NONLINEAR CONVECTIVE STABILITY OF A CRITICAL PULLED FRONT
UNDERGOING A TURING BIFURCATION AT ITS BACK: A CASE STUDY

LOUIS GARENAUX

ABSTRACT. We investigate a specific reaction-diffusion system that admits a monostable pulled
front propagating at constant critical speed. When a small parameter changes sign, the stable
equilibrium behind the front destabilizes, due to essential spectrum crossing the imaginary axis,
causing a Turing bifurcation. Despite both equilibrium states are unstable, the front continues
to exist, and is shown to be asymptotically stable, against suitably-localized perturbations, with
algebraic temporal decay rate t—3/2. To obtain such decay, we rely on point-wise semigroup
estimates, and show that the Turing pattern behind the front remains bounded in time, by use
of mode-filters.
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1. INTRODUCTION

Analysis of evolution problems in PDE often reveals a large variety of nontrivial dynamics.
Among parabolic problems, the class of reaction-diffusion equations furnish a wide class of stable
— and thus observable — solutions: planar waves such as propagating fronts or periodic patterns,
rotating spirals, etc.

We are interested here in a system coupling a Kolmogorov-Petrovski-Piskunov (KPP) equation
together with a Swift-Hohenberg (SH) equation, We work with € R and ¢ > 0:

{ Oyu = dOypu + au(l — u?) + Bu,

M 0w = — (O + 1)*v + 0v(p — ov?) — yv(1 — u),

with parameters d, a, u, o, v positive, and 8 € R nonzero. The scalar KPP equation is a typical
model for front propagation from a stable to an unstable state [KPP37, Fis37]:

(2) Oru = dOgzu + f(u).

The diffusion coefficient d is positive and the reaction term f € C? is of KPP type: it admits two
equilibrium states f(0) = 0 = f(1) with distinct stability w.r.t. time f/(0) > 0 > f/(1). Generally,
a concavity hypothesis is added: f”(u) < 0 for u € (0,1). Although f(u) = au(l — u) is the
canonical choice, we will work with f(u) = au(1l — u?). All statements and proofs below adapt to
the u(1 — u) case.

Equation (2) admits a family of fronts (¢.)c>o — with g. propagating at constant speed ¢ — that
connect the stable equilibrium point (¢ — 1 when & — —o0) to the unstable one (¢. — 0 when
x — +o0) [AW78]. Supercritical fronts ¢ > ¢, := 2,/d f'(0) = 2v/da are convectively stable with
exponential decay in time, against sufficiently localized perturbations. Indeed, when set in a moving
frame, conjugating the problem with spatial exponential weights allow to both stabilize the essential
spectrum and erase the eigenvalue at A = 0, creating a spectral gap at linear level [Sat76]. Stability
of the critical front g. := ¢., is more involved, since the linear essential spectrum can only be
marginally stabilized: in the optimal exponentially weighted space, essential spectrum lies at left of
the imaginary axis but touches it, due to the presence of absolute spectrum {752 (€€ R} Cc Cup
to the origin. Last advances in this direction [Gal94, FH18, AS21] state that g. is asymptotically
stable with decay rate t=3/2, and that this rate is optimal. Gallay used renormalization group
method; Faye and Holzer relied on point-wise estimates for the resolvent of the full problem; Avery
and Scheel reduced the problem to its asymptotic properties through far-field decomposition, and
use resolvent estimates on each side. For subcritical speeds 0 < ¢ < c¢,, there still exists non-
monotonic, homoclinic trajectories ¢q. from 1 to 0. However, Sturm Liouville theory ensures the
existence of unstable point spectrum, preventing stability.

The scalar SH equation is a simple model for the formation of periodic pattern [SH77, CH93]:

(3) o0 = —(Ope + 1)%0 4 pv — ov’.

When the small parameter p becomes positive, (3) undergoes a supercritical Turing bifurcation: a
curve of essential spectrum crosses the imaginary axis twice, for nonzero Fourier frequencies +1.
This causes the constant equilibrium state u = 0 to bifurcate into periodic profile of amplitude /p.
It can be obtained through center manifold theory [EW91].

For all values of p, the coupled system (1) admits @ = (g.,0)" as a front with propagation
speed c¢,. The linear coupling term SBv feeds the front dynamic with oscillatory pattern, while the
nonlinear coupling term yv(1 —u) stabilize at linear level ahead of the front. Thus oscillating profile
are expected to appear only behind the front.
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Multiple works about bistable front — 4.e. a front that connects two stable states: f(—1) =
0= f(1) and f'(—1) < 0, f’(1) < 0 — undergoing a Turing bifurcation have been done. When
bifurcation occurs behind the front, [SS01] showed that no modulated front appears: the Turing
pattern travels at slow speed O(,/1), hence is left behind the front. However, the front survive after
bifurcation, although through a non-modulated form. Its nonlinear stability is showed in [BGS09]
for a general second-order setting.

When the state ahead of a bistable front bifurcates, [SS01] showed existence and linear stability
of modulated fronts — i.e. coherent structures that link stable state behind to Turing pattern ahead
— in a general second-order setting. For a system that ressembles (1), [GSU04] obtain nonlinear
stability of such structure. We also mention [GS07] for a quadratic coupling Bv? instead of a linear
one. The signed term therein allows to obtain a priori estimates by applying comparison principle
to simplify the system. When bifurcation occurs both ahead and behind a bistable front, spectral
stability of either traveling or standing pulses is showed for a general system [SS00] and [SS04],
while nonlinear stability of a traveling pulse for a precise system is showed in [GSUO04].

For monostable KPP fronts, previous works rather investigated the Turing bifurcation in a non-
local KPP context. [BNPRO09] first investigate the existence of steady states and propagating fronts,
together with the monotonicity of this fronts. A precise construction of modulated fronts is made
in [FH15], while global properties are obtained in [IR14]: boundedness of solutions when initial
condition is non-positive, together with bounds on propagation speeds. It seems that the question
of the stability of such structure is open, as remarked in [NPT11, HR14]. Our conclusion is that
Turing bifurcation behave the same when it occurs behind a monostable or a bistable front: see
fig. 1 for a view on a typical solution. However, the spectrum in the present situation is quite
different. On one hand, the essential spectrum is unstable, which require to work in exponentially
weighted spaces. Even so, the optimal exponential weight only allows to marginally stabilize the
spectrum. On the other hand, the translation eigenvalue 0 € C in the essential spectrum does
not contribute to a zero of the so-called Evans function, due to the corresponding eigenfunction
¢. having only weak exponential decay: ¢.(z) ~ (az + b)e~ 3 * when z — +o0. This removes the
technical aspect of stability up to a shift in space, also referred to as orbital stability or modulation.

Let us emphasize that the coupling at linear level Sv forces us to work with the same weights on
the KPP and SH components, see further remark 3.2. This typically happens at 4+o00: conjugation
by the critical KPP weight, although necessary to stabilize the KPP spectrum, may destabilize the
SH part of the spectrum, if general parameters «, d, v are set. We counter this effect by imposing
a lower bound on 7, which allows to stabilize the SH spectrum at +oc.

When no such parameter is available, one has to work with unstable spectrum in any weighted
space. This is referred to as remnant instability in [FHSS21], where this exact situation is investi-
gated. Using a precise decomposition of perturbations, they conclude on nonlinear stability of the
front @, for p < 0. Although we could have followed this direction in our situation, we prefer to
set v large enough so that computations are lightened.

In the supercritical case ¢ > ¢, it is possible to obtain spectral gap for the essential spectrum,
and to remove the translation eigenvalue, by use of a strong enough weight [Sat76]. In such case,
the situation is simpler than bistable case: exponential stability without a phase can be obtained
by adapting the current proofs or the ones of [BGS09]. If one rather use the optimal supercritical
weight, the situation has to be discussed.

