined in Ding-Tian
[DT92] are monotone decreasing under the KRF [Cao91]. The fact that the K-
energy is monotone under the KRF turned out to be quite useful, and was first
applied in the work of Chen-Tian [CheT02] ten years later.

In November 2002 and spring 2003, Perelman [Per(02, Per03q, Per03b] made
astounding breakthroughs in the Ricci flow. In April 2003, in a private lecture
at MIT, Perelman presented in detail his uniform scalar curvature and diameter
estimates for the NKRF based on the monotonicity of his W-functional and u-
entropy, and the powerful ideas in his k-noncollapsing results. We remark that
prior to Perelman’s lecture at MIT, such uniform estimates had appeared only
in the special case when NKRF has positive bisectional curvature, in the work
of Chen and Tian [CheT02] for the Kéhler surface case (see also [CheT06] for
the higher dimensional case) assuming in addition the existence of K-E metrics;
and also in the work of B.-L Chen, X.-P. Zhu and the author [CCZ03] in all
dimensions and without assuming the existence of K-E metrics.

From Hamilton and Perelman’s works to the recent proof of the 1/4-pinching
differentiable sphere theorem by Brendle-Schoen [BS09], we have seen spectac-
ular applications of the Ricci flow and its sheer power of flowing to canonical
metrics/structures without a priori knowing their existence. Let us hope to see
similar phenomena happen to the KRF.
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5.1 Preliminaries

In this section, we fix our notations and recall some basic facts and formulas in
Kahler Geometry.

5.1.1 Kahler metrics and Kahler forms

Let (X™,g) be a compact Kahler manifold of complex dimension n with the

Kihler metric g. In local holomorphic coordinates (2!, - -, 2™), denote its Kihler
form by
am : »
w= TZgi;dz NdZ. (1.1)
Z?]

By definition, g is K&hler means that its Kahler form w is a closed real (1,1) form,
or equivalently,

Okgi; = Oigr; and  Opg;; = 059,; (1.2)
for all 4,7,k = 1,---n. Here 9, = 0/02* and 0y = 0/0z".
The cohomology class [w] represented by w in H?(X,R) is called the Kéhler

class of the metric g;;. By the Hodge theory, two Kéhler metrics g;; and g;;
belong to the same Kéhler class if and only if g;; = g;; + 0;9;, or equivalently,

w=w+ 2;18590 (1.3)
™

for some real valued smooth function ¢ on X.
The volume of (X, g) is given by

Vol(X, g) = / wl™, (1.4)

X

where we have followed the convention of Calabi [Cal82] to denote w!™ = w™/n!
so that the volume form is given by

N
2

dV = det(g;;) NIy ( dz' A dz') = Wl (1.5)

Clearly, by Stokes’ theorem, if ¢ and ¢ are in the same Kahler class then we have

Vol(X, g) = Vol(X, g).
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5.1.2 Curvatures and the first Chern class
The Christoffel symbols of the metric g;; are given by

Y = g"0ig;; and T = g%0:g,3, (1.6)

where (g7 = ((gﬁ)_l)T. It is a basic fact in Kéhler geometry that, for each point
ro € X", there exists a system of holomorphic normal coordinates (z!,--- ,2")

at zg such that

9i5(x0) = 6;5 and Org;5(z0) = 0, Vi,j,k=1,---n. (1.7)

The curvature tensor of the metric g;; is defined as Riij
lowering j to the second index,

= —(%ng, or by

Rz = 95 R ; = —Ok0p9:5 + 9""0k9iq079,5- (1.8)

From (1.2) and (1.8), we immediately see that R is symmetric in 7 and k, in
j and ¢, and in the pairs {ij} and {k(}.

We say that (X", g) has positive (holomorphic) bisectional curvature, or pos-
itive holomorphic sectional curvature, if

_d gk, £ o a gkl
R v’ww” >0, or  Rgvv’vtv” >0

respectively, for all nonzero vectors v and w in the holomorphic tangent bundle
T.X of X at x for all z € X.
The Ricci tensor of the metric g;; is obtained by taking the trace of R;j;

R;; = g" R;5.; = —0:0;log det(g). (1.9)

From (1.9), it is clear that the Ricci form

=1 . )
Ric = ~— > Ryde' A dZ (1.10)
i,

is real and closed. It is well known that the first Chern class c1(X) € H?(X, Z)
of X is represented by the Ricci form:

[Ric] = me1(X). (1.11)
Finally, the scalar curvature of the metric g;; is
R=g"R;. (1.12)

Hence, the total scalar curvature

/RdV—/ Ric A w1, (1.13)
X X

depends only on the Kéhler class of w and the first Chern class ¢;(X).
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5.1.3 Covariant derivatives

Given any smooth function f, we denote by
Vif =0if,  Vif = Oif.
For any (1,0)-form v;, its covariant derivatives are defined as
Vv = 0jv; — Ffjvk and  V;v; = d50;. (1.14)
Similarly, for covariant 2-tensors, we have

R - D, e — ey D,
Vkvij = ak'l),l] — Fikvpj, Vk,v” = ak’l)zj — FEI—C'UZP,

_ P P _ — -
Vkvij = 8k’U7;j — Fikvpj — ijvip, and Vk Uij = ﬁkvij.

Now, in the Kahler case, the second Bianchi identity in Riemannian geometry
translates into the relations

VR = ViR, and VR = ViR

ijkp
Covariant differentiations of the same type can be commuted freely, e.g.,
VijUi = Vjvkvi, VEV3Ui = V;V,;vi, (1.16)

etc. But we shall need the following formulas when commuting covariant deriva-
tives of different types:

Vkvjvi — V;Vkvi = —Rﬁk[l}g, (1.17)
Vkvlrvij — ngkvﬁ = _Ripklij + Rpjktwi;ﬁv (1.18)
etc.
We define
2 ij .

IVfI*=g"0,f0;f, (1.19)
|Rc|* = gwgijinkg, (1.20)

and ) )
‘Rm|2 —_ glqu]gksgrﬁRijkéquTg. (121)

The norm square |S|? of any other type of covariant tensor S is defined similarly.
Finally, the Laplace operator on a tensor S is, in normal coordinates, defined

as

1
AS = zk:(vkv,; + ViVi)S. (1.22)



5.1. PRELIMINARIES 207

5.1.4 Kahler-Einstein metrics and Kahler-Ricci solitons
It is well known that a Kéhler metric g,; is Kahler-Einstein if
Rij = /\gﬁ

for some real number A € R. Kéhler-Ricci solitons are extensions of K-E metrics:
a Kéhler metric g;; is called a gradient Kéhler-Ricci (K-R) soliton if there exists
a real-valued smooth function f on X such that

R;; = )\Qij + aiajf and V;V,;f=0. (1.23)

It is called shrinking if A > 0, steady if A = 0, and expanding if A < 0. The
function f is called a potential function.

Note that the second equation in (1.23) is equivalent to saying the gradient
vector field 5

VI = (69005

is holomorphic. By scaling, we can normalize A = 1,0, —1 in (1.23). The concept
of Ricci soliton was introduced by Hamilton [Ham88] in mid 1980s. It has since
played a significant role in Hamilton’s Ricci flow as Ricci solitons often arise as
singularity models (see, e.g., [Caol0] for a survey). Note that when f is a constant
function, K-R solitons are simply K-E metrics.

Clearly, if X™ admits a K-E metric or K-R soliton g then the first Chern class
is necessarily definite, as

e (X) = AMwgl.

When ¢;(X) = 0 it follows from Yau’s solution to the Calabi conjecture that in
each Kéahler class there exists a unique Calabi-Yau metric (i.e., Ricci-flat Kéhler
metric) ¢ in that class. Moreover, when ¢;(X) < 0, Aubin [Aub78] and Yau
[YauT78] proved independently that there exists a unique Kéhler-Einstein metric
in the class —meq (X).

However, in the Fano case (i.e., ¢1(X) > 0), it is well known that there exist
obstructions to the existence of a K-E metric g in the class of w € mci(X) with
R;; = g;5. One of the obstructions is the Futaki invariant defined as follows: take
any Kéhler metric g with w € 71 (X). Then its Kéhler class [w] agrees with its
Ricci class [Ric]. Hence, by the Hodge theory, there exists a real-valued smooth
function f, called the Ricci potential of the metric g, such that

Ri; = 955 — 0i0; f. (1.24)
In [Fut83], Futaki proved that the functional F': n(X) — C defined by
F(V)= / Vot wll = / (V- Vf)wl (1.25)
X X

on the space 7(X) of holomorphic vector fields depends only on the class 7eq (X),
but not the metric g. In particular, if a Fano manifold X™ admits a positive K-E
metric, then the Futaki invariant F' defined above must be zero.
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On the other hand, it turns out that compact stead and expanding K-R
soliotns are necessarily K-E (cf.). If g is a shrinking K-R soliton satisfying

Ri; =g;; —0;0;f and V;V;f=0 (1.26)

with non-constant function f then, taking V = V f, we have
F(Vf) = / IV 2w £ 0. (1.27)
X

The existence of compact (shrinking) K-R solitons were shown independently
by Koiso [Koiso90] and the author [Cao94], and later by X. Wang and X. Zhu
[WZ04]. The noncompact example was first found by Feldman-Ilmanen-Knopf
[FIKO03], see also A. Dancer-Wang [DW11] and Futaki-Wang [FutW11] for further
examples.

We remark that Bando and Mabuchi [BM87] proved that positive K-E metrics
are unique in the sense that any two positive K-E metrics on X" only differ by an
automorphism of X™. Moreover, Tian and Zhu [TZ02] extended the definition of
the Futaki invariant by introducing a corresponding obstruction to the existence
of (shrinking) K-R solitons on Fano manifolds. They also proved the Bando-
Mabuchi type uniqueness result for K-R solitons [TZ00].

5.2 The (normalized) Kahler-Ricci flow

In this section we introduce the Kéhler-Ricci flow (KRF) and the normalized
Kéhler-Ricci flow (NKRF) on Fano manifolds, i.e., compact Kahler manifolds
with positive first Chern class. We state the basic long time existence of solutions
to the NKRF proved by the author in [Cao85], derive the evolution equations
of various curvature tensors, and present Mok’s result on preserving the non-
negativity of the holomorphic bisectional curvature under the KRF.

5.2.1 Kahler-Ricci flow and normalized Kahler-Ricci flow

On any given Kéhler manifold (X", g;5), the Kéhler-Ricci flow deforms the initial
metric g by the equation

O 95(t) = ~Rg(0), 9(0) =3 (21)

or equivalently, in terms of the Kahler forms, by

0 . /
574 (0) = —Ric(w(t),  w(0) = wo. (2.1

Note that, by (2.1°), the Kéhler class [w(?)] of the evolving metric g;;(t) sat-

isfies the ODE J

Sl®)] = —rei(X),
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from which it follows that
[w(t)] = [wo] — tmer (X). (2.2)

Proposition 5.2.1. Given any initial Kdhler metric g on a compact Kdhler
manifold X", KRF (2.1) admits a unique solution g(t) for a short time.

Proof. We consider the nonlinear, strictly parabolic, scalar equation of Monge-

Amperé type

det(g;; — tR; + 0;05)
det(g,;) ’

¢ = log ¢(0) =0

dt

as in [Bando84]. Then, this parabolic equation admits a unique solution ¢ for a
short time, and it is easy to verify that

95(t) = G;j — tR; + 9,05

gives rise to a short time solution to KRF (2.1) for small ¢ > 0. This proves
the existence. For the uniqueness, suppose h;; is another solution to KRF (2.1).
Then, by (2.2), we have

hij = §i — tR; + 0i050)
for some real-valued function . But then we must have
d ~
6@'33(%7#) = —Rj; + Rjj.

Hence, by (1.9) and by adjusting with an additive function in ¢ only, we have

det(g;; — tR;; + 9;050)
det(g,5) .

Note that h;;(0) = g5 forces 1(0) to be a constant function. Therefore ¢ and 1)
differ by a function in ¢ only which in turn implies that g = h.

Alternatively, by the work of Hamilton [Ham82] (see also De Turck [Det83)),
there exists a unique solution g(t) to (2.1), regarded as the Ricci flow for Rieman-
nian metric, for a short time with ¢ as the initial metric. Moreover, Hamilton
[Ham95a] observed that the holonomy group does not change under the Ricci
flow for a short time. Thus, the solution g(t) we obtained remains Kéahler for
t>0. O

d
— =1
dtw og

Lemma 5.2.2. Under the Kdihler-Ricci flow (2.1), the volume of (X,g;5(t))
changes by

%VOI(X, g(t)) = — /X R(t) wi™ ().
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Proof. Under KRF (2.1), we have

0

n 8 n
aw[ ] — (—logdet(gﬁ))w[ !

ot
and

0 70 .
ot logdet(g;5) = g jagzj =—g"R; =—-R.

Therefore, the volume element dV = wl® changes by

0

o — _Rpulnl
Y Rw'™. (2.3)

From now on, we consider a Fano manifold (X", g;5) such that
[wo] = [@] = mer (X)), (2.4)

and we deform the initial metric § by the KRF (2.1).
To keep the volume unchanged, we consider the normalized K&ahler-Ricci flow

0 .
595 = —Ri;+g;5 90)=g (2.5)
or equivalently
0
7Y = —Ric(w) + w, w(0) = wp. (2.5)

From the proof of Lemma 5.2.2, it is easy to see that the following holds (in
fact, under NKRF (2.5) the solution g(¢) has the same Kahler class):

Lemma 5.2.3. Under the normalized Kdhler-Ricci flow (2.5), we have

B
57(dV) = (n— R)aV.

By (2.2) and (2.4), it follows that
w(®)] = 7(1 = t)er(X),

showing that [w(¢)] shrinks homothetically and would become degenerate at t = 1.
This suggests that if [0,7") is the maximal existence time interval of solution g(¢)
to KRF (2.1), then T' cannot exceed 1. We shall see that the NKRF (2.5) has
solution ¢(t) exists for all time 0 <t < oo, which in turn implies that 7" = 1 for
KRF (2.1).

By direct calculations, one can easily verify the following relations between
the solutions to KRF (2.1) and NKRF (2.5).
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Lemma 5.2.4. Let §;5(s),0 < 's <1, and g;5(),0 < t < 00, be solutions to the
KRF (2.1) and the NKRF (2.5) respectively. Then, §;5(s) and g;;(t) are related
by
Gij(s) = (1 —s)g;5(t(s)), t=—log(l—s)
and
9i5(t) = etgij(s(t))7 s=1—et

Corollary 5.2.5. Let §;5(s) and g;3(t) be as in Lemma 5.2.4. Then, their scalar
curvatures and the norm square of their curvature tensors are related respectively
by )

(1—s)R(s) = R(t(s)),

and R
(1= 8)[Rmly(s) = |Rmges))-

5.2.2 The long time existence of the NKRF

First of all, it is well known that the NKRF (2.5) is equivalent to a parabolic
scalar equation of complex Monge-Ampere type on the Kahler potential. For any
given initial metric gy = g satisfying (2.4), consider

9;;(t) = g;; + 0:0;p, (2.6)

where ¢ = ¢(t) is a time-dependent, real-valued, smooth unknown function on

X. Then,
0
agzj = az'a;@t

and

—Rj5+ 95 =—R;j+3;+0i0;0=—R;; + R+ 0:9;(f + )
w" ~
= 0;0;log — + 0;0;(f + ).

wTL

Here f is the Ricci potential of g;; as defined in (1.24). Thus, the NKRF (2.5)

reduces to "

w .
0,001 = 0,05 log — + 0:0;(f + ¢),

or equivalently,

det(g;; + 0;05¢)
det(g,;)

d -
@go = log +f+o+0b(t) (2.7)

for some function b(t) of ¢ only.
Note that (2.7) is strictly parabolic, so standard PDE theory implies its short
time existence (cf. [Baker10]). Clearly, we have
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Lemma 5.2.6. If ¢ solves the parabolic scalar equation (2.7), then g;(t), as
defined in (2.6), is a solution to the NKRF (2.5).

Now we can state the following long time existence result shown by the author
[Cao85], based on the parabolic version of Yau’s a priori estimates in [Yau78].
We refer the readers to [Cao85], or the lecture notes by Song and Weinkove [SW]
in this volume, for a proof.

Theorem 5.2.7 ([Cao85]). The solution ¢(t) to (2.7) exists for all time 0 < ¢ <
oo. Consequently, the solution g;;(¢) to the normalized Kahler-Ricci flow (2.5)
exists for all time 0 <t < oo.

5.2.3 Preserving positivity of the bisectional curvature

To derive the curvature evolution equations for both KRF and NKRF, we consider

0
Lemma 5.2.8. Under (2.8), we have
0
ot = ARG + Ry, — iy, (2.9)
and 9
= AR+ |Rc|* — AR. (2.10)
Proof. First of all, from (1.9), we get
asz = —VZ'VE(Q EW) = V;V;R. (2.11)

On the other hand, by using the commuting formulas (1.16)-(1.18) for covariant
differentiations, we have

ViViRi; = ViV;R;; = ViV Ry — RigiRep + Ry Rig
= V;ViR — R iR, + Riel5,
and
ViViR; = VEViR;.