In the monostable critical case, instability ahead of the front is still an open problem, and would
be an interesting direction to follow. For example, one can replace the coupling term ~yv(1 — u)
by yuv. We point out that a modulated front for such system is necessarily non-positive, which
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FIGURE 1. Tllustration of a typical solution (u,v), for p positive and small. The
front — right brace — has fix shape and moves to the right at constant speed c,. The
Turing pattern — left brace — continuously expands at slow speed O(,/z), towards
left and right. Both states (0,0) and (1, 0) — respectively ahead and behind the front
— are pointwise unstable, but convectively stable in the critical weighted space.

prevent the use of a KPP reaction term u(1 — u). To ensure existence of solutions globally in time,
it is possible to rather study a monostable front emanating from a bistable reaction term u(1 — u?).

2. MAIN RESULT

2.1. Notations. We investigate now the stability of the traveling front Q. = (q.,0)*. Insert the
following ansatz in (1):

u(t,z)\ -~ -
with # = 2 — c,t. Then the perturbation P = (p1,p2)7 satisfies

_ _ (A B Ni(P)

8tPAP+N(P).< 0 A P+ Na(P))
where the linear operator A : L2(R)? — L%(R)? is closed, has dense domain H%(R) x H*(R) and is
defined by:
(4) AP =dd,, + .0, + a(l — 3¢.(3)), A = (14 042)% + .0, + 1 — (1 — ¢ (8)),
while remaining nonlinear terms express as:
(5) Ni(P) = —a(3q.(D)p:” + p1°), Ny (P) = ypipa — opa®.
The essential spectrum of A is unstable, see fig. 2, we do not hope for an asymptotic stability result
against general perturbation P € H?(R) x H*(R). Instead, we restrict to weighted perturbations
P(t, %) = w(Z)U(t, ), with U € H?(R) x H*(R). As we shall see in further remark 3.2, the coupling
term v imposes us to use scalar weight. Namely w, := wippwsh, with smooth positive functions

1 if 2 < —1 e’ if w < -1
6 = Cx N 7 s = < ’
( ) wkpp(x) {e—gdz if £ > 1, w h(m) {1 if ¢ > 1,
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FIGURE 2. Essential spectrum of linear operators. Fredholm borders correspond-
ing to KPP (respectively SH) component are plain (respectively dashed). Curves
in red with single arrow (respectively blue with double arrow) correspond to +o0
(respectively —oo) borders. Left: Y. (A) with two unstable curves, ¥ (A%1) is
out of picture to the left. Center: Yos (L) with only marginally stable spectrum.
Right: Yess(T~ +¢40,) with one unstable curve, which corresponds to Turing insta-
bility. The essential spectrum of 7~ is real and obtained from the one represented
by application of z +— Re z. Notice that the spectrum of T can not be marginally
stabilized, due to the lack of a first order derivative.

where the exponent 6 < 0 is small, see proposition 3.1. The weight wypp, acts only at +o00, and allows
to marginally stabilize the KPP spectrum, while wg, acts at —oo and stabilizes the SH spectrum.
Hence, we insert the new ansatz

(7) (Z‘g g) — Q@) +w. (DU 7)
in (1) to obtain that U = (u1,u2)T satisfies:

8) O,U = LU+ N(U) = (ngpp £€h> U+ (N;EIUJD :

where all linear terms are closed, densely defined operators. They are obtained as conjugation of
the unweighted linear operators,

Lf=w AW,
when i € {kpp,sh} and nonlinear terms express according to N;(U) = w; ' N;(w.U).

Since the translation eigenmode ¢/, in weighted spaces is unbounded at x — +oo, we expect U to

decay in time with rate t—3/2 if the following assumption of a marginally stable essential spectrum
holds, see [AS21, FH18]:

(Hy) Yess(L) C {ReA < —nyU{-€*: £ €R}.

However at nonlinear level, it appears we also need to study the dynamic near the steady state
(u,v) = (1,0) undergoing a Turing bifurcation. This is classic for such problem and was already
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done in [BGS09]. More details are given in section 2.2. We do so with the second ansatz

©) (ngi 3) = Q(Z) + pu(&)wicpp () V (t, ).

Here again £ = x — c,t, and the polynomial weight p, is a smooth positive function defined by

1 ifo<—1,
(10) pr(w) = {(x) =V1+22 ifx ; 1.
We note w := p.wipp, and insert (9) into (1) to obtain that
w0V — ¢ (0yw)V = A(wV) — .0, (wV) + N(wV),
which rewrites as
oV =TV +Q(V),
(11) =T V+O (V)+S8(z,V),
where linear operators express as:

Oy

T :=w(@) YA - c.0,)w(Z) + -

(7) T- = lim T(3),

T——00

while nonlinear terms are defined by Q(V) = w(2) !N (w(Z)V), and Q= (V) = limz_, o, Q(V).
We are left with an error term

SWV) =TV =TV +Q(V)— Q= (V).

Since w(z) = 1 for & < —1, we decompose T~ as:

_ (dOzz —2a B 0 0\
" = (" o) (o0 2) =T
and @~ as
_ _[(—3av;? —av?\
Q (V)= ( 0102 > + <_0v23 =: Qs + Q3.
Thus we get the following expression for the source term:
_ 0w (3a(l—q?) 0
— 1 _ _ _ *
(13) S, V)= {w (A —c.0)w — (A — ¢.0z) + cs - + ( 0 (1 - q.) \%4
—30q,v1°? 2 —av;?
+(w—1) ( 0109 ) + (@w® - 1) <0023 )

To control perturbation V', we will compute an amplitude equation, which reveals to be a Ginzburg-
Landau equation with real coefficients

(GL) OrA =40xx A+ A+ bA|A]2.
An important property for our result to hold is that the Turing bifurcation is supercritical:
(Ha2) In (GL), the coefficient b is negative.

We emphasize that the perturbation V is not traveling in the laboratory frame x, but that we
measure it using a weight that follows the front. Despite V is measured in the steady frame x, it
would be possible to replace ansatz (9) by (u,v)T = Q(&) + ps(Z)wipp (F)V (¢, %). The actual choice
lighten the computation to obtain the GL equation. Conjugation by @ := p.wipp is needed so that



NONLINEAR CONVECTIVE STABILITY OF A BI-UNSTABLE FRONT 7

proposition 4.5 holds: this weight is natural for KPP equation, in the sense that its spatial decay
at +00 copy the one of the translation eigenfunction ¢} [FH18].

The perturbations U and V are linked through
Wsh (JNZ)
P« (T)
To measure space localization and regularity, we use Sobolev spaces, and introduce the following
norm:

(14) Vt,x) =

U(t, 7).

1Ulx = [|U lw2. ®)xwaoe ) + 103U || oo ().
We can now state our main result.

Theorem 2.1. There exists an open, nonempty set of parameters Q such that for («,f,d,o,7)
in Q, both hypothesis (Hy) and (Hz) holds. For such a choice of parameters, the following holds.
There exists positive constants C, pg, and & such that for all 0 < p < po, if Uy, Vi satisfies

1
Ko := == (Wollwr + [Tollx) <

then the solution of (1) with initial condition Q + wippwshUo = Q + pewipp Vo exists for all time,
and writes as Q(Z) + wipp(T)wsn(Z)U (¢, T) = Q(Z) + p«(&)wipp(Z)V (t, ). For all t > 0, it satisfies:

=
P

U002 || o ()

= (14132 IV () oo my < CV/E (1 + Koe /1),
Lo (R) (14 1¢)3/2 L (R) Vi

It happens we can refine the decay of perturbation U.