Hence,
1
AR@ = 5 (ViVi + ViVi) Rz’j = VZ‘VER — RiijRZE + Rz‘ZRl}- (2.12)

Therefore, (2.9) follows from (2.11) and (2.12)
Next, using the evolution equation of R;;, we have
9 0 ij ij
ER = a(g TR;5) = g7 (ARG + Riplyr — RipRi;) + Riz(Rj; — Agjip)
= AR+ |Rc|* — \R.
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Lemma 5.2.9. Under (2.8), we have

0

&Rz’jkf =ARj7 + RigpgR

ipgapnt + RitpgLopr — RipkaRyjer + ARz

1
— 5 (RipRyjuz + Ryj Ripig + RipRigpi + RyiRijig)-

Proof. From (1.8) and by using normal coordinates, we have

0

g ikt = OkOpRi; + ARieg = On(Vilti + F%Riﬁ) + AR50

= VngRij — RiﬁRpij + )\Rijk,lﬁ.

On the other hand, by (1.15) and covariant differentiation commuting formu-
las (1.16)-(1.18), we obtain

VipVpRisiz = ViViRi — Rig,aRosig + Ripralyje0 — RigpgLgprj + Rijpi Rk
and
VpVpRi5e = VpVp R — RigR e + Ry Rigri — RrgRije0 + RyiRijrg:
Hence,
AR5 = % (VpV5 + Vi5Vy) Rijpi
= ViVilty — RijpgRopes + RipkgRpjer — RitpgRopkj
+ %(_R@Rpjkf + Ry Ripri + RipRijpr + RyrRijep),
and Lemma 5.2.9 follows. ]

Remark 5.2.10. Clearly, the Ricci evolution equation (2.9) is also a consequence
of Lemma 5.2.9, but the proof in Lemma 5.2.8 is more direct and easier.

The Ricci flow in general seems to prefer positive curvatures: positive Ricci
curvature is preserved in three-dimension [Ham82]; positive scalar curvature, pos-
itive curvature operator [Ham86] and positive isotropic curvature [BS09, Ng07]
are preserved in all dimensions. Here we present a proof of Mok’s theorem that
positive bisectional curvature is preserved under KRF.

Theorem 5.2.11. [[Mok88]] Let (X", §) be a compact Kéhler manifold of non-
negative holomorphic bisectional curvature, and let g;z(¢) be a solution to the
KRF (2.1) or NKRF (2.5) on X" x [0,T). Then, for t > 0, g;;(t) also has
nonnegative holomorphic bisectional curvature. Furthermore, if the holomorphic
bisectional curvature is positive at one point at ¢ = 0, then g;;(t) has positive
holomorphic bisectional curvature at all points for ¢ > 0.
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Proof. Let us denote by
Figee = RijpgRopre — RiphgRyjqr + RigpgRoprj + AMijpe

1
= 5 (RipRyjui + Bpj Rigig + BrpRizp + Ry Rijeg)
so that by Lemma 5.2.9

0

aszkZ = AR5+ Fijpr-

By a version of Hamilton’s strong tensor maximum principle (cf. [Bando84)), it
suffices to show that the following “null-vector condition” holds: for any (1,0)
vectors V = (v*) and W = (w?), we have

Fijkgvivjwsz >0 whenever Rﬁkgvivjwsz =0, (NVC)

or simply,
Foyww = FV,V,W,W) >0 whenever Ry pyw = Rm(V,V,W,W)=0.
Claim 2.1: If Ry gy = 0, then for any (1,0) vector Z, we have
Ry zww = Ryywz = 0.
Proof. For real parameter s € R, consider
G(s) =Rm(V +sZ,V +sZ,W,W).

Since the bisectional curvature is nonnegative and Ry vy = 0, it follows that
G’'(0) = 0 which implies that

Re (Ry zww) = 0.

Suppose Ry 7y # 0, and let Ry sy = | Ry ziwywleY 1%, Then, replacing Z by
e V=197 in the above, we get

—/=16
0=Re (V" "Ry zpww) = Ry zwwl,
a contradiction. Thus, we must have
Ry zww = 0.

Similarly, we have Ry vy 7 = 0.

By Claim 2.1, we see that if Ry yyp = 0 then

2 2
Fyyww = RypyzBzyww — [Ryywzl” + [RywyzI™
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Therefore, (NVC) follows immediately from the following
Claim 2.2: Suppose Ry ¢y = 0. Then, for any (1,0) vectors Y and Z,

RyyyzRzvww = |Ryywzl*
Proof. Consider
H(s) =Rm(V +sY,V +sY W+ sZ W + s2)
= s’ (Ryyzz + Ryyww + Ryywz + Ryvazw + Ryyzw + Ryvwz) + O(s°).

Here we have used Claim 2.1.

Since H(s) > 0 and H(0) = 0, we have H”(0) > 0. Hence, by taking Y = (¥e,
and Z = n‘e, with respect to any basis {e1,---en}, we obtain a real semi-positive
definite bilinear form Q(Y, Z):

0<Q(Y,2) =Ryyzz+ Byyww + Byywz + Byvzw + Byyzw + Byywz
=Ry e e 11+ Rope,vw ¢+ Rva,we, (' + Roypein®™n’
+ RVékeZWCEng + Rekf/WéngnZ
Now we need a useful linear algebra fact (cf. Lemma 4.1 in [Ca092]):

Lemma 5.2.12. Let A and C be two m xm real symmetric semi-positive definite
matrices, and let B be a real m X m matrix such that the 2m x 2m real symmetric

matric
A B
= c)

1§ semi-positive definite. Then, we have
Tr(AC) > |B|?.

Proof. Consider the associated matrix
C -B

It is clear that G2 is also symmetric and semi-positive definite. Hence, we get
TI‘(GlGQ) Z 0.

However,
G — AC-BBT BA-AB
2=\ BTc-cBT CcA-B"B )’

Therefore,

Tr(AC) — |B|? = %Tr(Gng) > 0.
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Now, by applying Lemma 5.2.12 to the above semi-positive definite real bi-
linear form @, one gets

9 9
RyyyzBRzyww = [Ryywzl™ + [RywyzI™

O

Remark 5.2.13. S. Bando [Bando84] first proved Theorem 5.2.11 for n = 3, and
W. -X. Shi [Shi97] extended Theorem 5.2.11 to the complete noncompact case
with bounded curvature tensor.

Remark 5.2.14. By using a certain special evolving orthonormal frame {e,}
under KRF (2.1) similarly as in [Ham86] (see also Section 5 of [Shi97]), one
obtains the simplified evolution equation

0

&Ragﬁ/g = ARaE'yg + RaB,LLDRV[wS + RCVS/JDRZ/,E’YB - Raﬂ'yDR“BVS + )‘Raﬁfy& (213)

where R,3.5 is the Riemannian curvature tensor components with respect to
the evolving frame {e,}. By using (2.13) and modifying the above proof of
Theorem 5.2.11, one can prove that nonnegative orthogonal bisectional curvature,
Rm(V,V,W,W) > 0 with V LW, is also preserved under KRF (2.1), a fact first
observed by Hamilton and the author [CH92] in 1992 at IAS (see also [GuZ10]).
We leave the details to the interested readers as an exercise.

Remark 5.2.15. Wilking [Will0] has provided a nice uniform Lie Algebra ap-
proach treating all known nonnegativity curvature conditions preserved under
the Ricci flow and KRF so far, including nonnegative bisectional curvature and
nonnegative orthogonal bisectional curvature.

5.3 The Li-Yau-Hamilton inequalities for KRF

In [LiYau86], Li-Yau developed a fundamental gradient estimate, now called Li-
Yau estimate (aka differential Harnack inequality), for positive solutions to the
heat equation on a complete Riemannian manifold with nonnegative Ricci cur-
vature. They used it to derive the Harnack inequality for such solutions by a
path integration. Shortly after, based on a suggestion of Yau, Hamilton [Ham88]
derived a similar estimate for the scalar curvature of solutions to the Ricci flow on
Riemann surfaces with positive curvature. Hamilton subsequently obtained a ma-
trix version of the Li-Yau estimate [Ham93a| for solutions to the Ricci flow with
positive curvature operator in all dimensions. This matrix version of the Li-Yau
estimate is now called Li-Yau-Hamilton estimate, and it played a central role
in the analysis of formation of singularities and the application of the Ricci flow to
three-manifold topology. Around the same time, the author derived the (matrix)
Li-Yau-Hamilton estimate for the KRF with nonnegative bisectional curvature
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and obtained the Harnack inequality for the evolving scalar curvature by a sim-
ilar path integration argument. We remark that our Li-Yau-Hamilton estimate
for the KRF in the non compact case palyed a crucial role in the works of Chen-
Tang-Zhu [CTZ04], Ni [Ni05] and Chau-Tam [ChauT06]. The presentation here
essentially follows the original papers of Hamilton [Ham88, Ham93a, Ham93b]
and Cao [Ca092, Ca097].

We shall start by recalling the well-known Li-Yau inequality for positive solu-
tions to the heat equation on complete Riemannian manifolds with nonnegative
Ricci curvature, and the important observation that Li-Yau inequality becomes
equality on the standard heat kernel on the Euclidean space. Then, following
Hamilton, we show how one could derive the matrix Li-Yau-Hamilton quadratic
for the KRF from the equation of expanding Kahler-Ricci solitons. Finally we
state and sketch the matrix Li-Yau-Hamilton inequality for the KRF with non-
negative bisectional curvature.

5.3.1 The Li-Yau estimate for the 2-dimensional Ricci flow

Let us begin by describing the Li-Yau estimate [LiYau86] for positive solutions
to the heat equation on a complete Riemannian manifold with nonnegative Ricci
curvature.

Theorem 5.3.1 ([LiYau86]). Let (M, g;;) be an n-dimensional complete Rie-
mannian manifold with nonnegative Ricci curvature. Let u(x,t) be any positive
solution to the heat equation

%:Au on M x [0,00).

Then, for all £ > 0, we have

ou  |Vu? n
—u > M . 1
e " + 2tu >0 on x (0, 00) (3.1)

We remark that, as observed by Hamilton (cf. [Ham93al), one can in fact
prove that for any vector field V* on M,

ou n

— 4+2Vu-V VIZ+ —u>0. 3.2

5 T2V + ul |+2tu_ (3.2)
If we take the optimal vector field V' = —Vu/u, then we recover the inequality

(3.1).
Now we consider the Ricci flow on a Riemann surface. Since in (real) dimen-
sion two the Ricci curvature is given by

1
Rij = 5 Rgij,



218 CHAPTER 5. THE KRF ON FANO MANIFOLDS

the Ricci flow becomes
59ij
ot
Now let g;;(t) be a complete solution of the Ricci flow (3.3) on a Riemann
surface M and 0 <t < T. Then the scalar curvature R evolves by the semilinear

equation

= —Rgij. (3.3)

OR 9

a5 = AR+ R
on M x[0,T). Suppose the scalar curvature of the initial metric is bounded, non-
negative everywhere and positive somewhere. Then it follows from the maximum
principle that the scalar curvature R(z,t) of the evolving metric remains nonneg-
ative. Moreover, from the standard strong maximum principle (which works in
each local coordinate neighborhood), the scalar curvature is positive everywhere
for ¢ > 0. In [Ham88], Hamilton obtained the following Li-Yau estimate for the

scalar curvature R(z,t).

Theorem 5.3.2 ([Ham88]). Let g;;(t) be a complete solution to the Ricci flow on
a surface M. Assume the scalar curvature of the initial metric is bounded, non-
negative everywhere and positive somewhere. Then the scalar curvature R(x,t)
satisfies the Li-Yau estimate

OR ]VR|2

o R T ?
Proof. By the above discussion, we know R(x,t) > 0 for ¢t > 0. If we set

L =log R(z,t) for t¢>0,

> 0. (3.4)

then
0 1
—L=—(AR+ R?
it = gARTED
=AL+|VL?+R
and (3.4) is equivalent to

OL
ot

Following Li-Yau [LiYau86] in the linear heat equatlon case, we consider the
quantity

\VL|2+7_AL+R+ > 0.

Q— — —|VL?=AL+R.
Then by a direct computatlon,
0oQ 0
Bt = Bt —(AL+ R)
oL OR
=A AL+ —
(m) TRALT

= AQ+2VL-VQ +2|V2L|? + 2R(AL) 4+ R?
> AQ+2VL-VQ + Q%
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So we get

0 1 1 1 1 1
— — 1 >A - 2VL - - - - - .
(@)= e (o) ovev ()« (0-7) ()
Hence by the maximum principle argument, we obtain
1
Q + N > 0.

This proves the theorem. O

5.3.2 Li-Yau estimate and expanding solitons

To prove inequality (3.4) for the scalar curvature of solutions to the Ricci flow in
higher dimensions is not so simple. It turns out that one does not get inequality
(3.4) directly, but rather indirectly as the trace of certain matrix estimate when
either curvature operator (in the Riemannian case) or bisectional curvature (in
the Ké&hler case) is nonnegative. The key ingredient in formulating this matrix
version is an important observation by Hamilton that the Li-Yau inequality, as
well as its matrix version, becomes equality on the expanding solitons which
he first discovered for the case of the heat equation on R™. This led him and
the author to formulate and prove the matrix differential Harnack inequality,
now called Li-Yau-Hamilton estimates, for the Ricci flow in higher dimensions
[Ham93a, Ham93b] and the Kéhler-Ricci flow [Cao92, Cao97] respectively.

To illustrate, let us examine the heat equation case first. Consider the heat

kernel ,
u(z, t) = (4mt) " 2114 (3.5)

which can be considered as an expanding soliton solution for the standard heat
equation on R"”.
Differentiating the function u once, we get

Vu= —u% or Vju+uV; =0, (3.6)
where v
xj iu
V=2 =--"1"
Tt U

Differentiating (3.6) again, we have
ViVju + ViuVj + %57;]' =0. (3.7)

To make the expression in (3.7) symmetric in ¢, j, we multiply V; to (3.6) and
add to (3.7) and obtain

ViV ju+ ViV + ViuVi + uViV + %@j = 0. (3.8)
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Taking the trace in (3.8) and using the equation du/dt = Au, we arrive at

ou 9 . N
§+2VU-V+U|V| —i-%u—O,

which shows that the Li-Yau inequality (3.1) becomes an equality on our expand-
ing soliton solution u! Moreover, we even have the matrix identity (3.8).

Based on the above observation and in a similar process, Hamilton [Ham93a]
found a matrix quantity, which vanishes on expanding gradient Ricci solitons
and is nonnegative for any solution to the Ricci flow with nonnegative curvature
operator. At the same time, the author [Cao92] (see also [Ca097]) proved the
Li-Yau-Hamilton estimate for the Kéahler-Ricci flow with nonnegative bisectional
curvature, see below.

To formulate the Li-Yau-Hamilton quadric, let us consider a homothetically
expanding gradient Kahler-Ricci soliton ¢ satisfying

1

g

ViV; =0 (3.9)

with V; = V,; f for some real-valued smooth function f on X. Differentiating (3.9)
and commuting give the first order relations

ViR = ViV3Vi = V3ViVi = — Ry Vi

or
VkRZ; + Rﬁkﬁvp =0, (3.10)
and

ViRiVi + Ry Vo Vi = 0. (3.11)

ikp
Differentiating (3.10) again and using the first equation in (3.9), we get
1
ViVl + VR Vp + Rigrplyr + 5 Rijer = 0. (3.12)

Taking the trace in (3.12), we get

|
ARjj + ViRiVi + R Ry + Ry = 0. (3.13)

Symmetrizing by adding (3.11) to (3.13), we arrive at
1
ARij + VkRﬁVE + VERﬁVk + Rz‘jkl_Rll_c + Rijkl_vlvl_c + ;le =0,

or, by (2.9), equivalently

0 1
ERﬁ + ViRV + ViRV + R Ry + R ViVi + ;Rij = 0. (3.14)
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5.3.3 Li-Yau-Hamilton estimates and Harnack’s inequalities

We now state the Li-Yau-Hamilton estimates and the Harnack inequalities for
KRF and NKRF with nonnegative holomorphic bisectional curvature.

Theorem 5.3.3 ([Ca092, Cao97]). Let g;;(t) be a complete solution to the
Kahler-Ricci flow on X™ with bounded curvature and nonnegtive bisectional cur-
vature and 0 < ¢t < T'. For any point z € X and any vector V in the holomorphic
1,0
tangent space 1" X, let
9 k k Kyl o, L
Then we have B

forallz € X, V,W € To°X, and t > 0.

The proof of Theorem 5.3.3 is based on Hamilton’s strong tensor maximum
principle and involves a large amount of calculations. We refer the interested
reader to the original papers [Ca092, Cao97| for details.

Corollary 5.3.4. [[Ca092, Cao097]] Under the assumptions of Theorem 5.3.3,
the scalar curvature R satisfies the estimate

OR R

—§+V£W+VﬁW+Rﬂﬂﬁ+?zo (3.15)
for allx € X and t > 0. In particular,
OR |VR]? R
— — — > 0. 3.16
o R 1° (3.16)

Proof. The first inequality (3.15) follows by taking the trace of Z;; in Theorem
5.3.3. By taking V' = —Vlog R in (3.15) and observing R;; < Rg,; (because
R;; > 0), we obtain the second inequality (3.16). O

As a consequence of Corollary 5.3.4, we obtain the following Harnack in-
equality for the scalar curvature R by taking the Li-Yau type path integral as in
[LiYau86].

Corollary 5.3.5. [[Ca092, Cao97]] Let g;5(t) be a complete solution to the Kihler-
Ricci flow on X™ with bounded and nonnegative bisectional curvature. Then for
any points r1,xr2 € X, and 0 < t; < ta, we have

R(z1,t1) < %edtl(m17x2)2/4(t2_t1)R($2,t2)-
1

Here dy, (w1, %2) denotes the distance between x1 and xo with respect to g;z(t1).
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Proof. Take the geodesic path v(7), 7 € [t1, t2], from x1 to z2 at time ¢; with con-
stant velocity d¢, (x1, z2)/(t2 —t1). Consider the space-time path n(7) = (v(7),7),
T € [t1,t2]. We compute

R(a:l,tl) dr

21 (OR dry
= — | —=—+VR-—|d
/t1 R (87‘ + dT) g
2 (9log R 1 2
> / SCEL |V log R|§(T) - = dr.
t1 87_ 4 g(T)

Then, by the Li-Yau estimate (3.16) for R in Corollary 5.3.4 and the fact that
the metric is shrinking (since the Ricci curvature is nonnegative), we have

to
og R, (11
R(zy,t1) t T 4
t]. dtl (CU]_,SCQ)2

—log L _ .
&t T A(ts— 1)

to
log 2T2:t2) _ / L tog R(y(r), 7)dr
t1

dy
dr

Now the desired Harnack inequality follows by exponentiating. ]

Finally, we can convert Corollary 5.3.4 and Corollary 5.3.5 to the NKRF case
and yield the following Li-Yau type estimate and Harnack’s inequality.

Theorem 5.3.6. [[Ca092]] Let g;;(t) be a solution to NKRF on X" x [0, oc) with
nonnegative bisectional curvature. Then, the scalar curvature R satisfies

(a) the Li-Yau type estimate: for any ¢t > 0 and = € X,

R |VR? R

> 0; 1
ot R 1l—et ™ 0 (3.17)
(b) the Harnack inequality: for any 0 < t; < to and any x,y € X,
ez —1 d? (x,y)
R(z,t) < —— =t BT ARy, t 3.18
(l‘, 1) = el — 1 exp{e 4(t2 _ tl)} (y’ 2)? ( )

Proof. Part (a): Let g;;(s) be the associated solution to KRF on X x [0,1). By
Lemma 5.2.4, Corollary 5.2.5 and Corollary 5.3.4, we have

~

R=(1-3s)R, 1—et=s,

and R A R
ok _IVRG R
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It is then easy to check that they are translated into (3.17).
Part (b): By the Li-Yau path integration argument as in the proof of Corollary
5.3.5 but use (3.17) instead, we get

t2 1 1|dy|?
10g§(y’t2) > / - — = &y dr
(fL’,tl) t1 1—e 4 |dr g(7)
et — 1

=log 4A($,t1;y7t2)
where .
2

Az, t1;y,t2) = il:lyf/ 17 (7) E(T)dr (3.19)

t1

But, the NKRF equation and the assumption of Rc, > 0 imply that, for ¢1 < ta,

g(ta) < e Mg(ty).

Hence,
di, (z,y)
Az, ty;y,to) < ef27h D220
(l’, 1Y, 2)—6 (tQ—tl)
Therefore,
t1 d2
log R(y7 t2) Z 10g € 1 _ etQ—tl t1 (x7y) .
R(x,tl) et2 — 1 4(t2 — tl)

5.4 Perelman’s entropy and noncollapsing theorems

In this section, we review Perelman’s W-functional and the associated p-entropy.
We show that the u-entropy is monotone under the Ricci flow and use this impor-
tant fact to prove a strong x-noncollapsing theorem for the Ricci flow on compact
Riemannian manifolds. These results and the ideas in the proof play a crucial role
in the next two sections when we discuss the uniform estimates on the diameter
and the scalar curvature of the NKFR.

5.4.1 Perelman’s W-functional and p-entropy for the Ricci flow

Let M be a compact n-dimensional manifold. Consider the following functional,
due to Perelman [Per02],

W(gij, f,7) = /M[T(R +|Vf?) + f —n](dnr)"2e FadV (4.1)

under the constraint

(477)"2 /M e fav =1. (4.2)



224 CHAPTER 5. THE KRF ON FANO MANIFOLDS

Here g;; is any given Riemannian metric, f is any smooth function on M, and
T is a positive scale parameter. Clearly the functional W is invariant under
simultaneous scaling of 7 and g;; (or equivalently the parabolic scaling), and
invariant under diffeomorphism. Namely, for any positive number a > 0 and any
diffeomorphism ¢ € Diff (M™),

W(p*gij, " f,7) = W(gij, [ 7) and  Wlagij, f,a1) = W(gij, [, 7). (4.3)

In [Per02] Perelman derived the following first variation formula (see also
[CZ06])

Lemma 5.4.1. [Perelman [Per02]] If vi; = dg;j, h =0f, and n=06t, then
6W(vij7 h7 7])

1 n
= / — T4 <Rij +V;V;f — 2gij) (4777')_56_de
M T

+/M (g —h— %7}) [T(R+2Af — V2 + f—n—1](dr7)"2efdV

2_ M -2 —f
- .
+/Mn(R+\Vf] o) (amr)~Eeav,

Here v = gijvij.
By Lemma 5.4.1 and direct computations (cf. [Per02, CZ06]), one obtains

Lemma 5.4.2 (Perelman [Per02]). If g;;(t), f(t) and 7(t) evolve according to the
system

9gij
ot

of 9 n
ot Af+|Vf] R+;,
87'7_1’

5=

then

2

d 1 n
—W(g45(t), f(t),7(t)) = / 27 |Rij + ViVif — —gij| (4nr)"2e7 ay,
dt M 27'

and fM(47TT)_%€_de is constant. In particular W(gi;(t), f(t),7(t)) is nonde-
creasing in time and the monotonicity is strict unless we are on a shrinking
gradient soliton.

Now we define

1(9ijs T) = inf{W(gij,f, )| f e C™(M), W/M e fdv = 1}. (4.4)
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Note that if we set u = e~ f/2, then the functional W can be expressed as
W = W(gij,u,7) = (4n7) "2 / [7(Ru® + 4|Vu|?) — v logu® — nu?]dV  (4.5)
M
and the constraint (4.2) becomes

(477) "2 /M uw?dV =1. (4.6)

Thus p(gij, 7) corresponds to the best constant of a logarithmic Sobolev inequal-
ity. Since the non-quadratic term is subcritical (in view of Sobolev exponent), it
is rather straightforward to show that

inf{(47r7)_g/ [7(4)Vu?+ Ru?) — u?logu®— nu®]dV : (4n7)"2 / u2dV:1}
M M

is achieved by some nonnegative function u € H'(M) which satisfies the Euler-
Lagrange equation

7(—4Au + Ru) — 2ulogu — nu = u(gi;, 7)u.

One can further show that w is positive (see [Rot81]). Then the standard reg-
ularity theory of elliptic PDEs shows that u is smooth. We refer the reader
to Rothaus [Rot81] for more details. It follows that p(gi;,7) is achieved by a
minimizer f satisfying the nonlinear equation

T2Af = |Vf?+R) + f —n = p(gij. 7). (4.7)

It turns out that the p-entropy has the following important monotonicity
property under the Ricci flow:

Proposition 5.4.3. [Perelman [Per02]] Let g;j(t) be a solution to the Ricci flow

892’3’

ot
on M™% [0,T) with 0 <T < oo, then u(gi;j(t),To —t) is nondecreasing along the
Ricci flow for any Ty > T'; moveover, the monotonicity is strict unless we are on
a shrinking gradient soliton.

= —QRZ']'

Proof. Fix any time to, let fo be a minimizer of 1(g;j(to), To — to). Note that the
backward heat equation

af n

= —Af+|VFfP-R+ —

ot f+IVI + 27
is equivalent to the linear equation

gt((zm)’%ef) = —A((drr)"2e7 ) + R((4nr)"2e ).
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Thus we can solve the backward heat equation of f with f|i—, = fo to obtain
f(t) for t € [0,%p], satisfying constraint (4.2). Then, for ¢ < ty, it follows from
Lemma 4.2 that

(g (), To — t) < W(gi;(t), f(t), To —t)
< Wi(gij(to), f(to), To — to)
= 1(gij(to), To — to),

and the second inequality is strict unless we are on a shrinking gradient soliton.
O

5.4.2 Strong x-noncollapsing of the Ricci flow

We now apply the monotonicity of the p-entropy in Proposition 5.4.3 to prove a
strong version of Perelman’s no local collapsing theorem, which is extremely
important because it gives a local injectivity radius estimate in terms of the local
curvature bound.

Definition 5.4.4. Let g;;(t),0 < t < T, be a solution to the Ricci flow on an
n-dimensional manifold M, and let k, r be two positive constants. We say that
the solution g;;(t) is k-noncollapsed at (xo,ty) € M x [0,T) on the scale r if
we have

Viy(20,7)) > K",

whenever
|Rm|(x,tg) < r2

for all x € By, (xo,7). Here By (xo,7) is the geodesic ball centered at xo € M and
of radius r with respect to the metric g;;(to).

Remark 5.4.5. In [Per02], Perelman also defined x-noncollapsing by requir-
ing the curvature bound |Rm|(x,t) < 7=2 on the (backward) parabolic cylinder
Bto ($0, ’l“) X [to — ’1"2, t(]].

The following result was proved in [CZ06] (cf. Theorem 3.3.3 in [CZ06])).

Theorem 5.4.6. [Strong no local collapsing theorem| Let M be a compact Rie-
mannian manifold, and let g;;(¢) be a solution to the Ricci flow on M™ x [0,T)
with 0 < T' < +o00. Then there exists a positive constant x, depending only
the initial metric g9 and 7', such that g¢;;(¢) is k-noncollapsed at very point
(z0,t0) € M x[0,T) on all scales less than /7. In fact, for any (zo,t9) € M x[0,T)
and0<7’§\/Twehave

Vi, (zo,7) > k1™,

whenever
R(-,t9) < r~2 on By, (zg,r).
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Proof. Recall that

p(gij, 7) = inf {W(gijauaT) ‘ /M(47TT)_Zu2dV = 1} )

where,

W(gij,u,7) = (4n7) "2 / [T(Ru® + 4|Vu|?) — u?log u® — nu®dV.
M

Set

Mo =

— inf 2:(0), —oo0. 4.8
OSITHSQT,U(QJ(O) T) > —00 (4.8)

By the monotonicity of (g;;(t), ™ —t) in Proposition 5.4.3, we have
po < p(gij(0),to + %) < pu(gij(to), ) (4.9)

for tg < T and > < T.
Take a smooth cut-off function ((s), 0 < ¢ < 1, such that

1, ls| <1/2,
0, |s| > 1

and |¢'| < 2 everywhere. Define a test function u(z) on M by

) = b (P22 )

r

where the constant L is chosen so that
(47rr2)g/ u?dVy, =1
M
Note that
d
|Vu|? = eLr_2|C’(t°(i0’$))2 and w?logu?® = Lu® + e log 2.
Also, by the definition of u(z), we have
(4mr?) "2 eV, (20, 7/2) < 1, (4.10)

and
(4m) "2 r e Vi (20, 7) > 1. (4.11)

Now it follows from (4.9) and the upper bound assumption on R that
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Ko < W(}H(I—l/)v H,VG)
= (4mr?) "2 / [r2(Ru? + 4|Vu|?) — v logu® — nu?]
M

<1—L—n+ @4nr?)"2ek /M(4y<'|2 —(*log ¢?)

<1—L—n+ (4rr?)"2eP(16 + e 1)V, (20, 7).

Here, in the last inequality, we have used the elementary fact that —slogs < e™!
for 0 < s < 1. Combining the above with (4.10), we arrive at

Vt() (:L'O, T)

Mogl—L—n+(16+€_1)m
0 ;

(4.12)

Notice that if we have the volume doubling property
Vi, (z0,7) < CVyy(x0,7/2)
for some universal constant C' > 0, then (4.11) and (4.12) together would imply
Vi, (z0,7) > exp{uo +n —1— (16 + e H O}, (4.13)

thus proving the theorem. We now describe how to bypass such a volume doubling
property by a clever argument?® pointed out by B.-L. Chen back in 2003.

Notice that the above argument is also valid if we replace r by any positive
number 0 < a < r. Thus, at least we have shown the following

Assertion: Set
: —1yaqn 1
K= mm{exp[,uo +n—1—(164+¢ )3 ],2an} ,
where «, is the volume of the unit ball in R™. Then, for any 0 < a < r, we have
Vto (an a/) > Han7 (*)(l
whenever the volume doubling property,
Vto (CU(), a) S 3nvt0 (33(), a/2)7

holds.

3Perelman also used a similar argument in proving his uniform diameter estimate for the
NKRF, see the proof of Claim 1 in Section 6.
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Now we finish the proof by contradiction. Suppose (), fails for a = r. Then
we must have

r —-n
Vto(x()) 5) < 3 ‘/to(x()? 7")
<3 "kr"
<x(3)
k(=) .
2
This says that (x),/o would also fail. By induction, we deduce that

Vi, (0, 2%) <K (;—k) for all £ > 1.

But this contradicts the fact that

Vto (x(]v QLk)

Ty

5.4.3 The p-entropy and the strong noncollapsing estimate
To convert the k-noncollapsing theorem for the Ricci flow to the KRF and NKRF,

first note that for any local holomorphic coordinates (z!,--- ,2") with 2! = 2% 4
V=1yt, (zt, -+ 2™yt - -+, y") form a preferred smooth local coordinates with
0 1,0 0 0 1,0 0
= —(— —V/—-1— d .= —(— +V—-1—).
0z 2(8aﬂ 8y’) an 0z 2((%’ + 8yl)

Thus, in terms of the corresponding Riemannian metric ds?, we have

o 0 o 0
202 T ) = ds?(—— . ) = 2R(q~

dS (8.'1:'Z ? ax] ) S (8yz ? 8y‘] ) (glj)

while 5 8
2 — — pr— O P
ds (61‘17 ay]) - 20(92])'
In particular, for any (2!, -, 2™) with gi; = 6;5 (e.g., under normal coordinates),
then
o 0 o 0 g 0
ds* (5=, =) =ds*(5=, =) =20; and ds*(—,=—)=0
s (6:6“8:1:3) s (8yl’8y1) an s (656“8?;1)

(Thus, we can symbolically express the Riemannian metric gg = ds? = 2g;5-)
On the other hand, if R;; = Ad;; under the normal holomorphic coordinates

(z%,---,2") then, for the Riemannian Ricci tensor Rcg,2, we have
g 0 o 0 g 0
RCdSQ (%7 @) = RCdSQ (@7 aiyj) = 2)\(57/] and RCdSQ (%7 873/]) = 0
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That is,
Regee = M\ds?,

so we have the same Einstein constant .
Note that we also have the following relations:

e The scalar curvature: Rg,2 = 2R
e The Laplace operator: A 2 = 2A
e The norm square of the gradient of a function: |V f[3, = 2|V f[?, etc.

In particular, we have
Ry + [V flie = 2R+ |V f[).

Therefore, with o = 27, the Riemannian W-functional on (X", g;5) is given

by
W= (27T10)n/X[a(R +|VfI?) + f —2n]e fav, (4.14)

or, with u = e~ /2, by

W(gi5,u,0) = ! / [0(Ru? + 4|Vul?) — u?logu® — 2nu?|dV (4.15)

(2mo)™ Jx

with respect to the Kéhler metric g;;.
The p-entropy is then given by

p = p(g;z,0) = inf {W(gij,u, o): (27ra)_”/ uw?dV = 1} .

X

For any solution g;;(s) to the KRF on the maximal time interval [0,1), by
taking o = 1 — s, it follows that ;(g;;(s),1 — s) is monotone increasing in s. By
the scaling invariance property of p in (4.3) and the relation between KRF and
NKRF as described in Lemma 5.2.4, we get

1(9i5(s),1 = s) = pu(giz(t), 1). (4.16)
Thus, by the monotonicity of u(g;;(s), 1 — s) and ds/dt = e~* > 0, we have

Lemma 5.4.7. Let g;5(t) be a solution to the NKRF on X" x [0,00). Then,

/(R+!Vf\2+f—2n)e_de: 1n/ e_de:l}
X X

0,1 = int { o

1
(2m)"

1 1
= inf / Ru? + 4|Vul? — u?log u? — 2nu?): / u2:1}
e KRR ) e Uy

18 monotone increasing in t.

Finally, we have the corresponding strong no local collapsing theorem for the
NKRF:
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Theorem 5.4.8. [Strong no local collapsing theorem for NKRF]| Let X™ be a
Fano manifold, and let g;;(t) be a solution to the NKRF (2.5) on X™ x [0, c0).
Then there exists a positive constant x > 0, depending only the initial metric g,
such that g;;(¢) is strongly s-noncollapsed at very point (xo,%9) € M x [0,00) on
all scales less than €'/2 in the following sense: for any (zg,%9) € X x [0, 00) and
0<r< /2 we have

Vio (z0,7) > K", (4.17)

whenever
R(-,tg) <772 on By, (z0,7). (4.18)

Proof. This is an immediate consequence of Theorem 5.4.6 applied to the KRF
on X" x [0,1), and the relation between the KRF and the NKRF as described
by Lemma 5.2.4. O

5.5 Uniform curvature and diameter estimates for NKRF
with nonnegative bisectional curvature

Our goal in this section is to prove the uniform diameter and (scalar) curvature
estimates by B.L Chen, X.-P. Zhu and the author [CCZ03] for the NKRF with
nonnegative holomorphic bisectional curvature. The main ingredients of the proof
are the Harnack estimate in Theorem 5.3.6 and the strong non-collapsing estimate
in Theorem 5.4.8 for the NKRF.