Corollary 2.2. Let 1 < p < 400 and (a, 8,d,0,7) € Q, with Q as in theorem 2.1. There exists
positive constants C, g, d and n such that if

Ky <9, 1Uop2 || o) < 6,
then the solution U = (uy,u2)™ of (1) with initial condition Uy satisfies:
ta' U 2
md) Ml g < e D,
P Lr(R) (I+¢)272

2.2. Sketch of the proof. We informally present the main ideas of our proof.
First, the dynamic for fully weighted perturbation U writes as:

U = LU+ N(U).

Where the linear operator £ has marginally stable spectrum, similarly to the KPP equation, and
the nonlinear part A is unbounded w.r.t. to x € R. At linear level, we expect an algebraic decay:
t=3/2. We follow the approach from [FH18]: we first look at the solution to the linear Cauchy
problem

(15) Op = Lp, p(0,-) = po,
and assume that it is expressed through a kernel: p(t,z) = [; Gi(,y)po(y)dy. The matrix valued

function G.(+, y) has to satisfy the linear problem (15), with a Dirac delta initial condition: Go(z,y) =

1 . . . .
dy(x) 0 (1) . Remark that G is an upper-triangular matrix, due to the triangular structure of £

and Gg. We note it
B gkpp gco
g - < 0 gsh> )
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where G solves 9,G; = LG, when i € {kpp,sh}, and G£° accounts for the coupling terms. We then
apply Laplace transform to obtain the spectral Green kernel G (x,y) = f0+°° e MGy (x, y)dt, that
satisfies the fundamental eigenproblem

(A= L)Gy =6,

for suitable A € C. As above, it is an upper-triangular matrix that writes

kap Geo
G= < 0 Gsh) ’

where each G? is the Laplace transform of G* for i € {kpp, sh,co}. Hence, they satisfy
(A= LPP)GYP () = 6, (A= LG () = by,

(A= LG (-, y) = BGR (- y).
The homogeneous eigenproblems (A — £¥)¢ = 0 with i € {kpp,sh} are ODEs, their solutions admit
exponential behaviors at +oco:

o(x) = "M (1 + e lk(2)),

where v € C is a solution of the dispersion relations A — L% () = 0; the real 7 > 0 does not depend
on v nor \; k is a bounded function on the half-line R.. Such solutions can be concatenated to
construct G4 (-,y) € L*(R). Then, the coupled spectral green function expresses as the L?(R)-inner
product

co k S
G)\ (JZ‘, y) = <G,\pp(xa ')a /BGAh('a y)>
This leads to spatial localization of GG, which is converted into temporal decay for G; through the
inverse Laplace transform:

1
G.(a.) = 5= [ Gr(w.

where A is a contour in the resolvent set C\X (L), that can be chosen as a continuous deformation
of a sectorial contour, see [Dav02, section 3]. To control the full non-linear dynamic, we then use
Duhamel’s formula:

Ut ) = / G, )Uo(y)dy + / / Go_ - (2, N (U (7, 9))dydr.

The fact that A(U) is unbounded® is a major issue. In [BGS09], it is absorbed by transforming
nonlinear terms into linear ones: writing wj' (wshu)? = (wshu)P~u and showing that |lwenu| ()
is bounded w.r.t. time. We follow the same line. The material presented above is detailed in
section 3, and leads to the following proposition, the proof of which can be found in section 3.5.

Proposition 2.3 (V bounded implies decay of U). Assume hypothesis (Hy) holds. There erists
positive constants 0, po, Cstap and n such that for all 0 < p < po, the following holds. Fiz C
and ty positive constants, an initial condition Uy such that Uyp? € LP(R), and assume that for all
0<t<ty,

IVOllzem < C <4

Due to |wsn (x)| — co when z — —oco
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Then the solution U for the Cauchy problem (8) with initial condition Uy is defined for all0 <t < T,
and satisfies

uy (t Uop2| e _
wu®) < Cstabin H;_(L), Jua ()| Lo ) < Cstave™ ™ | Uol| e ) -
P« |l Lr(r) (L+t)z"2

Furthermore, Csqp depends neither on C or ty .

Second, we turn to %‘“U =V, and show it is bounded in time.? Remind that
WV =TV4+V)=T V+Q (V)+S8&V).

We show that S is sufficiently localized in space so that we can extract a wg, from it. This allows to
control S(V) by U/p. — see (14) — which ensures decay in time as done in [GS07, below Proposition
3.3] and [BGS09, Lemma 4.1]. Hence after a suitable time, V is driven by the dynamic at —oo,
which allows to get rid of the marginally stable curve of essential spectrum at +oo. Since T~
undergoes a Turing bifurcation, we follow the steps of [Sch94b, BGS09], that mostly relies on the
use of mode-filters, see [Sch94c].

We first show that periodic patterns are naturally selected: after a time L, perturbation V has
at first order an oscillating profile. This is commonly referred to as the approzimation property.
For such profiles, using multi-scale analysis, dynamic of the whole system reduces to an amplitude
equation, which in our case appears to be the Ginzburg-Landau (GL) equation: setting ¢ = /i,
if V= 1(A) + O(e?), with ¥(e, A)(t,z) = cA(e?t,ex)e® o, + c.c,’ with a suitable g. € R?, then
A(T, X) € C satisfies

OrA=40xxA+ A+ bA|A|2.

We refer to [Mic02, MS95] for the derivation of amplitude equation. For suitable values of the
parameter v > 0, coefficient b € R is negative, has shown in appendix A. Hence the Turing
bifurcation is supercritical, and (GL) is known to have a bounded global attractor — see [MS95,
Theorem 3.4] — which ensures that A is bounded w.r.t. time. In case where the bifurcation is
subcritical, a quintic term is often add to recover a precise behavior, we do not explore this line.
To conclude that V' stays small for all time, we use the approximation property: if V is close to
Y(A) at time tg > 0, then the solution of the whole system emanating from V; is defined upon
time to + T'/p, and remains close to ¥(A). This last step can be applied as many time as needed,
without deterioration of constants. All these arguments are made precise in section 4. They lead
to the next proposition, which is proved on page 31.

Proposition 2.4 (Decay of U implies V' bounded). Assume hypothesis (Hz) holds. There exists
positive constants 0, o such that for all 0 < p < pg, the following holds. Assume that

1
Ky := ﬁ (IVollwree vy + IUollx) < 6.
Then V(t) is defined for all times t > 0. Assume further that Cy and ty are positive constants,
such that for all 0 <t < ty:

Uop3|| 1,00
<01H 005 |l Lo (m)

HU(t)
Lo[®) (L+1)3/2

P

2The presence of an extra pi is necessary so that source term S(Z, V') decay in time, see proposition 4.5.

3Here and in the following, we note c.c for the complex conjugate: z + c.c := z + zZ = 2Re(z).
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Then there exists Cy — that may depend on Cy, but neither on ty, § or pug — such that for all
0<t<ty,

[V (E)|lLoe @) < Cay/p(1+ Koe t/m).
Finally, we combine propositions 2.3 and 2.4 to prove theorem 2.1. It may seems unclear how to

use jointly those two propositions. The important point is that Cytap is independent of the bound
on V. It reads as follows.

Proof. Theorem 2.1.  First apply lemma A.1 to obtain the existence of € that allows to fulfill
both hypothesis (H;) and (Hz). Take uo small enough, and fix p, Vo = ws,Up such that:

Uop? € L™ (R), Ko <6.