Theorem 5.5.1. Let (X", g;5) be a compact Kihler manifold with nonnegative
bisectional curvature and let g;;(¢) be the solution to the NKRF with g;7(0) = g,;.
Then, there exist positive constants C7; > 0 and C5 > 0 such that

(i) |[Rm|(z,t) < Cy for all (z,t) € X x [0,00);
(ii) diam (X", g;5(t)) < C2 for all t > 0.

Proof. By Theorem 5.2.11, we know that g,;(¢) has nonnegative bisectional cur-
vature for all ¢ > 0. Thus, it suffices to show the uniform upper bound for the
scalar curvature

R(l’,t) S Cl
on X x [0,00). We divide the proof into several steps:

Step 1: A local uniform bound on R
First of all, we know that the volume V;(X") = Vol(X, g;;(¢)) and the total
scalar curvature [y, R(x,t)dV; are constant along the NKRF. Hence the average
scalar curvature is also constant. In fact,
1

T R(x,t)dV; = for all ¢ > 0.
‘/;(Xn)/n (x? ) t n, or a =
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Now, Vt > 1, set t; =t, to =t + 1 and pick a point y; € X such that
R(yt,t + 1) =n.

Then, V z € X, by the Harnack inequality in Theorem 5.3.6, and noting that
V> 1,

et+1 -1
— < 1
G- = e+ 1,
we have .
R(z,t) <n(e+1)exp (Zd?(x, yt)> . (5.1)

In particular, when dy(y:, z) < 1, we obtain a uniform upper bound
R(-,t) < nle+1)exp(e?/4) (5.2)

on the unit geodesic ball B;(y, 1) at time ¢, for all ¢ > 1.

Step 2: The uniform diameter bound

Now we have the uniform upper bound (5.2) for the scalar curvature on
By(yt,1). By applying the strong no local collapsing Theorem 5.4.8, there ex-
ists a positive constant £ > 0, depending only on the initial metric gg, such that
we have the following uniform lower bound

Vi(y, 1) > k>0

for the volume of the unit geodesic ball B;(y, 1) for all t > 1.

Suppose diam (X, g;5(¢)) is not uniformly bounded from above in ¢. Then,
there exist a sequence of positive numbers {Dy} — oo and a time sequence
{tx} — oo such that

diam (X, gz}(tk)) > Dy.

However, since g;;(tx) has nonnegative Ricci curvature, it follows from an ar-
gument of Yau (cf. p.24 in [ScYau94]) that there exists a universal constant
C = C(n) > 0 such that

Vi, Wty D) > CVy, (yt,, 1) Dy > kC Dy, — 0.
But this contradicts the fact that
Vtk(ytkak)S‘/tk(Xn):‘/O, k?:].,2,

Thus, we have proved the uniform diameter bound: there exists a positive con-
stant D > 0 such that for all ¢ > 0,

diam (X, g;5(t)) < D. (5.3)

Step 3: The global uniform bound on R
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Once we have the uniform diameter upper bound (5.3), the Harnack inequality
(5.1) immediately implies the uniform scalar curvature upper bound,

R(z,t) < n(e+ 1)66D2/4,

on X" x [0, 00). O

Remark 5.5.2. As mentioned in the introduction, assuming in addition the
existence of K-E metrics, Chen and Tian studied the NKRF with nonnegative bi-
sectional curvature on Del Pezzo surfaces [CheT02] and Fano manifolds in higher
dimensions [CheT06].

5.6 Perelman’s uniform estimates

In the previous section, we saw that when a solution g;5(¢) to the NKRF has non-
negative bisectional curvature, then the uniform diameter and curvature bounds
follow from a nice interplay between the Harnack inequality for the scalar curva-
ture R and the strong no local collapsing theorem. In this section, we shall see
Perelman’s amazing uniform estimates on the diameter and the scalar curvature
for the NKRF on general Fano manifolds (Theorem 5.6.1). In absence of the
Harnack inequality, Perelman’s proof is much more subtle, yet the monotonicity
of the p-entropy and the ideas used in the proof of the strong non-collapsing
estimate played a crucial role.

The material presented in this section follows closely what Perelman gave in a
private lecture* at MIT in April, 2003. As such, it naturally overlaps considerably
with the earlier notes [SeT08] on Perelman’s work. The author also presented
Perelman’s uniform estimates at the Geometry and Analysis seminar at Columbia
University in fall 2005.

Theorem 5.6.1. Let X" be a Fano manifold and g,;(¢), 0 < ¢t < oo, be the
solution to the NKRF

0 _
9% = —Riz+95 90)=3 (6.1)

with the initial metric go = § satisfying [wo] = mc1(X). Let f = f(¢) be the Ricci
potential of g;5(t) satisfying

—R;;(t) + g;5(t) = 0:0;f (6.2)

and the normalization

/ e fdv = (2m)". (6.3)

Then there exists a constant C > 0 such that

4Perelman’s lecture was attended by this author, the authors of [SeT08], and Xiaodong Wang.
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(i) |R| < C on X™ x [0, 00);
(ii) diam(X™, g;3(t)) < C;
(iii) || f|lcr < C on X™ x [0, 00).

The proof will occupy the whole section. First of all, by Lemma 5.2.8, we
know that under (6.1) the scalar curvature R evolves according to the equation

9 2
o= AR+ |Re — R

Lemma 5.6.2. There exists a constant C7; > 0 such that the scalar curvature R
of the NKRF (6.1) satisfies the estimate

R(I‘,t) 2 —Cl.
forallt >0 and all z € X™.

Proof. Let Rpyin(0) be the minimum of R(z,0) on X™. If Ryin(0) > 0, then by
the maximum principle, we have R(x,t) > 0 for all ¢ > 0 and all x € X™.

Now suppose Rpmin(0) < 0. Set F(x,t) = R(x,t) — Rmin(0). Then, F(z,0) >0
and F satisfies

o)
gF:AF+m&—F—RmND>AF+m¥—R

Hence it follows again from the maximum principle that F' > 0 on X" x [0, 00),
ie.,

R(l’,t) 2 Rmin<0)
for all t > 0 and all z € X™. O

Next, we consider the Ricci potential f satisfying (6.2) and the normalization
(6.3). Note that it follows from (6.2) that

n—R=Af. (6.4)
Also, let ¢ = ¢(t) be the Kéhler potential,
9;5(t) = G55 + 005,
so that ¢ is a solution to the parabolic scalar equation

det(g;; + 0;05¢)

det(3,) + f+ o +0b(t),

wr = lo

where b(t) is a function of ¢ only.
Since 0;0;¢01 = —R;5 + g;5, by adding a function of ¢ only to ¢ if necessary,
we can assume

f= et (6.5)
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Thus, f satisfies the parabolic equation
fe=Af+[f—al(t) (6.6)

for some function a(t) of ¢ only.
By differentiating the constraint (6.3), we get

/ e (=fi+n—R)dV =0.
Hence, by combining with (6.4) and (6.6), it follows that

a(ty=2m)™ | feldv. (6.7)
Xn

Lemma 5.6.3. There exists a constant Cy > 0 such that, for all t > 0,

—0y < fe=ldv < Cs.
X'n

Proof. The second inequality is easy to see. Now we prove the first inequality.
By Lemma 5.4.7 and (6.4), we have

A =:1u(9:5(0),1) < p(g;;(t), 1)
< (Qw)—n/X(R+ VI + f— 2n)eTav
= (27T)n/x(—Af +|VfP+f— n)efde

= (27r)_”/X(f —n)e ldV.

Therefore,

@2m)y ™[ feldv > A+n.
Xn

Lemma 5.6.4. There exists a constant C3 > 0 such that
[ =>-C3
for allt >0 and all z € X™.

Proof. We argue by contradiction. Suppose the Ricci potential f is very negative
at some time ty > 0 and some point zg € X" so that

fxo,to) << —1.



236 CHAPTER 5. THE KRF ON FANO MANIFOLDS

Then, there exists some open neighborhood U C X™ of xg such that
flz,to) << —1, Ve e U. (6.8)

On the other hand, by (6.4), (6.6), Lemma 5.6.2, (6.7), and Lemma 5.6.3, we
have
fi=n—R+f—alt)< f+C (6.9)

for some uniform constant C' > 0.

Let us assume f(-,t) and ¢(-,t) achieve their maximum at x; and x} respec-
tively. From the constraint (6.3), it is clear that for each ¢t > 0, we have a uniform
lower estimate

flag,t) = m)?xf(-,t) > -C
for some C' > 0 independent of t. Moreover, it follows form (6.5) and (6.9) that

(f - (10)1‘/ é Ca

FCt) = (1) < max(f —¢)(-,t0) + Ct.

Therefore,

o(xy,t) > o, t) > flayg,t) —m)z(ix(f—go)(-,to) —Ct>—Ct, Yt>>t. (6.10)

On the other other, by (6.9), we have
fla,t) < e70(C + f(a,t0)) (6.11)
for t > tg and x € X™. In particular, by (6.8), we have
fz,t) < —Ce o€, Yt > to, Ve € U. (6.12)
Then (6.5) and (6.12) together imply that
o(z,t) < p(z,tg) — Ce e + C < —C'é, YVt >> tg,Va € U. (6.13)
Next, we claim (6.13) implies
p(zf,t) < —Ce' 4+ C' (6.14)

for some C’ > 0 independent of t >> t3. To see this, note that, with respect to
the initial metric gg, we have

p(ay,t) = VO(Xn)/XSO(‘at)dVO - W/)(Aoso(-,t)Go(xt,-)dVo, (6.15)

where Vp(X™) = Vol(X", go) and Go(z;,-) denotes a positive Green’s function
with pole at zj.
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Since n + Agp = f}i;gﬁ(t) > 0, the second term on the RHS of (6.15) can be
estimated by

1 n 1
_W/XAosO(.,t)Go(:ct,.)d% < VO(X”)/XGO(%’)C% —.C". (6.16)

On the other hand, by using (6.12), it follows that

! WX\U) .. V()
VO(Xn)/Xw(.,t)dVo < Ww(xt,t) %00

Therefore, by (6.15)-(6.17), we have

Ce'. (6.17)

ap(x},t) < C" —aCe'
for a = Vp(U)/Vo(X) > 0. This proves (6.14), a contradiction to (6.10). O
Lemma 5.6.5. There exists constant Cy > 0 such that, for allt > 0,

(a) [Vf]? < Cu(f +2C3);
(b) R < Cy(f +2C3).

Proof. This is essentially a parabolic version of Yau’s gradient estimate in [Yau75]
(see also [ScYau94)). .
First of all, from |V f|? = gijal-f@;f, the NKRF, and (6.6), we obtain

D11 = (B — 0)0 051 + 40 Sy f + 00951
= ¢10/(AS);f + 0if O5(A)] + Re(V [,V ) + |V f 1.
On the other hand, the Bochner formula gives us
AV = [VVIP+ VY + g7 [0(AS)O;f + 0if05(Af)] + Re(V f,V f).

Hence, we have

DIVIP = AP - VISP~ [P+ VP (6.18)
Also, by (6.2), we have

|Re|> +n—2R = |VVf|2. (6.19)

Thus, from the evolution equation on R, we have

;Rg AR+ |VVf*+R
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Therefore, for any a > 0, we obtain

(VTP + aR) < A(VSP +aR) — (1~ a)([VISP +VVSP) + (VS + o).

(6.20)
Next, take B = 2C'3 so we have f + B > 1, and set
IVf]>+aR
= 6.21
f+B (6:21)
Then, we have
(IVf]* + aR), u
Ut = - ft
f+B (f+B)
and v R
1 + o
Vu=——=V(|VfP R)— —"F——F=-V/. 6.22
u= VISR +aR) - S CRy (6.22)
On the other hand, since |V f|? + aR = u(f + B), we have
A(Vf* +aR) = (f + B)Au+uAf +Vu-.Vf+Vu-.Vf
or _ _
Ay — A(VF]? + aR) _uAf  Vu-Vf+Vu-Vf
B f+B f+B f+B '
Therefore,
(IVVF2+|VVF?) Vu-Vf+Vu-Vf B—a(t)
< Au—(1- . (6.2
w < Au=(1-0) f+B * f+B g v 62
Notice, by (6.22), we have
_ 1 _ 2 R 2
Vi Vf= (V2 +ar). v VL HaR)V] (6.24)

f+B (f +B)?
Now the trick (see, e.g., p. 19 in [ScYau94]) is to use (6.24) and express

Vu-Vf Vu-Vf V(VIP+aR)-Vf |[VP(IVS? +aR)
Fr R S +26< f+B (f + B)? >

(6.25)
We are ready to conclude the proof of Lemma 5.6.5.

Part (a): Take a = 0 so that u = |V f|?/(f + B). By plugging (6.25) into (6.23),

we get

VI + VY2
/+B

(2VVf = VFVF +[2VVf — VIV

Vu-Vf+Vu-Vf

up < Au — (1 — 4e) 1B

+ (1 — 2¢)

€

f+B
1

Y

(—2eu® + (B — a)u) .
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For any T' > 0, suppose u attains its maximum at (zg,%y) on X" x [0, 7], then
ut(zo,to) >0, Vu(xo,tg) =0, and Au(zg,ty) <O0. (6.26)
Thus, by choosing € = 1/8, we arrive at
u(xo,to) < 4(B —a).
Therefore, since T > 0 is arbitrary, we have shown that

IVfI?
f+B

< 8C3 4 4C, (6.27)

on X" x [0, 00).
Part (b): Choose oo = 1/2 so that
VIRt R
f+B
Then, from (6.23) and (6.19), we obtain

1|Re|?-2R Vu-Vf+Vu-Vf B-a
w < Au— = u.
2 f+B f+B f+B

Again, for any T > 0, suppose u attains its maximum at (xg,tp) on X™ x [0, T].
Then (6.26) holds, and hence

1 ( R\ R B-a

Here we have used the fact that |Re|> > R?*/n, 2f + B >0, f + B > 1, and
(6.27). It then follows easily that HLB(a:O, to) is bounded from above uniformly.

Therefore, by Part (a), erLB (x,t) is bounded uniformly on X" x [0, T] for arbitrary

T > 0. U

Clearly, Lemma 5.6.5 (a) implies that /f + 2C is Lipschitz. From now on
we assume the Ricci potential f(-,¢) attains its minimum at a point & € X", i.e.,
f(z,t) = miny f(-,t). Then, by (6.3), we know

f(E,t) <C

for some C' > 0 independent of .

Corollary 5.6.6. There exists a constant C' > 0 such that ¥Vt > 0 and Vx € X,
(i) (1) < O+ d2(a,2)];
(it) |Vf*(2,t) < C[L + d (2, 2));
(iii) R(z,t) < C[1 + d? (%, x)).
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Proof. Set h = f 4+ 2Cy > 0. Then, from Lemma 5.6.5 (i), we see that v/ is a
Lipschitz function satisfying

IVVh|? < Cy.
Hence, Vo € X",
[Vh(z,t) = Vh(#,1)] < Cdy(#, ),
or
Vh(z,t) < Vh(z,t) + Cdy(&, z).
Thus, we obtain a uniform upper bound
fl@,t) < h(z,t) < C(di (&,y) +1)
for some constant C' > 0 independent of ¢t. Now (ii) and (iii) follow immediately

from (i) and Lemma 5.6.5. O

By Lemma 5.6.2 and Corollary 5.6.6, it remains to prove the following uni-
form diameter bound.

Lemma 5.6.7. There exists a constant Cs > 0 such that
diam;(X) =:diam(X", g;5(t)) < Cs
for allt > 0.
Proof. For each t > 0, denote by A;(k1, k) the annulus region defined by

Ag(ky, ko) = {z € X : 28 < dy(z,2) < 272}, (6.28)

and by
V;g(kl, kg) = VOI(At(kl, kg)) (629)

with respect to g;5(t).
Note that each annulus A;(k, k + 1) contains at least 22* balls B, of radius
r = 27%. Also, for each point z € A;(k,k + 1), Corollary 5.6.6 (iii) implies that
the scalar curvature is bounded above by R < C2% on By(x,r) for some uniform
constant C' > 0. Thus each of these balls B, has Vol(B,) > x(27%)2" by Theorem
5.4.8, so we have
Vi(k, k4 1) > r22k-1g7kn, (6.30)

Claim 6.1: For each small € > 0, there exists a large constant D = D(e) > 0
such that if diamy(X) > D, then one can find large positive constants ko > k1 > 0
with the following properties:

Vilky, ko) < (6.31)

and
Vi(ki, k) < 210"V, (ky + 2, ko — 2). (6.32)
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Proof. (a) follows from the fact that Vi(X") = Vp(X") and the assumption
diamy(X) >> 1.
Now suppose (a) holds but not (b), i.e.,

Vi(ki, k2) > 21"Vi(ky + 2, ko — 2).
Then we consider whether or not
Vi(k1 + 2, ko — 2) < 219V (ky 4+ 4, ky — 4).

If yes, then we are done. Otherwise we repeat the process.
After j steps, we either have

Vilks +2(7 — 1), k2 — 205 — 1)) < 2"V, (k1 + 24, k> — 29), (6.33)

or

Vi(k1, ko) > 2199V, (ky + 24, ko — 27). (6.34)

Without loss of generality, we may assume ki + 25 = ko — 2j by choosing a large
number K > 0 and pick k1 ~ K/2,ky ~ 3K /2. Then, when j ~ K/4 and using
(6.30), this implies that

€ > Vi(ky, ko) > 2V KAV (K K + 1) > g22K0/4-1)

So after some finitely many steps j ~ K(¢)/4, (6.33) must hold. Therefore, we
have found ki and kg = 3k; satisfying both (6.31) and (6.32). O

Claim 6.2: There exist constants 1 > 0 and o > 0, with r; € [2k1,2k1+1] and
ro € [2F2, 2F2F1] such that

/ RdV; < CVi(ky, k). (6.35)
Ag(ri,r2)
Proof. First of all, since
d
— Vol(B(r)) = Vol(S(r),
dr
we have
2k1+1
V(ki, k1 +1) = / Vol(S(r))dr.
2k1

Here S, denotes the geodesic sphere of radius r centered at & with respect to
g;5(t). Hence, we can choose 71 € [2F1 2k1+1] such that

‘/t(kla k“2)
VOI(Srl) S T’

for otherwise
‘/t (kl ) k:2 )

V(k)l, k1 + 1) > ok

oM = Vi(ky, ko),
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a contradiction because ko > k1 + 1. Similarly, there exists ro € [2’“2*1, 2k2] such
that

Vi(k1, ko)
Vol(S,,) < ok
Next, by integration by parts and Corollary 5.6.6(ii),
| afi< [ 19a+ [ 1vr
Ag(r1,m2) Sry Sry
< ‘/t(kl, k2) C2k1+1 + Vt(kh kQ) C2k2+1
2k1 2k

< CVi(k, k2).
Therefore, since R+ Af = n, it follows that

/ RdV; < CVy(ky, ko),
At(T17T2)

proving Claim 6.2. O

Now we argue by contradiction to finish the proof: Suppose diam;(X™) is
unbounded for 0 < t < co. Then, for any sequence ¢; — 0, there exists a time
sequence {t;} — oo and kéi) > k‘gi) > 0 for which Claim 6.1 holds. Pick smooth
cut-off functions 0 < ¢;(s) < 1 defined on R such that

17 ngi)Jr? S s S 2]{&”*27
Gi(s) =

0, outside [r@, réi)],

and |¢/| < 1 everywhere. Here r%i) € [2k§i>,2k§i)+1] and réi) € [2k5i)_1,2k§i)] are
chosen as in Claim 6.2. Define

ui = e ¢(dy, (z,35)),

where f(Z;,t;) = minx f(-,¢;) and the constant L; is chosen so that

(2m)" = / uldv;, = *Li / Ay, (6.36)
X A(Til),réz))

Note that by Claim 6.1, V}i(kgi), kél)) <¢; — 0. Hence (6.36) implies L; — oo.
Now, by Lemma 5.4.7 and similar to the proof of Theorem 5.4.6, we have

1(9(0),1) < p(g(ti), 1)
< (2%)_”/ (Ru? 4 4|Vu|? — u?logu? — 2nu?)dV;,
X
—@mel [ RG  AIGE - Flog? - 2L~ 20¢?)dV,
Ay, (le ,r; )

= —2(L +n)+ (2m) e /

G) () (RClQ + 4|Czl‘2 - CZQ log CE)thZ
Ag;(ry 75y ")
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Now, by Claim 6.2 and Claim 6.1, we have

L/ RGaV, < 0hv, (k) K
Ati( (1)’74&1))

1

< celi2 oy, (k) 42, k5 — 2)

<cp [k, < ey
Ay (r}? 5

On the other hand, using |C1’| <1 and —slogs < e ! for 0 < s <1, we also have

€2Li/ P (4’@/‘2 — 2@2 log Cz)d‘/;fl < C€2LiV(k§i)7 kg))
Ay, ( Vs

1

< 021 (2m)™.

Therefore,
1(g(0),1) < =2(L; +n) + C

for some uniform constant C' > 0. But this is a contradiction to {L;} — co. O

5.7 Remarks on the formation of singularities in KRF

Consider a solution g;;(t) to the Ricci flow

dgij(t)
ot

on M x [0,T), T < +oo, where either M is compact or at each time ¢ the metric
gij(t) is complete and has bounded curvature. We say that g;;(t) is a mazimal
solution of the Ricci flow if either T' = +o00 or T" < +o00 and the norm of its
curvature tensor |Rm/| is unbounded as t — T'. In the latter case, we say g;;(t) is
a singular solution to the Ricci flow with singular time 7. We emphasize that by
singular solution g;;(t) we mean the curvature of g;;(t) is not uniformly bounded
on M"™ x [0,T), while M™ is a smooth manifold and g;;(t) is a smooth complete
metric for each ¢t < T.

As in the minimal surface theory and harmonic map theory, one usually tries
to understand the structure of a singularity by rescaling the solution (or blow
up) to obtain a sequence of solutions and study its limit. For the Ricci flow, the
theory was first developed by Hamilton in [Ham95a] and further improved by
Perelman [Per02, Per03q].

Now we apply Hamilton’s theory to investigate singularity formations of KRF
(2.1) on compact Fano manifolds. Consider a (maximal) solution g;;(s) to KRF
(2.1) on X™ x [0,1) and the corresponding solution g;z(t) to NKRF (2.5) on
X" x [0,00), and let us denote by

= —2R;;(t)

Knax(s) = max |Rm(-, 5)|g(s) and Knax(t) = max |Rm(-,t)|g(t).



244 CHAPTER 5. THE KRF ON FANO MANIFOLDS

According to Hamilton [Ham95al], one can classify maximal solutions to KRF
(2.1) on any compact Fano manifold X" into Type I and Type II:

Type I: limsup, (1 — 8) Kpax(s) < 400

Type 1I: limsup,_,; (1 — 8) Kiax(8) = +00.
On the other hand, by Corollary 5.2.5, Knlax(s) and K« (t) are related by

(1 — 8)Kmax(s) = Kmax(t(s)).
Thus, we immediately get

Lemma 5.7.1. Let §;5(s) be a solution to KRF (2.1) on X" x [0,1) and g;;(t)
be the corresponding solution to NKRF (2.5) on X" x [0,00). Then,

(a) 9;3(s) is a Type I solution if and only if g;3(t) is a nonsingular solution,
i.e., Kmax(t) < C for some constant C > 0 for allt € [0,00);

(b) §;3(s) is a Type II solution if and only if g;3(t) is a singular solution.

For each type of (maximal) solutions g;;(s) to KRF (2.1) or the corresponding
solutions g;5(t) for NKRF (2.5), following Hamilton [Ham95a] (see also Chapter
4 of [CZ06]) we define a corresponding type of limiting singularity models.

Definition 5.7.2. A solution g%?’(t) to KRF on a complex manifold X with
complex structure Joo, where either X7, is compact or at each time t the Kahler
metric g%?’(t) is complete and has bounded curvature, is called o Type I or Type
1I singularity model if it is not flat and of one of the following two types:

Type I: gfj—f’(t) exists fort € (—oo,Q) for some Q with 0 < Q < 400 and
B (1) < Q)(©— 1)

everywhere on X x (—o0, ) with equality somewhere at t = 0;

Type II: g%?’(t) exists for t € (—oo,+00) and
|Rm™>|(z,t) <1
everywhere on X x (—o0, Q) with equality somewhere at t = 0.

With the help of the strong x-noncollapsing theorem, we can apply Hamilton’s
Type I and Type II blow up arguments to get the following result, a Kahler analog
of Theorem 16.2 in [Ham95a]:

Theorem 5.7.3. For any (maximal) solution g;5(s), 0 < s < 1, to KRF (2.1) on
compact Fano manifold X™ (or the corresponding solution g;;(¢) to NKRF (2.5)
on X™ x [0,00)), which is of either Type I or Type II, there exists a sequence of
dilations of the solution which converges in C} topology to a singularity model
(X2, Joo, g™°(t)) of the corresponding Type. Moreover, the Type I singularity
model (X2, Joo,9%°(t)) is compact with X = X™ as a smooth manifold, while

the Type II singularity model (X2, Joo, g°°(t)) is complete noncompact.
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Proof. Type I case: Let
Q =: limsup(1 — §) Kpax(s) < +00.

t—1
First we note that 2 > 0. Indeed by the evolution equation of curvature,

d - .
£Kmax(s) < Const - K2,.(s).

This implies that
Kax(s) - (1 —s) > Const > 0,

because

lim sup R’max(s) = +o00.
t—1

Thus 2 must be positive.
Next we choose a sequence of points x; and times s such that s — 1 and

lim (1 — sp.)|Rm|(zk, si) = Q.
k—o0

Denote by .
Qr = |Rm|(xg, sg).

Now translate the time so that s becomes 0 in the new time, and dilate in space-
time by the factor Q. (time like distance squared) to get the rescaled solution

37 (F) = Qi iz (s + Qi)

to the KRF

Ok _ _op®
1% = —2R;3’,
where ]:ZZ(?) is the Ricci tensor of gg?), on the time interval [—Qgsk, Qr(1 — sg)),

with
Qrsi = si|Rm|(zy, sx) = oo and  Q(1 — sp) = (1 — sp)|Rm|(zx, sp) — .
For any € > 0 we can find a time 7 < 1 such that for s € [,1),
[Bm| < (Q+€)/(1-s)

by the assumption. Then for # € [Qr(T — 1), Qr(1 — sg)), the curvature of gg?)(f)
is bounded by

» (k) 1A A
[Rm | = Q; ' [Rm(9)]
O +e B Q+e

= Qr(l—5)  Qr(l—sk)+ Qrlsk — )
— (Q+e)/(Q—1), as k — 4o0.
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With the above curvature bound and the injectivity radius estimates coming from
r-noncollapsing, one can apply Hamilton’s compactness theorem (cf [Ham95a] or
Theorem 4.1.5 in [CZ06]) to get a subsequence of gg?) (t) which converges in the
Z.(]?o) (t) in the Cheeger sense on (X", J) for some

complex structure Jo, such that ggf.)o) (t) is a solution to the KRF with ¢ € (—o0,2)

and its curvature satisfies the bound

C?°, topology to a limit metric g

loc

IRm™)| < Q/(Q —1)

everywhere on X7 x (—o0, ) with the equality somewhere at ¢t = 0.
Type II: Take a sequence Sy — 1 and pick space-time points (z, si) such
that, as k — +o0,

Qk(Sk = s¢) = max (S — s)|Rm|(z,s) = +oo,

where again we denote by Qi = |Rm)|(x, sx). Now translate the time and dilate
the solution as before to get

3 (B) = Qrdij (s + Qi '),

which is a solution to the KRF and satisfies the curvature bound

) = Q7 fim(g)| < (=)
n®| = 0 m () < S
= Ql?(g(ksi;kjkif for t € [~Qrsk, Qr(Sk — s1))-

Then as before, by applying Hamilton’s compactness theorem, there exists a

subsequence of g}g)(f) which converges in the C}%, topology to a limit metric

g%)o) (t) in the Cheeger sense on a limiting complex manifold (X2, J) such that
gg.’o) (t) is a complete solution to the KRF with ¢t € (—o0,400), and its curvature
satisfies

|Rm™)| <1

everywhere on X" X (—o0,+00) and the equality holds somewhere at t =0. O

Remark 5.7.4. The injectivity radius bound needed in Hamilton’s compactness
theorem is satisfied due to the “Little Loop Lemma”, which is a consequence of
Perelman’s k-noncollapsing theorem.

Thanks to Perelman’s monotonicity of u-entropy and the uniform scalar cur-
vature bound in Theorem 5.6.1, we can say more about the singularity models in
Theorem 5.7.3.

First of all, the following result on Type I singularity models of KRF (2.1) is
well-known.
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Theorem 5.7.5. Let §;5(s) be a Type I solution to KRF (2.1) on X" x [0, 1) and
g;5(t) be the corresponding nonsingular solution to NKRF (2.5) on X" x [0, c0).

Then there exists a sequence {t;} — oo such that gg;) (t) =:9;5(t+1x) converges in
the Cheeger sense to a gradient shrinking Kahler-Ricci soliton ¢*°(¢) on (X", Jx ),
where J, is a certain complex structure on X", possibly different from J.

Proof. This is a consequence of Theorem 5.7.3, and the fact that every compact
Type I singularity model is necessarily a shrinking gradient Ricci soliton (see
[Se05], [SeT08] or p.662 of [PSSWO08b]; also Corollary 1.2 in [CCZ03]). O

Next, for Type II solutions to the KRF we have the following two results,
which were known to Hamilton and the author [CH04] back in 2004°, and were
also observed independently by Ruan-Zhang-Zhang [RZZ09].

Theorem 5.7.6. Let g;;(¢) be a singular solution to NKRF (2.5) on X" x [0, c0).
Then there exists a sequence {t;} — co and rescaled solution metrics g(*)(¢) to
KRF such that (X™,.J,g®)(t)) converges in the Cheeger sense to some noncom-
pact limit (X2, Joo, goo(t)), —00 < t < 00, with the following properties:

(i) goo(t) is Calabi-Yau (i.e, Ricci flat Kéhler);
(ii) |Rm|g 1) (z,t) <1 everywhere and with equality somewhere at t = 0;

(iii) (XZ,gc0(t)) has maximal volume growth: for any xo € X2 there exists a
positive constant ¢ > 0 such that

Vol(B(zq,7)) > er®™, for all » > 0.

Proof. This is an immediate consequence of Theorem 5.7.3 and Theorem 5.6.1 (i).
Indeed, Theorem 5.7.3 implies the existence of a noncompact Type II singularity
model (X7, J, goo(t)) satisfying property (ii). Property (iii) follows from the
factor that the x-noncollapsing property for KRF or NKRF in Theorem 5.4.8
is dilation invariant, hence (4.17) and (4.18) holds for each rescaled solution on
larger and larger scales for the same x > 0, hence the maximal volume growth in
the limit of dilations. Finally, for property (i), note that the scalar curvature R
of g;5(t) is uniformly bounded on X x [0, 00) by Theorem 5.6.1 and the rescaling
factors go to infinite, so we have R* = 0 everywhere in the limit of dilations.
On the other hand, since g%?’ (t) is a solution to KRF, R> satisfies the evolution
equation

0
—R>® = AR® + |Rc™.
5 + [Re™|
Thus, we have |Rc>®|? = 0 everywhere hence g is Ricci-flat. O

5Theorem 5.7.6 and Theorem 5.7.7 were observed by Hamilton and the author during the
IPAM conference “Workshop on Geometric Flows: Theory and Computation” in February, 2004.
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Theorem 5.7.7. Let X? be a Del Pezzo surface (i.e., a Fano surface) and let
g;;(t) be a singular solution to NKRF (2.5) on X2 x [0,00). Then the Type II
limit space (X2, Joo,goo) in Theorem 5.7.6 is a non-compact Calabi-Yau space
satisfies the following properties:

(a) |Rmly. <1 everywhere on X2 and with equality somewhere;

(b) (X2, 9s) has maximal volume growth: for any xp € X2 there exists a

positive constant ¢ > 0 such that

Vol(B(z,7)) > ert, for all r > 0;

() Jxz [Rm(gsc)PdVac < 0.

Proof. Clearly, we only need to verify property (c). But this follows from the
facts the integral

/ [Rm|2(x, £)dV;
X2

is dilation invariant in complex dimension n = 2 (real dimension 4); that it differs
from | x R?dV; up to a constant depending only on the Kihler class of g(0) and the
Chern classes ¢;(X) and c2(X) (cf. Proposition 1.1 in [Cal82]); and that, before
the dilations, [, R%dV; is uniformly bounded for all ¢ € [0, 00) by Theorem 5.6.1
(i). O

Remark 5.7.8. The work of Bando-Kasue-Nakajima [BKN89] implies that Calabi-
Yau surfaces satisfying conditions (b) and (c) are asymptotically locally Euclidean
(ALE) of order 4.

Remark 5.7.9. Kronheimer [Kron89| has classified ALE Hyper-Kahler surfaces
(i.e., simply connected ALE Calabi-Yau surfaces).



Chapter 6

Convergence of the normalized
Kahler-Ricci low on Fano
manifolds

Vincent Gued;*

Introduction

Let X be a Fano manifold, i.e. a compact (connected) complex projective alge-
braic manifold whose first Chern class ¢;(X) is positive, i.e. can be represented
by a Kahler form. It has been an open question for decades to understand when
such a manifold admits a K&ahler-Einstein metric, i.e. if we can find a Ké&hler
form wigp € ¢1(X) such that

Ric(wxg) = wkE-

By comparison with the cases when ¢;(X) < 0 (or ¢1(X) = 0) treated in Song-
Weinkove lecture notes [SW], there is neither existence nor uniqueness in general
of Kéhler-Einstein metrics in the Fano case.

After the spectacular progress in Ricci flow techniques, it has become a nat-
ural question to wonder whether the Ricci flow could help in understanding this
problem. The goal of this series of lectures is to sketch the proof of an important
result in this direction, which is due to Perelman:

Theorem. [Perelman, seminar talk at MIT, 2003]
Let X be a Fano manifold which admits a unique Kdahler-FEinstein metric wig.
Fiz wy € ¢1(X) an arbitrary Kahler form. Then the normalized Kdhler-Ricci flow

Owt

ot

nstitut Universitaire de France & Institut Mathématiques de Toulouse, Université Paul
Sabatier, 31062 Toulouse cedex 09, France.