Since T is sectorial, and V — Q(V) is locally Lipschitz, the solution ¢t € I — V(t) € L>®(R) to
equation (11) is uniquely defined on a open, nonempty, maximal set I — see [Hen81]. Hence there
exists to and C positive constants such that

IV OllLe@ < C

for all 0 <t < ty. Applying proposition 2.3, this ensures that for all 0 < ¢ < ¢y, the perturbation
U/ps is uniquely defined in L (R), and satisfies

1 U(t) 3
16 N(t) i= ———= < Citan ||U oo (R)-
(10 = i | o, S Conllortlimco
Consider t; the first time where this inequality may fail:
t1 :=inf I, I := {t>0:N(t) >Cstab||UOpi||L°°(]R)}'

Assuming by contradiction that I is nonempty, remark that 0 < ¢y < ¢t; < 4o00. From proposi-
tion 2.4, V is defined for all times 0 < ¢ < t1, with bound

IV ()|l p @) < Cov/it (14 Ko), 0<t<ty

where C5 depends on Cgiap. Reasoning as above, there exists to > t1 such that V is defined up to
time t9, with bound

IV (#)]| Lo r) < 2C24/1 (1 + Ko), 0<t<ts.

Assuming that 119(1+Kp) is small enough, we can assume 2C5 /11 (14+Kp) < 0 so that proposition 2.3
applies again, and we recover (16) for times 0 < ¢ < t5. This is a contradiction with the definition of
t1, hence we conclude that I is empty, and that (16) holds for all times. Applying proposition 2.4,
we recover the claimed bound on V. Assuming now that ||p2Up|/z» < &, we can finally apply
proposition 2.3 to recover LP(R) estimates on U for all times. O

Remark 2.5. To understand how V stays bounded in time, we separate critical from stable frequen-
cies, using mode-filters in Fourier space. This imposes us to work with uniformly localized spaces,
which are difficult to combine with Green’s kernel approach. An alternative strategy would be to
describe Turing patterns as solution of the eigenvalue ODE problem — hoping they will reflect on
the Green kernel — and separate critical from stable mode in Laplace space. It would allow to work
both in Sobolev spaces, and with the full dynamic 7 rather than the asymptotic one 7 —. This last
point allow to remove the source term S, and as so to break the U - V interaction in our proof.
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3. DECAY OF PERTURBATIONS IN FULLY WEIGHTED SPACE

3.1. Essential and point spectrum. We say that a scalar differential operator 7(z) = >>7_ a; (7)02
is exponentially asymptotic if it converges with uniform exponential rate at +oo: there exists r > 0
such that for all 0 < j < n,

i "elg (x) — at| =
Igrinooe laj(z) —aj|=0.

We note (7)) the spectrum of T, i.e. the set of complex numbers A such that A — 7 : H*(R) C
L?(R) — L?(R) is not bounded invertible. To study the spectrum, we decompose it into two distinct
parts. We say that A — T is Fredholm if its Fredholm index

Fred(A — T) := dimker(A — T) — codim im(A — T)
is defined and finite. We define the point spectrum as
Yoo(T) ={AeX(T) : Fred A\ - T) =0},

it corresponds to the subset in which the rank-nullity theorem holds. Then, the essential spectrum
is the complementary set:

Yess(T) :={A € 3(T) : Fred(A — T) is non defined or nonzero} .

With such definitions, the asymptotic operator with piece-wise constant coefficients

T () TH=>" oa;0l ifx>0,
x) = i
T =>0a;0; ifz<0,

share the same essential spectrum as T, see [KP13, p 40]. If both 7+ and 7~ are elliptic — in
one dimensional space, it comes down to both (—1)"/2a; and (—1)"/2a; being positive — then
Yess(T) = Bess (T°) is located to the left of the asymptotic Fredholm borders

S(THUS(T ) = zn:aj'(if)j EeRH U zn:aj_(zf)j :£eRy CC,

=0 =0

see again [KP13, Theorem 3.1.13].%
For a matrix operator: T = (Tl’l 77-.1’2>, the asymptotic spectra E(Ti) are still obtained
2,1 2.2
through Fourier transform. The operator A — 7t is invertible iff the matrix A —7 T (£) is invertible
for all £ € R — since Fourier transform is an isometry — which is equivalent to & — det(A — 71 (¢))
never vanishing. In our special case, £ is triangular, hence the determinant is nonzero if both
diagonal coefficients maintain away from zero. We conclude that

Y(LT) = (L) un (L),

and the same goes at —oo. Once again, the essential spectrum of L is located to the left of
S(LHUX(LY).

Af T are elliptic, then both A — 7% are invertible for Re large enough. This is equivalent to have % stable
(respectively unstable) spatial eigenvalues for A — 7+ (respectively A — 7 ) and ensures that the region S; that
contains (7, +00) — for n € R large enough — does not belong to Yess(7°°).



12 L. GARENAUX

Proposition 3.1 (Marginally stable essential spectrum). Fiz «, d positive. Then there exists
to > 0 such that for all 0 < p < po, there exists § < 0 such that the monotonic weight wy = wipp Wsh,

with
() 1 if x < —1, () e ifx < —1,
w T) = - weplx) =
hep T ifr>1, sh 1 ifr>1,

satisfies the following. For all ¥ > Yrem, With Yrem as in [FHSS21]:
a2 «a
rem :8(*) 4— -2 )
g P + g @ + to
the operator L = w; ' Aw, has marginally stable essential spectrum. More precisely, the Fredholm

curve corresponding to the essential KPP spectrum touches the imaginary axis only at A = 0:
S(Lhrt) = (€21 L e R},

while the three other Fredholm borders have spectral gap: there exists n > 0 depending only on pg,

d, a and ~y such that

(17) S(Lkryu (LY us(L7) c {A € C: Re) < —3n}.

In particular, hypothesis (Hy) is fulfilled. Furthermore, § — 0 when po — 0.

Proof. The asymptotic operators £<PP+ and £5%* are obtained as conjugation of APP* and
AhE with pure exponential weight e or e~ 2i%. Direct computations (see lemma E.1 below)
show that £KPPF = AKPPF(—£= 4 §), where we identify the operator A*PP+ with its symbol
ARPPH (X)) = dX2 + ¢, X + a evaluated at X = J,. Hence, the Fredholm border is given by

s(gkrrt) = { ket (—;—; +i€) £ €R} = {-¢*: £ €R}.
Using similar notations for the three other curves, we get
Re (AP~ (0 + i€)) = Re (d(0 + i€)? + . (0 +i€) — 2a) < —2a + d#* + c.0 < —a
for € (—0y,6p), where 6 > 0 only depends on « and d. Similarly with A%~ (X) = —(X2 +
1)%+ cX + p, a direct computation shows that Re (A%~ (0 + i€)) is maximal at +& = +£v/1 + 362,
henee Re (A7 (0+14€)) < —0* —20° + c.0+ p+ & — 1= p+c.0 + 46° + 89*

Fix n > 0 small, it is easily seen that the right hand side is less than —3n for some 6 < 0 that goes
to 0 when pg — 0.

Finally for AS"(X) = A"~ (X) — v, the same calculation with (o := /1 + 3(53)? shows that
c Cs\ 2 c\2 2
o (G ) 5 ()25 w41
(A 2d t7)) =g 2d) " 2a MO0 = e =y
Hence for v > ~yem, there exists n > 0 such that Re (.ASh’+ (f% + ZE)) < —3n as claimed. |

Remark 3.2. We examine the case of distinct weights on KPP and SH component. Note Q(x) =
Diag(ws (), wa(x)), and replace ansatz (7) by (u,v)T (¢, z) = Q(Z) + Q(Z)U(t, %), such that pertur-
bation U is driven at linear level by

-1 pkpp wa
atU:(‘*’1 AR o )U.

0 w9y _1AShWQ

w2 ()
w1 (z)

proposition 3.3 shows that both wy (z) < e~ 2% for z > 1 and wsy (x) > €% for 2 < —1 are necessary

For our study to be relevant, we need to be bounded w.r.t. . The computations done in
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to obtain marginal spectral stability. With the condition wa(x) < Cwy(z) for x € R, we are left
with w; = ws.

Proposition 3.3 (Stable point spectrum). With the same assumptions on pog, p, o, d, ¥, 1 as in
previous proposition 3.1, the operator L has no eigenvalue in the following set:

Qeig :={A € C:Re A > =31} \(—00,0).

Proof. We assume by contradiction that there exists A € (g, and a nonzero ¢ = (pkPP ) €
H?(R,R) x H*(R,R) such that

(A—=L)p=0.

In particular, the second eigenproblem is decoupled: (A — £5)¢" = 0. We show it has no other
solution than ¢*" = 0 in H*(R), which will imply that the first eigenproblem (A — LXPP)pkPP = pgsh
admits no other solution than ¢PP = 0. This is a contradiction.

Both £ and A" are not easy to work with, because they respectively have non-constant
coefficients or unstable essential spectrum. Instead, we use

4
h._ —0x gsh o _ ,—0 h —1 6w _ j
B =7 AN T = e w, L w, e’”—bo(m)—i—g b;07,
i=1

with @ and w, (z) defined in the above proposition 3.1. Then ¢ := e~ %w,¢" lies in H*(R) due to
e %% w,(z) < 1,° and satisfies (A — B*)p = 0. Take the L?(R, C)-inner product with ¢:

4

Alellzs = (bo(@)p, @) + > bildhe, @)
j=1

Then (i, ©) = (—1)7 (b, @), so that the real part of the above equality writes:
(13) Re() et = [ tololPde = baldusls + ball2elts < —sullolf-

The inequality is obtained using that by = 2(1 + 36%) > 0, that by = —1 < 0 and finally that
bo(x) = p— (1 — qu(z)) + o — (0% +1)* < pp+ .0 < 4 c.0 + 467 +80* < —3n.

Recall we have chosen Re A\ > —3n, hence (18) implies ¢ = 0 and then ¢*" = 0 as claimed.

Now the first eigenproblem writes (A — LXPP)¢kPP = 0, hence w,#*PP € H?(R) is an eigenfunction
for APP. Using Sturm-Liouville theory — see e.g. [KP13, p 33.] — eigenvalues of AXPP are real and
non-positive, since ¢, € H?(R) does not vanish and satisfies APP¢/ = 0. Hence A*PP has no

eigenvalues outside of (—o0, 0], and so does LPP. Since w*l(x) ¢.(z) ~ ax + b when & — +oo, the

derivative of the front does not contribute to an eigenfunction for £PP, hence it has no eigenvalue
oustide (—oo,0). The first eigenproblem imposes either A € (—o00,0) or ¢*PP = 0, which is a
contradiction, and complete the proof. O

S5Recall that —%* < 0 when p is small enough.
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3.2. Construction of decaying ODE solutions. Here we solve the linear non-autonomous ODE
(A — LY¢ = 0, with unknown ¢ and i € {kpp,sh}. To keep notations simple, we concentrate on
i = sh. Since £ is exponentially asymptotic, ¢ expresses at first order using the solutions of the
asymptotic ODE, as described in the incoming Lemma. After vectorialization, (A — £")¢ = 0
writes 0,® = A(\, 2)®, with a matrix A"(\, x) that exponentially converges towards matrices
AsHE()) when o — Fo0.

Lemma 3.4. Let A : t € R — A(t) € M,(C) be a continuous, matriz-valued function, that
converges at exponential speed towards As when t — +o00. Let oo > 0 that satisfies || A(t) — Aol <
Ce = fort > 0.5 Let (vi)1<i<n be a basis of C™. Then there exists (y;)i1<i<n @ basis of solutions
for the ODE

(19) y'(t) = At)y(1),
and k; € L*(0,4+00)™ such that for t > 0 we have
yi(t) = et (v; + e~ rky(t)).

Furthermore, if A — A(t,\), As and v are holomorphic with respect to an extra parameter X, then
A= k(A ) is also holomorphic.

We delay the proof to the later appendix D, and apply this Lemma to the matrix AS*(\, z), for A
to the right of X (£%"). There, eigenvalues of A*™* are distinct and holomorphic. Since asymptotic

matrices are companion, they admit a basis (v?h’i()\)) of holomorphic eigenvectors. This allows to

define two basis of solutions (¢ (), -))1<i<a and (¢ (X, ))1<i<4 for the ODE (A — L) = 0,

K3
with exponential behavior at +oo or —oc:

; I . .
o = T g e ),

h

where v} "+ is the eigenvalue associated to v?h’Jr, and nj’h’Jr € L*(R;). We use similar notations

for Lkpp,

Lemma 3.5. The dispersion relation A — L*PE(v) = 0 and A\ — L% (v) = 0 are respectively
second order and fourth order polynomial in v. Their respective roots prp’i()\) and I/:h’:t()\) have
the following localization:

(1) (spectral gap away from the spectrum) There exists ko > 0 such that for all A € C with
Re )\ > —2n,
|[Rev| > ko,

where v stands for vI"E(\) or PP (N).
(2) (pinched double root at the origin) Let I = (—o00,0) C C, and V be a neighborhood of 0 € C.
There exists C' positive such that for A € V\I, and A — 0,

VPP (X)) ~ —CVA, VPP (A) ~ CV.

(3) (elliptic operators) There exists R, C, 0 positive constant such that for X € C with |A\| > R
and Re A < —0|Im )|,

[Re PP (X)) = CIA[2, [Re ™ *(A)] = A

SHere ||.|| is any operator norm.
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Proof. Ttems (1) and (2) are easily obtained. Item (3) relies on a scaling argument, see [FHI8,
Lemma 3.1] for ,P** | the case of vi™* adapts as follow. First set 1(z) := ¢(z|A|'/4), and apply
lemma 3.4 to construct solutions that are close to solutions of A + [A|0%) = 0. In particular,
the asymptotic matrix eigenvalues for 1 are #()\) := zv/A/|\|, where z € {e’%,e_i%,ei%ﬂ,6_1'377r }

Notice that |[Rez| = 1/4/2, hence we get [Re?| > C, by restricting to A of the form re®, with
|| < 37/4. Reverting back to the original variable, the asymptotic matrix eigenvalues for ¢ satisfy
Rev| > C|\M4. O

In the following, we will compute determinant of several matrices, whose columns depend on quh’i

or qbfpp’i. Suppose we are given n scalar functions ¢, ..., ¢, depending on the space variable x.
Then, we write

o1 Pn
(20) Det(pr, ..., bn) =det | : — det ((ag;l@)lg’jgn) .
R

where “det” stands for the determinant. We also introduce the wronskian function composed of all
decaying solutions:

Wkpp . — Det( 11<pp,+’¢12(pp7—)) Wsh . Det( §h7+ ;h,+’¢)§h,—, Zhv—).
For each A € C, the function y ~ W¥PP(),5) is either identically zero or does not vanish, see
lemma E.2. The particular value WXPP(),0) is often called the Evans function. When A is such
that ¢1fpp’+ and ¢}2§pp,7 are decaying at x — +00,” WXPP()\ 0) vanishes exactly when A is an
eigenvalue for £XPP, with same multiplicity. The same goes for W,

3.3. Construction and estimations of the kernel for the resolvent operator. First, we
construct and control the Green function Glf\pp(x, y), which corresponds to the pure KPP equation.
Remark that such a result was already proved in [FH18, Lemma 3.2]. We rewrite it in a more
condensed form that separates the behaviors at +00 and —oo. See the further remark 3.12.