= —Ric(wt) + w
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converges, as t — 400, in the C*°-sense to wig.

In other words, the normalized Kéahler-Ricci flow detects the (unique) Kéhler-
Einstein metric if it exists.

This result has been generalized by Tian and Zhu [TZ07] to the case of K&hler-
Ricci soliton. Other generalizations by Phong and his collaborators can be found
in [PS10]. We follow here a slightly different path, using pluripotential techniques
to establish a uniform C%-a priori estimate along the flow.

All proofs rely on deep estimates due to Perelman. These are explained in
Cao’s lectures [Cao|, to which we refer the reader.

Nota Bene. These notes are written after the lectures the author delivered
at the third ANR-MACK meeting (24-27 october 2011, Marrakech, Morocco).
There is no claim of originality. As the audience consisted of non specialists, we
have tried to make these lecture notes accessible with only few prerequisites.

Acknowledgements. It is a pleasure to thank D.H.Phong for patiently explain-
ing several aspects of the proof of this result.

6.1 Background

6.1.1 The Kahler-Einstein equation on Fano manifolds

Let X be an n-dimensional Fano manifold and fix w € ¢1(X) an arbitrary Kéhler
form. If we write locally

1
w= Zwag;dza Ndzg,

then the Ricci form of w is

) 02 log (det wp) i
RIC(UJ) = - Z Wzﬂpq;dza A dzﬁ

Observe that Ric(w) is a closed (1,1)-form on X such that for any other
Kahler form «’ on X, the following holds globally:

Ric(w') = Ric(w) — dd° [logw™ /w"] .

Here d = 9+ 0 and d° = (0 — 0)/2im are both real operators.
In particular Ric(w’) and Ric(w) represents the same cohomology class, which
turns out to be ¢ (X).

The associated complex Monge-Ampeére equation

Since we have picked w € ¢;(X), it follows from the dd-lemma that

Ric(w) = w — dd°h
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for some smooth function A € C°°(X,R) which is uniquely determined, up to an
additive constant. We normalize h by asking for

/ e =V = / w" = (X)".
X X

We look for wxrp = w + dd°pip a Kéhler form such that Ric(wxg) = wikEk.
Since Ric(wkg) = Ric(w) — ddlog(w} /w™), an easy computation shows that

dd“{log(wkp/w") + ¢xE + h} =0.

Since pluriharmonic functions are constant on X (by the maximum principle),
we infer

(MA) (w+ dd°pgp)" = e PEEehTCyn

for some normalizing constant C' € R. Solving Ric(wxg) = wiE is thus equivalent
to solving the above complex Monge-Ampere equation (M A).

Known results

When n = 1, X is the Riemann sphere CP! and (a suitable multiple of) the
Fubini-Study Kéhler form is a Kéhler-Einstein metric.

When n = 2 it is not always possible to solve (MA). In this case X is a
DelPezzo surface, biholomorphic either to CP' x CP! or CP? which both admit
the (product) Fubini-Study metric as a Ké&hler-Einstein metric, or else to X,
the blow up of CP? at r points in general position, 1 < r < 8. Various authors
(notably Yau, Siu, Tian, Nadel) have studied the Ké&hler-Einstein problem on
DelPezzo surfaces in the eighties. The final and difficult step was done by Tian
who proved the following:

Theorem 6.1.1. [Tian90] The DelPezzo surface X, admits a Kdihler-FEinstein
metric if and only if r # 1, 2.

The interested reader will find an up-to-date proof of this result in [Tos12].

The situation becomes much more difficult and largely open in higher di-
mension. There is a finite but long list (105 families) of Fano threefolds?. It is
unknown, for most of them, whether they admit or not a Kéahler-Einstein met-
ric. Among them, the Mukai-Umemura manifold is particularly interesting: this
manifold admits a K&hler-Einstein metric as was shown by Donaldson [Don08§|,
and there are arbitrary small deformations of it which do (resp. do not) admit a
Kihler-Einstein metric as shown by Donaldson (resp. Tian)3.

There are even more families in dimension n > 4. Those which are toric
admit a Kahler-Einstein metric if and only if the Futaki invariant vanishes (see
[WZ04]), the non-toric case is essentially open and has motivated an important
conjecture of Yau-Tian-Donaldson (see [PS10]).

2The lecture at the workshop by S.Lamy was devoted to the classification of special weak-
Fano threefolds, see [BL11].

3This problem was addressed during the workshop in a series of lectures by A.Broustet and
S.DiVerio who followed [Tian97, Don08].
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Uniqueness issue

Bando and Mabuchi have shown in [BM87] that any two Kéhler-Einstein metrics
on a Fano manifold can be connected by the holomorphic flow of a holomorphic
vector field. This result has been generalized recently by Berndtsson [Bernll].
We shall make in the sequel the simplifying assumption that X does not admit
non-zero holomorphic vector field, so that it admits a unique Kéhler-Einstein
metric, if any.

6.1.2 The analytic criterion of Tian

Given ¢ : X — RU {—o00} an upper semi-continuous function, we say that ¢ is
w-plurisubharmonic (w-psh for short) and write ¢ € PSH(X,w) if ¢ is locally
given as the sum of a smooth and a plurisubharmonic function, and w+ dd¢p > 0
in the weak sense of currents. Set

1

E(p) = ——— dd®)? Nw" .
O = iy [ oot aep nw

We let the reader check, by using Stokes formula, that

d

%E(gp + )= = / v MA(p), where MA(p) := (w+ ddp)"™/V.
X

The functional E is thus a primitive of the complex Monge-Ampere operator, in

particular ¢ — E() is non-decreasing since £’ = M A > 0.

Definition 6.1.2. We set
F(p):= E(p) + log {/ e_‘p_hw"} .
X

The reader will check that ¢ is a critical point of the functional F if and only if
e—cp—hwn
so that w + dd“p is Kéhler-Einstein. Observe that F(p + C) = F(p), for all

C € R, thus F is actually a functional acting on the metrics w, := w + ddp. It
is natural to try and extremize the functional F. This motivates the following:

MA(p)

Definition 6.1.3. We say that F is proper* if F(¢;) — —oo whenever ¢; €
PSH(X,w)NC>®(X) is such that E(p;) = —oc0 and [, pjw™ = 0.
The importance of this notion was made clear in a series of works by Ding

and Tian in the 90’s, culminating with the following deep result® of [Tian97]:

Theorem 6.1.4 (Tian 97). Let X be a Fano manifold with no holomorphic vector
field. There exists a Kahler-FEinstein metric if and only if F is proper.

4The properness of F is related to the so-called Moser-Trudinger inequality which was the
subject of the lecture by Berndtsson at the workshop (see [BerBerll].

5The technically involved proof of this result was explained at the workshop by S.Boucksom
in a series of lectures, following [Tian97] and some refinements from [PSSWO08a].
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6.1.3 The Kahler-Ricci flow approach

The Ricci flow is the parabolic evolution equation
8wt
ot
When wy is a Kahler form, so is wy, t > 0 hence it is called the Kéahler-Ricci flow.

(KRF) = —Ric(wy) with initial data wy.

Long time existence

The short time existence is guaranteed by standard parabolic theory (see C.Imbert’s
lectures [ImbSilv]): in the K&hler context, this translates into a parabolic scalar
equation as we explain below.

It is more convenient to analyze the long time existence by considering the
normalized K&hler-Ricci flow, namely

0
(NKRF) % = —Ric(w;) + wr.
One passes from (KRF) to (NKRF) by changing w(t) in e'w(l —e™?). At the
level of cohomology classes,

d{;t} = —1(X) +{wi} € HY'(X,R)

therefore {w;} = ¢1(X) is constant if we start from wgy € ¢;(X). This justifies the
name (normalized KRF) since in this case

voly,, (X) = vol,,, (X) = c1(X)"
is constant. Note that the volume blows up exponentially fast if {wo} > ¢1(X).

Theorem 6.1.5 (Cao 85). Let X be a Fano manifold and pick a Kdahler form
wo € c1(X). Then the normalized Kdhler-Ricci flow exists for all times t > 0.

We will indicate the proof of this result, although it is already essentially
contained in the lecture notes by Song and Weinkove [SW].

The main issue is then whether (w;) converges as t — +oo. Hopefully
Owy /0t — 0 and w; — wikg such that Ric(wgp) = wxp. We can now formulate
Perelman’s result as follows:

Theorem 6.1.6 (Perelman 03). Let X be a Fano manifold and pick an arbitrary
Kahler form wg € c1(X). If F is proper, then the normalized Kdhler-Ricci flow
(wi) converges, as t — +oo, towards the unique Kdhler-Finstein metric wip.

Remark 6.1.7. It turns out that the properness assumption insures that there can
be no holomorphic vector field, hence the Kéhler-Einstein metric (which exists
by Tian’s result) is unique (by Bando-Mabuchi’s result).

The situation is much more delicate in the presence of holomorphic vector
fields. The convergence of the (NKRF) for instance is unclear on the projective
space CP", n > 2 (for n = 1, the problem is already non-trivial and was settled
by Hamilton [Ham88] and Chow [Chow91]).
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Reduction to a scalar parabolic equation

Let w = wg € ¢1(X) denote the initial data. Since w; is cohomologous to w, we
can find ¢; € PSH(X,w) a smooth function such that wy = w + ddp;. The
function ¢y is defined up to a time dependent additive constant. Then

d{w:}
dt

= dd°p; = —Ric(wy) + w + dd ey,
where ¢ := dpy/0t. Let h € C*°(X,R) be the unique function such that

Ric(w) = w — dd°h, normalized so that / et =V,
X

We also consider hy € C*°(X,R) the unique function such that
Ric(wt) = wy — dd®hy, normalized so that / e_hiwf =V

X

It follows that Ric(w¢) = w — dd°h — dd€log (w}'/w™), hence
c wi' :
dd® < log o +h+er—¢rp =0,

(w+ddp)" = ePr—pr—htB(H)

therefore

for some normalizing constant 5(t).

Observe also that dd®¢; = —Ric(w:) + wy = ddhy hence ¢y(x) = he(z) + a(t)
for some time dependent constant «(t). Our plan is to show the convergence of
the metrics w; = w + dd®p; by studying the properties of the potentials ¢y, so we
should be very careful in the way we normalize the latter.

6.1.4 Plan of the proof
Step 1: Choice of normalization

We will first explain two possible choices of normalizing constants. Chen and
Tian have proposed in [CheT02] a normalization which has been most commonly
used up to now. We will emphasize an alternative normalization, which is most
likely the one used by Perelman®.

5Tn his seminar talk, Perelman apparently focused on his key estimates and did not say much
about the remaining details.



6.1. BACKGROUND 255

Step 2: Uniform C’-estimate

Once ¢; has been suitably normalized, we will use the properness assumption to
show that there exists Cy > 0 such that

loi(z)] < Co, for all (z,t) € X x RT.

This CY-uniform estimate along the flow is the one that fails when there is no
Kahler-Einstein metric. It is considered by experts as the core of the proof. We
will indicate a less standard proof, using pluripotential techniques.

Step 3: Uniform estimate for ¢;

We will explain how to bound |¢;| uniformly in finite time, i.e. on X x [0,7]. To
get a uniform bound for |¢;] on X x RT, one needs to invoke Perelman’s deep
estimates: the latter will not be explained here, but are sketched in Cao’s lectures

[Cao].

Step 4: Uniform C%-estimate

We will then show that |A,p:| < Co independent of (z,t) € X x RT, by a clever
use of the maximum principle for the Heat operator % —A,,. This is a parabolic
analogue of Yau’s celebrated Laplacian estimate. The constant C depends on
uniform bounds for ¢; and ¢, hence on Steps 2,3.

Step 5: Higher order estimate

At this stage one can either establish a parabolic analogue of Calabi’s C3-estimates
(global reasoning, see [PSS07]), or a complex version of the parabolic Evans-
Krylov theory (local arguments) to show that there exists o > 0 and Cy o > 0
such that

letllczexxry) < C2as

where the Sobolev norm has to be taken with respect to the parabolic distance

d((x,y), (t,8)) := max{D(z,y), /|t — s[}.

We won’t say a word about these estimates in these notes. The reader will find a
neat treatment of the C3-estimates in Song-Weinkove lecture notes [SW], and an
idea of the Evans-Krylov approach in the real setting in Imbert’s lecture notes
[ImbSilv] (see [Gillll, ShW11] for the complex case).

With these estimates in hands, one can try and estimate the derivatives of the
curvature as in [SW] or simply invoke the parabolic Schauder theory to conclude
(using a bootstrapping argument) that there exists Cj > 0 such that

letller(x xry) < Ch-
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Step 6: Convergence of the flow

At this point, we know that (¢;) is relatively compact in C*° and it remains to
show that it converges.

For the first normalization, an easy argument shows that ¢; — 0. A differen-
tial Harnack inequality (a la Li-Yau) allows then to show that the flow converges
exponentially fast towards a Kahler-Einstein potential, which is thus the unique
cluster point by Bando-Mabuchi’s result.

For Perelman’s normalization, one can conclude by using the variational char-
acterization of the Kéhler-Einstein metric: it is the unique maximizer of F.

6.2 Normalization of potentials

Recall that w; is a solution of the normalized Ké&hler-Ricci flow (NKRF),

Ouwy
ot
with initial data w = wy € ¢1(X). We let ¢y € PSH(X,w) NC>®(X) denote
a potential for w;, wy = w 4 dd“p; which is uniquely determined up to a time
dependent additive constant. It satisfies the complex parabolic Monge-Ampere
flow

(NKRF) = —Ric(wi) + wy

L
Pt ot
for some normalizing constant 3(t) € R.

= log (wy'/w") + ¢t + h — B(1)

6.2.1 First normalization

Observe that dd®pg = wy — w = 0, hence ¢o(z) = ¢ is a constant. The choice of
co will turn out to be crucial.

It is somehow natural to adjust the normalization of ¢; so that 5(¢) = 0. This
amounts to replace ¢ by ¢ + B(t), where B solves the ODE B’ — B = —3. Now
fu = %2 = 1og (W] ") + put
with ¢o(z) = ¢ = co + B(0). Since we can choose B(0) arbitrarily without
affecting this complex Monge-Ampere flow (in other words the transformation
o1 — @1 + B(0)e! leaves the flow invariant), we can still choose the value of
¢, € R. This choice is now clearly crucial, since two different choices lead to a

difference in potentials which blows up exponentially in time.

The Mabuchi functional

Recall that the scalar curvature of a Ké&hler form w is the trace of the Ricci
curvature,

Ric(w) Awn ™t
n——————

wn

Scal(w) =
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Its mean value is denoted by

Scal(w) = Vl/ Scal(w)w" = nM
X

fwin

The Mabuchi energy’ is defined by its derivative: if w; = w + ddy; is any path
of Kéahler forms within the cohomology class {w}, then

d/‘;‘;ﬂt) — v—l/X@ [scal(wt) —m] wy'.

As we work here with w € ¢;(X), we obtain Scal(w;) = n. Since
Ric(wt) = Wt — ddcht,

we observe that

dd®hy Awp™?
n—m—.

n
Wy

Scal(wt) — Scal(wt) = —Ay, he == —

Recall now that dd®¢; = dd®h;. Therefore along the normalized Kahler-Ricci
flow,

dM (1)

1 n
T p AL (0w = 4— | doy AdCos AW > 0.
o V/th (D1 )wy +V/X G Nd“pp Nw ™" >

We have thus proved the following important property:

Lemma 6.2.1. The Mabuchi energy is non-decreasing along the normalized Kdahler-
Ricci flow. More precisely,

dM(pt) n / . , -1
—— = =— [ doe Ndor ANwi ™ > 0.
p vy Pt Pt AWy 2
We explain hereafter (see Proposition 6.2.5) that the Mabuchi functional is
bounded from above if and only if the F-functional introduced above is so. The
previous computation therefore yields

—+00
/0 HVt(PtH%Q(X)dt < +00.

One chooses ¢y so as to guarantee that

1 oo
a(t) == V/ngtw? ez}

This convergence will be necessary to show the convergence of the flow (see the
discussion before Lemma 1 in [PSS07]).

"The Mabuchi energy is often denoted by K or v in the literature; our sign convention is the
opposite of the traditional one, so we call it here M to avoid any confusion.
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Lemma 6.2.2. The function a(t) converges to zero as t — +oo iff we choose

+00 1
po(z) = co 12/ IV epel| T2 (xye " dt — V/ how™.
0 X

Proof. Observe that

1 . n ) ) . AM ;)

Indeed
. d wy’ . .
pr=plog| o) Terthor=¢et D
w

hence [y ¢iwp' = [y @uwi'. We can integrate this ODE and obtain

alt) = [ao _ /0 t k’(s)e_sds] e

where k(s) := M(yps). Since k is non decreasing and bounded from above, the
function k’(s)e™* is integrable on R and a(t) — 0 as t — +oo if and only if

+oo
a(0) = /0 K (s)e *ds.

Now a(0) = V1 fX Pow™ = co+ V1 fX how™. The result follows. O

Conclusion

The first normalization amounts to considering the parabolic flow of potentials

B = ot = log (&' /") + 0 + o

with constant initial potential

+o0o 1
wo(z) = ¢ :—/ HvtaptH%Q(X)e_tdt — V/ how".
0 X

This choice of initial potential being possible only when the Mabuchi functional
M is bounded from above, which is the case under our assumptions.

6.2.2 Perelman’s normalization 7

There is another choice of normalization which is perhaps more natural from a
variational point of view. Namely we choose

B(t) = log [‘1/ /X e”thow"}
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so that VA
pe = log [(“"ﬂ :
Ht
where M A(p:) = (w + ddp)"/V and
e—pt—ho yn

Pt == fX e—pt—hoyn

are both probability measures. This is the normalization used in [BBEGZ11].

Observe that changing further ¢;(z) in ¢:(z) + B(t) leaves both M A(y:) and
p¢ unchanged, but modifies ¢¢(x) into ¢(x) + B’(t). Thus we can only afford
replacing ¢ by ¢ — cg so that g = 0.

The Ricci deviation

Recall that we have set Ric(w;) = wy — ddhy, with

1 _
V/Xe fegm = 1.

We have observed that ¢;(z) and h¢(x) only differ by a constant (in space). Now

1 . .
5[ = [ e =m0 - 1
V /x X

so that ¢ = hy with this choice of normalization. As we recall below, Perelman
has succeeded in getting uniform estimates on the Ricci deviations h, these
estimates therefore apply immediately to the function ¢; with our present choice
of normalization.

Monotonicity of the functionals along the flow

We have observed previously that the Mabuchi functional is non-decreasing along
the normalized Kéhler-Ricci flow. Since this functional acts on metrics (rather
than on potentials), this property is independent of the chosen normalization.
The same holds true for the F functional:

Lemma 6.2.3. The F functional is non-decreasing along the normalized Kahler-
Ricci flow. More precisely,

dF (‘Pt)
dt

= Hyra(pn) () + Hy, (M A(pr)) > 0.

Here H,(v) denotes the relative entropy of the probability measure v with
respect to the probability measure p. It is defined by

H,(v) = /Xlog (:) dv
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if v is absolutely continuous with respect to u, and H,(v) = +oo otherwise. It
follows from the concavity of the logarithm that

H,(v) = — /X log (B) dv > —log (u(X)) = 0,

v
with strict inequality unless v = p.

Proof. Recall that F(¢) = E(p) +log [ [ e”#7" w"], where E is a primitive of
the complex Monge-Ampere operator. We thus obtain along the NKRF,

ﬂﬁ?LiL¢W“@wZ/Q%(Mff”)MAwozmAMAwm,

dlog e—SOt— 0 wn .
X o = —/ Prdpy = HMA(%)O“)'
X

This proves the lemma. |

Recall that in the first normalization, the initial constant ¢y has been chosen

so that )
at)i= 3 [ nl = [ e
X X

converges to zero as t — +o0o. We relate this quantity to the above functionals:

Lemma 6.2.4. Along the normalized Kdhler-Ricci flow, one has

1, 1 .
V/X%Wt :V/Xhow + Fpr) — M(py).

Observe that the right hand side only depends on wy, while the left hand side
depends on the choice of normalization for ¢;. It is understood here that this
identity holds under the Perelman normalization.

Proof. Recall that
1
¢ = log(wy' /w") + ¢ + ho + B(t), with B(t) = log [V/ e_‘pt_how"} .
X

We let a(t) = [ ¢:MA(gp;) denote the left hand side and compute

o) = [ pitaten - L5

where
G = D+ 1+ (0.
Therefore
p p dmM d
d (1) = a) +80) ~ PN i rg) o),

noting that a(t) = dEéft).

The conclusion follows since a(0) = V! [ how™ while F(0) = M(0) = 0. O
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Mabuchi vs F

We now show that the Mabuchi energy and the F functional are bounded from
above simultaneously. This seems to have been noticed only recently (see [Li08,
CLWO09)).

Proposition 6.2.5. Let X be a Fano manifold. The Mabuchi functional M 1is
bounded from above if and only if the F functional is so. If such is the case, then

sup M :sup}"—l—/ hgw—.
x V

Proof. We have noticed in previous lemma, using Perelman’ normalization, that

1 . 1 "
M(Sot)"i'v/xﬂptwt :f(SOt)‘i‘V/Xhow .

It follows from Perelman’s estimates that ; is uniformly bounded along the flow.
Thus M (¢:) is bounded if and only if F(¢;) is so. We assume such is the case.
The error term a(t) = & [ @} is non-negative, with

_ dE(SOt)
dt

0 <af(t)

Since F(¢t) = E(pt) + S(t) is bounded from above and ¢ — ((t) is increasing,
the energies t — E(¢;) are bounded from above as well. Thus f+°° a(t)dt < 400,
hence there exists t; — 400 such that a(t;) — 0. We infer

wn
sup M(¢¢) = sup F(¢¢) +/ ho v
>0 >0 X

Conclusion

The Perelman normalization amounts to consider the parabolic flow of potentials

1
o :=log (wy'/w™) + @t + ho + log [ / e_‘“_hown] ,
Vx

with initial potential g = 0. Our plan is to show that when F is proper and
HY(X,TX) =0, then ¢; := ¢;—V 1! Jx prw"™ converges, in the C*°-sense, towards
the unique function i g such that

eiQPKE‘fhwn

MA(pkE) = W

and [ v prpw" = 0. This will imply that w; smoothly converges towards the
unique Kéahler-Einstein metric wxgp = w + dd°pxE.
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6.2.3 Perelman’s estimates

We first explain how a uniform control on |¢(x)| in finite time easily yields a
uniform control in finite time on |@¢(x)|:

Proposition 6.2.6. Assume ¢, € PSH(X,w) NC™(X) satisfies
. w + ddp)"™
or = log <(w"%)> + @1 + ho + B(1),

with oo = 0, B(t) =log [+ [ e ?*~Mow"]. Then V(z,t) € X x [0,T],

e igl{f ho < ¢i(x) < Oscx(pt) + (n+ 1)T + sup hy.
X

Proof. Consider
H(z,t) := ¢u(x) — ¢e(x) — (n+ 1)t — B(1),

and let (zo,tp) € X x [0,T] be a point at which H realizes its maximum.
Set Ay := A,,. Observe that ¢ = @1 + Ay + 5'(t) and estimate

0
(at —At) H:At@t—(n+1) S —17
where the latter inequality comes from the identity

—1
w A wl
Appr=n—n—>>=>—

wy'
We infer that tg = 0, hence for all (z,t) € X x [0,T],
H(l’,t) < H(I’O, O) = hO(xO) < sup h07
X

thus
¢i(x) < [S;p ot + B)] + (n+1)T + sup ho.

The desired upper-bound follows by observing that 5(¢) < —infx ¢;.

We use a similar reasoning to obtain the lower-bound, using the minimum
principle for the Heat operator % — Ay, instead of the maximum principle. Indeed
observe that

0 : . .
(5~ 2) @r=dit 502 41,
hence 5
<8t o At> (6_2t¢t) Z 76—2t¢t.
Let (x,0,t9) € X x [0,T] be a point where e=2!¢;(x) realizes its minimum. If
to > 0, then
0 o . —oty .
0> <at - At) (€701 (wouto) = —€ 21y (w0)
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hence ¢(z) > 0 for all (z,t). If tg = 0, then

¢ gr(w) = o(o0) = inf ho + B(0) = inf ho.

The desired lower-bound follows, as infy ho < 0 since [ X e oy =V, O

We let the reader check that similar bounds can be obtained for the first
normalization. These bounds are sufficient to prove Cao’s result [Cao85] (the
normalized Kéhler-Ricci flow exists in infinite time), however they blow up as
t — 400 hence are too weak to study the convergence of the NKRF.

By using the monotonicity of his WW-functional, together with a non-collapsing
argument, Perelman was able to prove the following deep estimate:

Theorem 6.2.7. There exists Cy > 0 such that for all (z,t) € X x RT,
|oe(z)| < Ch.
We refer the reader to [SeT08] for a detailed proof. A sketchy proof is also

provided in the Appendix of [TZ07], and more information can be found in [Cao].

6.3 (Cl-estimate

The main purpose of this section is to explain how to derive a uniform estimate on
|oe(x)]. We first show that this is an elementary task in finite time, and then use
the properness assumption and pluripotential tools to derive a uniform estimate
on X x RT. The latter estimate can not hold on Fano manifolds which do not
admit a Kéhler-Einstein metric.

6.3.1 Control in finite time

Proposition 6.3.1. Assume ¢ € PSH(X,w) NC®(X) satisfies

. w + ddp )™
¢t = log <(w"%)> + @i+ ho + B(t),

with o = 0, B(t) = log [% Jx e*@f*how"]. Then ¥(z,t) € X x [0,T7],
e i£1(f ho < @i(z) < e Oscx (hg).

Proof. Let (zg,tp) € X x[0,T] be a point at which the function (z,t) — F(z,t) =
e~ () realizes its maximum. If ¢y = 0, we obtain

e *py(2) < polwo) = 0, hence py(z) < 0.
If to > 0, then at (o, to) we have dd°F = e~ " dd gy, (x9) < 0 hence

Pt (10) < 01 (w0) + SUp ho + B(to),
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while

oF

0. 20 =7 g1y (o) — 2t ()} < e {sup ho + (o) — o1y <xo>} -
X

The upper-bound follows by recalling that § is non-decreasing and

< i < 2T (—j
B(T) < 1§f<pT_e ( 1£1(fh0),

assuming the lower-bound holds true.
The latter is proved along the same lines: looking at the point where F' realizes
its minimum, we end up with a lower-bound

oi(z) > 2T igl(f ho + B(0) = igl(f ho,

since [ vanishes at the origin. Il

6.3.2 Uniform bound in infinite time

Theorem 6.3.2. Let X be a Fano manifold such that the functional F is proper.
Let wy := w—+dd°yy be the solution of the normalized Kdhler-Ricci flow with initial
data w € c1(X), where ¥y € PSH(X,w) is normalized so that [y iyw™ = 0.
There exists Cy > 0 such that

V(z,t) € X x RT, |y (x)| < Co.

Proof. Observe that ¢, = ¢, — [ ¢y w™, where ¢y satisfies

MA
41 = log <W> ,
e
with .
c n —pt—ho, ,n
MA(%):Mand [y = - d

v Jx e~ prhown

We have observed that the functional F is translation invariant and non-
decreasing along the NKRF. Since it is proper, we infer that the energies ¢ —
E(¢) are uniformly bounded below. Now

1

E(y) = (n+1)V

> [ il daouny nw < supui <
oUx X

since [ "™ = 0 (see [GZ05, Proposition 1.7]), thus the energies (E(¢y)) are
uniformly bounded along the flow. It follows that the functions ¢, belong to

EL(X,w) = {u € PSH(X,w)|u < C and E(u) > —C},
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for C > 0 large enough. This is a compact set (for the L'-topology) of functions
which have zero Lelong numbers at all points (see below). It follows therefore
from Skoda’s uniform integrability theorem that there exists A > 0 such that

sup/ e~ We=2ho,n < A,
t>0 JX

Note that fX e~Vtmhoyn > Vemsux ¥t > 55 > 0 and recall that ¢(z) < Oy
by Perelman’s fundamental estimate to conclude that

e~ Yt—ho

MA(Yy) = e%W = fuw",

where the densities 0 < f; are uniformly in L2(X), ||f|| 2wy < A’ Tt follows
therefore from Theorem 6.3.8 that 1, is uniformly bounded. O

Remark 6.3.3. The reader will find a rather different approach in [TZ07, PSS07,
PS10], using the first normalization, Moser iterative process and a uniform Sobolev
inequality along the flow. It takes some efforts to check that the two normaliza-
tions are uniformly comparable along the flow, give it a try !

6.3.3 Pluripotential tools
We explain here some of the pluripotential tools that have been used in the above
proof.

6.3.3.1 Finite energy classes

Recall that X is an n-dimensional Fano manifold, w is a fixed Kéahler form in
c1(X),and V = ¢1(X)" = [ w". The energy E(¢)) of a smooth w-plurisubharmonic
function,

1

B0 = o X /X D + ddeg) AW,

is non-decreasing in 1. It can thus be extended to any ¢ € PSH(X,w) by setting

E(p) = igpr(lﬁ),

where the infimum runs over all smooth w-psh functions ¢ that lie above .
Definition 6.3.4. We set
EN(X,w) :={p € PSH(X,w)|E(p) > —oc}.

and

EL(X,w) = {p € E1(X,w)| E(p) > —C and ¢ < C}.
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The following properties are established in [GZ07, BEGZ10]:

e the complex Monge-Ampere operator M A(-) is well defined on the class
EY(X,w), since the Monge-Ampere measure of a function ¢ € £}(X,w) is
very well approximated (in the Borel sense) by the Monge-Ampeére measures
M A(yp;) of its canonical approximants ¢; := max(p, —j);

e the maximum and comparison principles hold, namely if ¢, € £1(X,w),

Lipsyr M A(max(p, ) = Liysy M A(p)

/ MA@) < / MA(p).
{p<} {e<y}

e the functions with finite energy have zero Lelong number at all points,
as follows by observing that the class £1(X,w) is stable under the max-
operation, while y log dist(-,x) is w-plurisubharmonic and does not belong
to £1(X,w) for a suitable cut-off function y;

and

e the sets £4(X,w) are compact subsets of L'(X): this easily follows from
the upper semi-continuity property of the energy, together with the fact
that the set

{p € PSH(X,w)| —C' <supyp < C}
X
is compact in L'(X).

Recall now the following uniform version of Skoda’s integrability theorem [Zer01]:

Theorem 6.3.5. Let B C PSH(X,w) be a compact family of w-psh functions,
set
v(B) :=sup{v(e,x) |z € X and ¢ € B}.

For every A < 2/v(B), there exists C4 > 0 such that
Yo € B, / e AP W < Oy,
X

It follows from this result that functions from £} (X, w) satisfy such a uniform
integrability property with A > 0 as large as we like.

6.3.3.2 Capacities and volume

For a Borel set K C X, we consider

M, (K) :=sup Vg, € [0, +o0], (6.3.1)
X

where
Vi w :=sup{p € PSH(X,w)|¢ <0on K}.
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One checks that M, (K) = +oc if and only if K is pluripolar. We also set

Cap(K) = sup{/KMA(u)O <u< 1}.

This is the Monge-Ampere capacity. It vanishes on pluripolar sets.

Lemma 6.3.6. For every non-pluripolar compact subset K of X, we have
1 < Cap(K)~Y"™ < max(1, M,(K)).

Proof. The left-hand inequality is trivial. In order to prove the right-hand in-
equality we consider two cases. If M, (K) < 1, then Vi  is a candidate in the
definition of Cap(K). One checks that MA(V;}M) is supported on K, thus

Cap(K) > [ MAWV) = [ MA(RL) =1

and the desired inequality holds in that case.
On the other hand if M := M, (K) > 1 we have 0 < M~V <1 and it
follows by definition of the capacity again that

Cap(K) = | MAGM Vi),
K

Since MA(M_leéM) > M"MA(Vy ) we deduce that

/ MA(M™'VE ) > M—"/ MA(VE ) =M"
K ’ X '
and the result follows. O

Proposition 6.3.7. Let p = fdV be a positive measure with LP density with
respect to Lebesgue measure, with p > 1. Then there exists C > 0 such that

u(B) < C - Cap(B)?
for all Borelian B C X, where C := (p — 1) 72" A||f|| p1+<(av), and A = A(w,dV).

Proof. 1t is enough to consider the case where B = K is compact. We can also
assume that K is non-pluripolar since p(K) = 0 otherwise and the inequality is
then trivial. Set
v(X) :=supv(T,x) (6.3.2)
T,x
the supremum ranging over all positive currents 7' € ¢;(X) and all z € X, and
v(T,x) denoting the Lelong number of 7" at z. Since all Lelong numbers of
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v(X)7IT are < 2 for each positive current T' € ¢1(X), Skoda’s uniform integra-
bility theorem yields C,, > 0 only depending on dV and w such that

/ exp(—v(X)™1)dV < C,,
X

for all w-psh functions 1 normalized by supy ¥ = 0. Applying this to ¢ =
Vi w — My (K) (which has the right normalization by (6.3.1)) we get

/X exp(—v(X) Vg, )dV < Cyexp(—v(X) ™ My (K)).
On the other hand Vi?,w < 0 on K a.e. with respect to Lebesgue measure, hence
vol(K) < C, exp(—v(X) ' M, (K)). (6.3.3)
Now Holder’s inequality yields

W(K) < || fll o (avy voL(E)Y4, (6.3.4)

where ¢ denotes the conjugate exponent. We may also assume that M, (K) > 1.
Otherwise Lemma 6.3.6 implies Cap(K) = 1, and the result is thus clear in that
case. By Lemma 6.3.6, (6.3.3) and (6.3.4) together we thus get

W(E) < CYfll iy exp (— Cap<K>—1/“)

1
qv(X)

and the result follows since exp(—t~'/") = O(t?) when t — 0. O

6.3.3.3 Kolodziej’s uniform a priori estimate

We are now ready to prove the following celebrated result of Kolodziej [Kol98]:

Theorem 6.3.8. Let n = MA(p) = fdV be a probability Monge-Ampére mea-
sure with density f € LP, p > 1. Then

Oscxp < C

where C only depends on w,dV, ||f]|L».

Proof. We can assume ¢ is normalized so that supx ¢ = 0. Consider

g(t) == (Cap{p < —t})"/".