Proposition 3.6. Let K C C be a compact set to the right of ©(L*?~), and note I = (—00,0)

the real negative axis that corresponds to the absolute spectrum of L¥P. Then X — Gipp(x,y) 18
holomorphic from K\I to R. Furthermore, there exists positive constants k1, C such that for all
A€ K\I and 0 < j <2, we have the following. If x >0 ory >0,

‘Gl;\pp(x’ y)‘ < Ce™ Re ﬁ\x—y| w/ﬂ,O(x) w/ﬂ,O(y)'
If on the contrary, x <0 and y < 0, then

Gy (@.)| < Gl

Proof. We use the decaying ODE solution ¢12<pp,—, ¢1fpp’+ constructed above. To keep notation
as light as possible, we write them ¢~ and ¢+ respectively. Similarly, we note ¢y~ = ¢**~ and
Y+ = ¢EPPT the growing ODE solutions. Remind that both (¢~,1%~) and (¢T,") are basis for
solution of the ODE (A — £XPP)p = 0. The Green function expresses as

kpp B 1 ¢~ (y)¢* () ify<u,
ST = i) {¢(m)¢+(y> if <.

"When ) lies to the right of Jess(L¥PP), this decay property hold.
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We begin by the case x > 0 or y > 0. For ) to the right of X (£kPP~), the spatial eigenvalues are

such that the exponential obtained in [FT18, Lemma 3.2] are smaller than e~1#~¥Re VX Then each
O leads to our weights wy;, 0(z)wk, 0(y). The case £ < 0 and y < 0is in [FHI8, Lemma 3.2]. O

In the following, we will also need to bound the derivatives of the spectral Green kernel. Since our
problem is parabolic, to differentiate the semigroup must gains us extra temporal decay. At spectral
level, it converts into extra power of v/X. Due to Gipp being a kernel, Dirac delta correction terms
appear when differentiating more than the order of £<PP. However, they will be easily absorbed at
temporal level.

Proposition 3.7. Let K C C be a compact set to the right of S(L*P~), and note I = (—00,0) the
real negative axis that corresponds to the absolute spectrum of L*P. Fix an integer j > 1. There
exists a sum of Dirac delta derivatives:

Jj—2
Pj(b2=y) = Z ar (A, y)ad(v:)y
k=0

with coefficients ay, holomorphic w.r.t. A € K\I and bounded with respect to y € R, such that
A= (“):{Gf\pp(x,y) — P;(0z=y) is holomorphic from K\I to R. Furthermore, there exists positive
constants k1, C such that for all X\ € K\I, we have the following. If x >0 ory >0,

DL (w,y) = Pi(Bamy)| < CIN 26 RV (@) o (1)
If on the contrary, x < 0 and y < 0, then
LGN (@,y) = Py(8umy)| < CIAY 2601501,

Proof. For the case j = 1 no correction terms appear, and the proof is close to [FH18]. We compute

1 ¢ (y)0:9T  on (y,+00)
WP () |6+ W)deo~  on (—o0.y)

Begin first with case z > y. When z > 0, we use 0,07 () = —vAe V(1 + k(z)) rather than
ot (x) = e*ﬁ(l + #(z)), which gains us the claimed |\|'/? in comparison with the case j = 0.
When 2 < 0, we project onto the (¢, ¢ ™) basis:
v\ Det(d,0t,07) _ Det(¢~, 020")
0,07 (x) = W(b (@‘FWﬂJ (2),
we refer to the above mentioned reference for more details, or to the proof of proposition 3.8, see
appendix B. Since both ¢~ and ¢~ are bounded by e, and using that Det(¢~, % ~) > 0 uniformly
w.r.t. A, we get to |0,¢1(x)] < C|A|*/?e1*. This conclude the case j = 1.
When j = 2, we compute

8xGl)(\pp('a y) =

RO -y b [0S m

WPP(y) |67 (¥)926~  on (—o0,y),

and similar computations as above show the claimed estimate for agGipp(z, y) — dy.
For j > 2, the correction terms can be computed recursively:

—gitlpt _ proitley— i1
o ¢WA(;3 A +Za§€(y)5m:)y

Pi1(Bomy) = 0oy
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Then, 3JG5PP(z,) — P;(6,—,) is handled as above. O

We state a similar result for G§!. Since £ is a fourth order operator, the proof slightly differs.
Due to its length, we present the proof in the later appendix B. Note that [HHO05] presents similar
computations in a viscous shock front context.

Proposition 3.8. Let K C C be a compact set to the right of Z(ﬁ;h’_) U X(LmT), for example
K C {Re()\) > —2n}. Then X\ — G3h(-,y) is holomorphic from K to H*(R\{y}), and there exists
C, ke > 0 such that the following holds. For all z,y € R%, and \ € K :

|G, y)| < Cemr2lomvl,
Furthermore, if © > 0 or y > 0, then we have:
(21) G5, )| < Cem™ M, o(y).
We can now obtain a statement on G°, similar to the above proposition 3.6. We use the structure

of the equation satisfied by G$° to directly transfer the spatial decay from Gl;pp to GS°.

Proposition 3.9. Let K C C be a compact set to the right of S(LMP—) U (L) U D (LT,
and note I = (—00,0). Then X\ — G$°(-,y) is holomorphic from K\I to H*(R\{y}). Furthermore,
there exists kg, C' > 0 such that for all A € K\I, we have the following. If x > 0 ory > 0, then:

G5 (@, y)| < Cem RVt () w0 ().
If on the contrary x < 0 and y <0,
G5 (2, y)| < Cemrelel,
Proof. Recall that
(22) (A= LPP)G5e = G
Since A is located to the right of ¥ (£XPP), the operator A — £XPP is invertible, and we get

G5 (2, y) = 8 / GAPP (2, 7) G5 (r, y) .

Indeed, we have constructed Gipp(% y) as the solution of the fundamental problem associated with
(22), i.e. replace the right hand side by a Dirac delta. When the Dirac delta is replaced by any
source term, it give birth to a convolution-like solution as above. We first assume x > 0 or y > 0.
Then from proposition 3.6, where we neglect the w,, o(7) terms, and from the refined estimate (21)
in proposition 3.8, we obtain that

G )| <€ [ &MV, o a) € Mo ofy)
R
Using triangular inequality |z — 7| + |7 — y| > |z — y|, we obtain

1G5 (2, )] < Cem BeVNemvly, o(x) wm,o(y)/Ref("rRe V2IT=ylqr,

< Qe Re ﬁ‘“mwm,o(ﬂ?) Who0(Y),
which is the first claimed estimate. Now when x < 0 and y < 0, we first assume that x; < ko. We

introduce k3 := %Iil, and obtain — again using triangular inequality — that

G (2,1 < C/ e—rile—rlg=ralr—yl gy < Ce—ralo—yl / e—rale—rl o= (ra—ro)lT—y| < Ce—rsle—yl,
R R
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If on the contrary we have k1 > ko, we set k3 := %min(m, k2) and obtain the same inequality. O

To finish this section, we show bounds on G for large A. This is needed to transfer spectral
behavior into temporal decay. Indeed, G will be integrated along a spectral contour that surround
the spectrum and hence goes to infinity.

Proposition 3.10. There exists R,C > 0 such that: for all X to the right of X(L), with |\| > R,
and all z,y € R?, we have

e e, (G3 ,9)| < e M e,

C
kpp

(23 |6y < .
The first estimate still holds if G*P is replaced by G°. In particular, for i € {kpp, sh, co}

C C
HL°°(RI,L1(Ry)) = W’ HLO"(Ry,Ll(RI)) < W

|)\|1/2

G IG5
Proof. The last claimed inequalities are easily obtained from the first ones, and implies that HG;\ .
V| rm) < ‘%HU” Lr(r) using complex interpolation. The first estimates are obtained through the
scaling argument began in the proof of lemma 3.5. The second ones are necessary to obtain small
time estimates on [ e’ G\dA, with I' being a ray that extends at infinity. O

3.4. Linear dynamic. We now convert spatial localization of spectral Green functions G into
temporal decay in appropriate space using the inverse Laplace transform and adequate integration
contours.

Proposition 3.11. There exists positive constants C, n such that:
G (2, y)| < Ce e ekl

In particular, for any 1 < p < +o00, we have

(24) 16" - wll e @) < Ce™™ ||w]| Lo (m),

where we have noted (G - w)(x) == [ Gi"(z, y)w(y)dy.

Proof. Since L£" is sectorial with spectral gap 7 from propositions 3.1 and 3.3, this proof easily
follows from the spatial localization of Gjh, see propositions 3.8 and 3.10. It is enough to use inverse
Laplace transform with a spectral contour in {)\ € C:Re(N) < —g} for small X, while restrict to a
contour in {\ € C: Arg(\) < 37/4} in the region of large A. Up to a change of notation 7 = /2,
the proof is complete. O

Remark 3.12. We now state a similar result for Gi*" and G&°. Remark that in [FH18, Proposition
4.1], the situation is similar except that the weight w, was exponentially decaying both at +oco and
—o00. In our setting, since w,(x) — +o0o when  — —oo, we can not absorb any supplementary
polynomial during the nonlinear argument. Hence, we need to refine the aforementioned result
with respect to the polynomial weight. We use the spatial decay wy, 0(y) obtained for both Gl;\pp
and G$° in the above propositions 3.6 and 3.9. This allows to bypass the weight at —co during
nonlinear argument.

Remark 3.13. Depending on one aim, the following pointwise bounds for the derivatives may not be
adapted. We allow ourselves to keep a single power of |« — y|, which transfers into t=3/2 decay. To
show stronger decay, it is necessary to keep more powers of p,., thus weakening the weight. In our
situation, more powers of p, would result in the translation eigenvalue A = 0 appearing again, due
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_z2
t

e L at 2 — +o00. To guess what bound may be obtained, one can differentiate tl%e

to 5 ~
Wkpp P z

1,2
(resp. mme” 7 ) in the case where |z — y| > Kt (vesp. |z —y| < Kt)

Proposition 3.14. Recall that p. is defined by (10). Fiz 0 < j < 1 and restrict to t > 1. Then
there exists positive constants C, K and k1 such that the following two pointwise estimate hold. If
|z —y| > Kt, then

; c —yl\’ lz—y|2
a;gf“%z,y))st% <1+|xﬁyl> T

If on the contrary |x — y| < Kt, then

- 1+ |z —y[HU72) ey
010 ()| < e (),

In the above expressions, x,y — h(x,y)/p«(y)? is integrable in y uniformly in x:

0<h(z,y) <C Wiy ,0(2) Wiy 0(y)  if x>0 o0ry >0,
I G ifz<0andy<0.

In particular, for 0 < j <1, forall1 <qg<p<+oo, allz,y€R andt > 1,

3%gfpp.w

Px

<

L7 (R)

o220 Loy

(25) |

3 1
t2 2p
All the above still hold when prp and k1 are replaced by Gf° and k3 respectively.

Proposition 3.15. There exists positive constants C, k1 and a constant ¢ # 0 such that fort > 1,
the two point-wise estimate of the above proposition hold with j = 2 for

026" (@) — e~ Fomy

Hence, foralll1 <q<p<+oo,alz,yeRandt>1,

2 7 kpp
0:G,"" - w

C _
(26) < g ||pinL‘1(R) + Ce t“w”Lp(]R).

L7 (R)

Px

All the above still hold when gf”p and k1 are replaced by Gf° and K3 respectively.

Proof. Propositions 3.14 and 3.15.  We first investigate the case j = 0. We recall that [FH18,
Proposition 4.1] proves there exists K > 0 such that:

kpp < C —rlz=p®
e (z,y) N o
lz—y|?

e clse, |z — y| < Kt implies ‘gi‘l’p(x,y)’ < C’We_“ ?

o if |x —y| > Kt, then

Having kept the extra exponential localization — wy, o(z)ws, 0(y) when > 0 or y > 0 — in our
estimates of G};\pp(gc,y), the proof of [FH18] straightforwardly adapt with this extra decay. The
same goes for the other case x < 0 and y < 0.

In case where j > 0, derivatives pass through the inverse Laplace transform formula, and we can
choose a contour A that is sectorial before differentiation:

007 () = 5= | MR
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We first treat the long time scenario: | —y| < Kt. Using estimate from proposition 3.7, there exists
a function H holomorphic w.r.t. A outside I := (—00,0), such that [|[H (X, -, )|z (®, L1 (®,)) < +00
and

PGP (2,1)) — Py(d,—y) = VN e VN0 H(N, 2, ).

l2=ul With k > 0 to be fixed later. Close to the origin, we use a parabolic contour:

{A p+7’§) 5 S (_60550)}7
and obtain with fl(f,x,y, t) := ;e’(prt_ax_y')H)\(g)(x, y) that

Setting p = k—4

1 : > S :
5o eW%Qme—%@qmu:w“mﬂM‘efm@w%®@+@ﬁﬂa
A% Aq —&o
Due to £XPP having real coefficients, we have Gl)f\pp = Glj\pp, and the same goes for H. Since
A(=&) = (&) we deduce that the term below the integral in the right hand side of the above
equation satisfies z(—&) = z(§). As a consequence, we compute

) 2 oey)? o
M(BIGKPP (-, y) — Pj(§pmy))dN = €= 5" /

e Re (H(&,w,y,1)(p + i)+ ) de,
—&o

2in /.
2 lz—y2 [S0 2 - .
= [T S (Re Ay ) Re (p 1))
—&o
—Im H(E, z,y,t) Im (p + z'g)j“) dé.

First develop (p + €)' = Y2750 (711 (i€)*p+1 =", and notice that p < kK. Then for k even, we
bound

b

|z — y| 1+15/2]-k/2
Pk < ik i =/ =k /2 <”y>
- t
with j — |j/2] — k/2 > 0. Finally, each power of ¢ provide a power of 1/v/t when integrated:
k€%t o€t Ci
0= /605 =< t(k+1 /2 / (5\[) Vide < tk+1)/2°

Hence, using that Re H is bounded, we compute that

1+ |z — gyt tb/2
3/2+14/2]

<G

€o 5 - .
/ e Re F(€, 2.y, 1) Re (p + i€)7 1 de
—&o

The terms with k odd, corresponding to the imaginary part of (p + i€)?*!, are bounded similarly:

|>1+Lj/2Jk§“1

Ptk < pitl=k fi= /2] - 552 <|9C .

Since & — Im(H(€)) is odd, it provide an extra power of & |Im H(£)| < £C. Hence we compute
that
]_ + |x — y|1+|.J/2J

< i@

2 ) |
‘/ e Im A (€, vy, 1) Im (p + i€+ de
¢
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In the short time scenario: |z — y| > Kt, we assume K is large enough so that the parabolic
contour A is far enough from the origin, which in turn guarantees that large A estimates from
proposition 3.10 applies. The computations are then similar to above, with (p +i¢)7*! replaced by

Ky .
(p+ic) = (k) (i&)Fp ="
k=0

lz—y|
T

, to obtain that the k-th term in the above some contribute as

ot =ca(o) e (7)™

We now use p =«

which leads to the claimed pointwise estimate.