Our goal is to show that g(M) = 0 for some M under control. Indeed we will
then have ¢ > —M on X \ P for some Borel subset P such that Cap(P) = 0. It
then follows from Proposition 6.3.7 (applied to the Lebesgue measure itself) that
P has Lebesgue measure zero hence ¢ > —M will hold everywhere.
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Since MA(¢) = p it follows from Proposition 6.3.7 and Lemma 6.3.9 that

1/n

g(t+9) < g(t)? forallt>0and 0<d < 1.

We can thus apply Lemma 6.3.10 below which yields g(M) = 0 for M := tg +
5CY/ ™, Here tp > 0 has to be chosen so that

1
5C1/n’
Now Lemma 6.3.9 (with 6 = 1) implies that

g(to) <

1 1
ot)" <l < =t + 13 < = [ lelfaV < s sy

by Holder’s inequality. Since ¢ belongs to the compact set of w-psh functions
normalized by supy ¢ = 0, its L4(dV)-norm is bounded by a constant Co only
depending on w, dV and p. It is thus enough to take

to > 1+ 5" CoC| fll o (avr)-

Lemma 6.3.9. Fiz o € £Y(X,w). Then for allt >0 and 0 < § < 1 we have

Cap{p < —t—6} < 5_”/{ MA(p).

p<—t}

Proof. Let 9 be a w-psh function such that 0 < < 1. We then have

{p<—t—=06} c{p<oyp—t—0d} C{p<—t}.

Since d"MA () < MA(8) and ¢ € £Y(X,w) it follows from the comparison
principle that

5" MA(¢) < MA (8
/{eo<—t—5} (¢)‘/{@<5¢_t_5} o)

g/' MA@)s/' MA (¢)
{p<bp—t—6} {p<—t}

and the proof is complete. ]

Lemma 6.3.10. Let g : RT — [0,1] be a decreasing function such that g(+o00) =
0 and

1/n

C
g(t+9) < Tg(t)2 forallt>0and 0 <d < 1.
Then g(t) = 0 for all t >ty 4+ 5CY/™, where

to = inf{s > 0| g(s) < e 'C™V/"}.
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Proof. Set f(t) = —logg(t) so that f: Rt — RT is increasing with

F(t+06) > 2f(t) — log (5/01/“) .
By induction we define an increasing sequence t; such that
tiv1 =t; +08;, with §; = eCY™ exp(—f(t;)) = eC*"g(t;).

Observe that 0 < d¢ is smaller than 1 if we choose ty as indicated. Since (t;) is
increasing and g is decreasing, this insures that d; is smaller than 1 for all j € N.
We can thus use the growth estimate and obtain

ftiv1) = [t +65) = f(t;) + 1.

Since f > 0, we infer f(t;) > j for all j. Now

too i=to + Z(tj+1 —tj) <to+ Cl/"eZeXp(—j) <to+5CH"
20 720

The proof is thus complete since f(t) > f(tx) = 400 for all t > t. O

6.4 Higher order estimates

6.4.1 Preliminaries
We shall need two auxiliary results.
Lemma 6.4.1. Let «, 8 be positive (1,1)-forms. Then
n i n
w (%) = Trst) <0 () - @rae)

The proof is elementary (see Proposition 4.2.2) Applying these inequalities to
a = wt :=w + dd¢p; and § = w, we obtain:

Corollary 6.4.2. There exists C > 0 which only depends on ||@¢||r such that
1
ol < Try,(wi) < CTry, (W)L
The second result we need is the following estimate which goes back to the
work of Aubin [Aub78] and Yau [Yau78]; in this form it is due to Siu [Siu87].

Lemma 6.4.3. Let w,w’ be arbitrary Kdihler forms. Let —B € R be a lower
bound on the holomorphic bisectional curvature of (X,w). Then

_ Try(Ric(w')

Ay logTr, (W) > Tro()

— BTry(w).

We refer the reader to Proposition 4.2.2 for a proof.
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6.4.2 (C?*-estimate

Theorem 6.4.4. Let X be a Fano manifold such that F is proper. Let wy be the
solution of the normalized Kdhler-Ricci flow with initial data w € ¢1(X). There
exists Co > 0 such that for all (z,t) € X x RT,

0 < try(wy) < Co.

Proof. Set a(x,t) := logtr,(w;) — (B + 1)y, were —B denotes a lower bound on
the holomorphic bisectional curvature of (X,w) (as in Lemma 6.4.3). Fix T'> 0
and let (xo,tp) € X x [0,7] be a point at which « realizes its maximum.

Either ¢ty = 0, in which case a(z,t) < a(xp,0) = logn yields

tro(wi)(z) < nexp([B + 1ee(x)) < Cy = nexp([B + 1]Cy),

since ¢y is uniformly bounded from above.
Or tp > 0. In this case it follows from Lemma 6.4.5 that at point (zo, to),

0< <‘9 - At> a < —tr, (W) (@) + 5

ot
so that
tr,(wi)(z) < CF = kexp(2[B + 1]Cp).
The conclusion follows since both C% and CY are independent of 7. O

Lemma 6.4.5. Set a(x,t) := logtr,(wy) — (B + 1)p. There ezists k > 0 such

that

V(z,t) € X x RT, (8815 - At> a < —try, (w) + K.

Here — B denotes a lower bound on the holomorphic bisectional curvature of
(X,w) (as in Lemma 6.4.3).

Proof. 1t follows from Perelman’s estimate that

R RARGEE = A
Now ¢ = log(wj'/w™) 4+ @¢ + ho + B(t) thus
Aypr = Ay log <:§> + try,(we) —n 4+ Ayho
< Aylog <ZZ> +tr o (wy) + C.

Since dd° log (Z—t:) = Ric(w) — Ric(wy), we infer

Aupr < —try(Ric(wy)) + try,(wy) + O,
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hence 3 (Ric(w)) o
o tr,,(Ric(wy
< 1.
ot — tr g, (we) + tr o, (wy) O+

We now estimate A, = A from below. It follows from Lemma 6.4.3 that

A = Aglogtr,(wy) — (B4 1)[n — try, (w)]

tr, (Ric(wy))
> or o (@n) + try, (w) —n(B+1).
Therefore 5 ;
Y _A < —try, "
<8t t) (@) < —tro, (W) + tr o, (wr) +0C

The conclusion follows since tr,(w;) is uniformly bounded from below away from
zero, as we have observed in the preliminaries. O

Remark 6.4.6. The reader can go through the above proof and realize that one
can obtain similarly a uniform upper bound for tr(w;) on any finite interval of
time, without assuming the properness of the functional F.

6.4.3 Complex parabolic Evans-Krylov theory and Schauder es-
timates

At this stage, it follows from local arguments that one can obtain higher order
uniform a priori estimates. We won’t dwell on these techniques here and rather
refer the reader to the lecture notes by C.Imbert [ImbSilv] for the real theory.
The latter can not be directly applied in the complex setting, but the technique
can be adapted as was done for instance in [Gilll1].

6.5 Convergence of the flow

6.5.1 Asymptotic of the time-derivatives

Proposition 6.5.1. The time-derivatives Uy converge to zero in C>(X).

Proof. Note that [ 1y w™ = 0 hence [ ¥y w" = 0 in the Perelman normalization,
while for the first normalization, ¢; has been so normalized that

/ i 250 0.
X
It therefore suffices to check that
/ dpe A dCpr Awpt — 0,
X

since w; and w are uniformly equivalent, by Theorem 6.4.4.
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To check the latter convergence, we follow some arguments by Phong and
Sturm [PS06]. Set

Y (t) ;:/ |Vtc,bt|2wf:n/ dpy A dCps AL
X X

Recall that the Mabuchi functional M is bounded from above and increasing
along the flow, with

+oo
d/\/:ii%) =Y (t) >0, thus Y (t)dt < +o0.
0

We cannot of course immediately deduce that Y'(t) — 0 as ¢ — 400, however
Phong-Sturm succeed, by using a Bochner-Kodaira type formula and a uniform
control of the curvatures along the flow, in showing that Y’ < CY for some
uniform positive constant C' > 0.

The reader will easily check that this further estimate allows to conclude. We
refer to [SW] for the controls on the curvatures along the flow, and to [PS06]
for the remaining details. We propose in Lemma 6.5.2 a slightly weaker, but
economical control that is also sufficient, as the reader will check. O

Lemma 6.5.2. Set
Z(t) := n/ dpe N dépp Aw™ L,
X
Then Z'(t) < 2Z(t) + C for some uniform constant C' > 0.
Proof. Observe that

n
Wi

Z'(t) = —2n/ Brddp AW with ¢ = log (w”) + ¢ + ho.
X

We use here the first normalization, this clearly does not affect the value of Z(t).
Since ¢y = Appy + ¢, we infer

X
since the latter quantities are uniformly bounded along the flow. O

6.5.2 Conclusion

We are now in position to conclude.
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First normalization

It follows from previous sections that the family (¢;) is relatively compact in
C>®(X x[0,+00]). Let poo = limj 1 o ¢, be a cluster point of (¢¢)¢~0. It follows
from Proposition 6.5.1 that ¢¢;, — 0 hence

(1) (1 + ddpoc)" = e Hou,

hence w+ dd®po is a Kahler-Einstein metric. Since we have assumed that X has
no holomorphic vector field, it follows from Bando-Mabuchi’s uniqueness result
[BM87] that ¢o, coincides with the Kéhler-Einstein potential ¢k g, which is the
unique solution of (t). There is thus a unique cluster point for (¢;) as t — +o0,
hence the whole family converges in the C*°-sense towards @i E.

It turns out that the above convergence holds at an exponential speed. We
refer the interested reader to [PSSWO08a, PS10] for a proof of this fact.

Perelman normalization

A similar argument could be used for the potentials 1; = ¢y — V7! S x P if
we could show the convergence of [ y pw™ as t — +oo. To get around this
difficulty, we can proceed as follows: let K denote the set of cluster values of
(wi)i>0. Observe that K is invariant under the normalized Kéhler-Ricci flow and
the functional F is constant on K.

It follows now from Lemma 6.2.3 that F is strictly increasing along the NKRF,
unless we start from a fixed point wg. Thus K consists in fixed points for the
NKRF. There is only one such fixed point, the unique Kahler-Einstein metric.
Therefore w; converges to wx g and ¥; converges to the unique Kéahler-Einstein
potential ¥ x g such that wxp = w + dd“¥ kg and fX Yrpw® = 0.

6.6 An alternative approach

We finally briefly mention an alternative approach to the weak convergence of
the normalized Kéhler-Ricci flow, as recently proposed in [BBEGZ11].

The convergence of w; towards wg g is only proved in the weak sense of (pos-
itive) currents, but without using Perelman’s deep estimates: this allows us in
[BBEGZ11] to extend Perelman’s convergence result to singular settings (weak
Fano varieties and pairs), where these estimates are not available.

6.6.1 The variational characterization of K-E currents

The alternative approach we propose in [BBEGZ11] relies on the variational
characterization of Kéhler-Einstein currents established in [BBGZ09).

Let X be a Fano manifold and fix w € ¢;(X) a Kéhler form. A positive
current 7' = w + dd“y € ¢;(X) is said to have finite energy if E(¢) > —oo. We
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set then .
B(T) = B(w) — 57 [ v

We let £1(c1(X)) denote the set of currents with finite energy in ¢1(X) and
Ec(er(X)) =T € &' (cr(X)) | B(T) =2 ~C}

the compact convex set of those positive closed currents in ¢;(X) whose energy
is uniformly bounded from below by C.
A combination of [BM87, Tian97] and [BBGZ09, Theorems D,E] yields the

following criterion:

Theorem 6.6.1. Let X be a Fano manifold with H*(X,TX) = 0. Let T be a
positive closed current in c1(X) with finite energy. The following are equivalent:

1. T mazximizes the functional F;

2. T is a Kdhler-Finstein current;

3. T is the unique Kahler-Einstein metric;
4. the functional F is proper.

We say here that a current 7' = w + ddp € E'(c1(X)) is Kéhler-Einstein if it
satisfies T" = e~#~"0u"  where as previously Ric(w) = w — dd®hy.

The equivalence of the last two items is due to Tian [Tian97] (and Bando-
Mabuchi [BM87] for the uniqueness). It was also realized by Ding-Tian [DT92]
that the Kahler-Einstein metric is the unique Kahler metric maximizing F. This
result being extended to the class of finite energy currents allows to use the soft
compacity criteria available in these Sobolev-like spaces:

Corollary 6.6.2. Let X be a Fano manifold such that F is proper. If w; € c¢1(X)
are Kdhler forms with uniformly bounded energies such that F(w;) / sup F, then

Wt —r WKE

in the weak sense of (positive) currents.

6.6.2 Maximizing subsequences

We let the potential ¢ € PSH(X,w)NC>®(X) evolve according to the complex
Monge-Ampere flow,

$r = log (]V[A(%)> = log (gi) + ¢ + ho + B(1),

ot

B(t) = log [ [ et w"] ,

where
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with initial condition o = 0. We set ¥ := ¢ — [ @ w".
Recall that the functional F is non-decreasing along this flow. It follows more

precisely from Lemma 6.2.3 and Pinsker’s inequality (see [Villani, Remark 22.12])
that for all 0 < s < ¢,

(P) Flor) - Flps) > / M A(gr) — |2 dr,

where || — p]| denotes the total variation of the signed measure v — p.

Since F is assumed to be proper, it follows from the monotonicity property
that the v4’s have uniformly bounded energies hence form a relatively compact
family. Let ¥, be any cluster point. If we could show that

F(pe) /S sup F,
ENX,w)

it would follow from the upper-semi continuity of F that F (1)) = sup F, hence
oo 18 the only maximizer of F, the Kéahler-Einstein potential normalized by
S  Yoow™ = 0. Thus the whole family (¢;);~0 actually converges towards 9o
(see Corollary 6.6.2). Note that this convergence is easy when (1) is known to
be relatively compact in C*°. The delicate point here is that we only have weak
compactness.

It thus remains to check that F(¢t) /' supgi(x,)F- By (P), we can find
rj — +o0 such that
MA(SOTJ') - MT]' — 07

since F is bounded from above. By compactness we can further assume that
Ur, = tho in L}(X), almost everywhere, and in energy (see below), so that

MA(Yoo) = pi(thoo)-

Thus w+dd)s is a Kahler-Einstein current. It follows again from the variational
characterization that it maximizes F, hence the upper-bound along the flow is
actually the absolute upper-bound and we are done.

6.6.3 Convergence in energy

As explained above, the last step to be justified is that F(p¢) increases towards
the absolute maximum of F when w; evolves along the normalized Kéhler-Ricci
flow, without assuming high order a priori estimates.

We already know that the normalized potentials w+ddyy = wy, [ Y™ =0,
have uniformly bounded energies hence form a relatively compact family. Using
(P) we have selected a special subsequence 9;, — o (convergence in L' and
almost everywhere) such that

6*1/100 I’L

— — o~ ho, ,n
= [ dp where p = e "wW"/V
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We would be done if we could justify that M A(yy;) — M A(too).

The delicate problem is that the complex Monge-Ampeére operator is not
continuous for the L'-topology. A slightly stronger notion of convergence (con-
vergence in energy) is necessary. We refer the reader to [BBEGZ11] for its precise
definition, suffices to say here that it is equivalent to checking that

/)(‘¢t] —¢m’MA(¢tJ) — 0.
Set .
—®Pt
et LR
[xe#rdp
If the densities f; were uniformly in LP for some p > 1, we could conclude by
using Hoélder inequality, since

fr:= so that MA(¢y) = fi p.

AWWWQMww<MMWM%—%MW

We cannot prove such a strong uniform bound in general, however our next lemma
provides us with a weaker bound that turns out to be sufficient:

Lemma 6.6.3. Set p:= e 0w /V. Then
M) = () — HuOLA@) ~ [ anMA@) + [ 1o
Therefore there exists C' > 0 such that for allt > 0,
0< [ silogsidu<c.

Proof. Recall that ¢, = ¢ — fX o /V. It follows from Lemma 6.2.4 that
Mig) = Floo— [ et + [ howr /v
X X

= Ble)+80)~ [ aMAG)+ [ hon V.

where 3(t) =log [ [y e~ #*du], while

m0ra) = [ 1o (ML) Mo = [ piraceo- [ earai-s,

The equality follows.

Recal now that the Mabuchi functional M is bounded along the flow, as well
as the energies E(1);). Since the latter are uniformly comparable to [ VM A(y),
we infer that the entropies H,(M A(¢;)) are uniformly bounded, i.e.

0< H,(MAW) = [ filog frdp < C.
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O

We can thus use the Holder-Young inequality to deduce that
/
[ Vot = vy i < € i, = el
where x : t € RT e —t — 1 € RT denotes the convex weight conjugate to the

weight t € RT — (£ +1)log(t + 1) — t € R naturally associated to the entropy,
and ||-|[x(,) denotes the Luxembourg norm on L*(u),

191l x 0y = inf {a > 0] /X X (e |gl) du < 1} .

There remains to check that Hwt]. — Yoo H Ix(u) 0. By definition, this amounts
to verifying that for all a > 0,

/Xx (0 b, — thool) dpt —> 0.

Since x(t) < te’ and the functions (i,) have uniformly bounded energies, the
latter convergence follows from Holder’s inequality and Skoda’s uniform integra-
bility theorem.
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