We now express the correction terms. None appear for j = 1, while for ;7 = 2, there is only one
coefficient ag2 = 1. It is holomorphic on A € C, thus we can move the integration contour to the
left of the imaginary axis, and obtain:

1 _
%/Ae)‘téy:xd)\:ce t53,:y.

Turning now to the L9 - LP estimate (25), we use the extra exponential localization we have
gained in h. First when |z —y| < Kt, we use both that (1+ |z —y|)h(z,y) < p«(2)p(y)h(z,y) and
that (274)0l3/2] < C to obtain that

/ a;Gfpp(x,y)w(y)dy < Piwle(R)/ h(z,y)
lz—y|<Kt p*(:E) N t3/2 lz—y|<Kt p*(y)2

[z—y|

The integral on the right hand side is finite. In the other case, we rather use that K < % N

and change variables to gain as much decay as needed:

/ 091G, (z, y)w(y) dy < Pl oe =) / (1 N Ix—yl)jwemwt”dy
le—y|>Kt p*(it) N t% le—y|>Kt \/;t ’

3U} co .
< e tl|/L2 (®) /(1+z)3+2€—m1z2dz.
R

We have shown (p, q) = (400, +00). Then (p,q) = (1,1) reads
T~ —e

G2 (z, y)w(y) C /
Zt I qyde < =
w//|z—y§Kt yer = t R ﬁ

p« ()
C
< ?”p*wHLl(R)z

2
1 — 2=yl

lp« (y)w(y)|dy,
L1(R)

together with [|p.w||zrr) < ||p3wl|Le®). The other term ff‘x_ bound similarly and decay as

yl=Kt
fast as needed. The case (p,q) = (+00, 1) proves similarly. Interpolation between those three cases

leads to the 1 < g < p < 400 estimate. It only remains to show (26). The part which is absolutely
continuous with respect to Lebesgue measure leads to the rational decay similarly as above. Then
the Dirac delta provide the exponentially decaying term. The polynomial weight p.(x)? > 1 is
removed. |
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Remark 3.16. Using standard parabolic regularity, we obtain for 0 <t <1 and 1 < p < 400 that:

ngpp'wH SCHWHWM(R)'

Wip(R)

Then from inf(1, 1) < estimates (25)-(26) hold true for t >0, p = ¢, and 1 replaced by %H

2
1+t°
Remark 3.17. When p = 400, inequality (25) is the optimal t=3/2 decay. It does not seem possible
to obtain estimates with p < ¢, since G;(z,y) can not absorb both integral in « and y. Remark that
p3 is arbitrary, and could be replaced by p,h with f0+oo % < +o00.

3.5. Nonlinear dynamic. Here we finally prove proposition 2.3, i.e. that U = (uy,us)T decays in
time provided V = (v1,v2)" is bounded. Throughout this section, we will assume that there exists
C}, > 0 such that for all 0 <t < ty,

(27) U(t) = [VO)llL=w < Cu.

H Wsh
L= (R)

*

To lighten notations, we may note C), instead of CC), when C' is a constant not depending on C,,.

Remind that V(t) and “;5:‘ U (t) differs only by a change of space variable, so that the first equality

is automatically satisfied.

Proposition 3.18. For all 1 < p < 400, there exists positive constants Cgiap, M, 6, such that if
C, <6, then the solution U of (8) emanating from initial condition Uy — with Upp? € LP(R) — is
defined for 0 <t < ty, and satisfies

uy (2, - 1Uop2| v _n
1( ) < Cstap | H;_(i)y ||u2(t, ')”LT’(]R) < Cisrape gtHUO”LP(R)-
Px llLe(r) (14t)>"2r

Furthermore, Cyiqp is independent of C,,.

Proof. In this proof, we abbreviate K, := ||Uop2||»(r). We follow the same argument as in [BGS09,
Lemma 3.2], which is adapted to the nonlinear system after conjugation by an unbounded weight.
The key ingredient is to use the nonlinear term to absorb wg,. Then nonlinear terms are seen as
linear ones.

We fix 0 < 77 < n where 7 is given by the exponential decay of uy at linear level: see (24) in

proposition 3.11. For 1 < p < +00, we note o(p) := % — 2—117 > 1. Then we note
O1(t) == sup (1+s)°® uls) Oy(t) := sup e luz($)]l 2o ) »
s€(0,t) Px L (r) s€(0,t)

together with ©(t) = max(©1(t), ©2(t)), and show that © is bounded in time. Using (27), we can
absorb the unbounded wg, that comes from the nonlinear terms. We have both
WL (U)| < [3ags|wshu ||wippu | + |awkpp”wshu1|2‘wkpp“1‘ < Cplwrppua|
and
V2(U)] < Clwshus ||wippuz| + C|U2Wsh|2‘wkppu2| < Culwkppua|.

In particular, U — N (U) is globally Lipschitz, hence the solution U is defined in LP(R) for times
0 <t <T,see [Hen81]. We can now use the wyp, factor to gain a polynomial weight — remind that
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to apply the linear estimates (25), we need one p, to control the Green kernel, and two extra ones
to make the integral w.r.t. y converge: wypp < p% — which leads to

C (1+s)°®

N S, < £ uils, )

Wate,g)l p(y)P(L+5)7®) | pu(y) 1e,)
hence o

3 H
[N ()| 1o gy < mgl(t)~
Similarly we get to
P2N2(U ()|, < Cue 75| ua (s, N < C,e 5 04(t).

The Duhamel’s formula decomposes into

2(t, ) /g (z, y)ud(y dy+/ /Qt S(@, ) Na (s, y)dyds.

w(t, ) = / GPPLY 1 GEouddy + / / AP + GE° Nadyds.
R

We use Minkowski inequality as well as the injection L!((0,t), LP(R)) C LP(R,L'(0,t)) — see
lemma E.3 — onto Duhamel’s formula on us to obtain that

t
()l o < 1G5 - o + / 16, - A (s, )| ods.

Now using the linear estimate (24) from proposition 3.11 and the above nonlinear estimate, we
obtain:

t
le™ua(t)l| Lo (my < Cllugll o) + Cu@2(t)/ e” (M=) gs,
0
which after integration and taking the supremum on ¢ € (0, 7) reads

C 0
ouir) < Al

assuming that the denominator is positive. By imposing €, < 4§ < "%ﬁ, this condition is fulfilled
and we recover O3 (t) < 2C||u3|| 1r(r) for 0 < ¢ < T. Remind that C' does not depend on C),. This is
the claimed exponential temporal decay for us. Turning now towards Duhamel’s formula for u;, we
apply linear estimate (25) with p = ¢ — see also remark 3.16 — together with both above nonlinear
estimates, to obtain that:

uy (¢, -
(14 6)7® ‘1() < C||Uop|| Lo (w)

Lp

*

t
(1+)7®)
+f T (1N ey + 1 Mool )

t (1+t) a(p)
SCK,,+C#®(1€)/O <(1+t_8)(1+8)> ds.

Standard computations on integral — see lemma E.4 and remark that o(p) > 1 — lead to

0, (t) < CK, + C,0(t).
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Summing the above ©3(t) < 2CK,, we get to O(t) < l(iléi as soon as 1 — C, > 0. By assuming

that C, < < %, we get to ©(t) < CK,, which implies the claimed temporal decay for u;. Remark
that Cgtap, := C does not depends on C,. O

4. PERTURBATIONS IN PARTIALLY WEIGHTED SPACE ARE BOUNDED IN TIME

4.1. Mode filters. Since part of the spectrum of 7~ is unstable, the dynamic for V' is unstable
at linear level. We count on the nonlinear terms to control V for large bounded times ¢ < % To

do so, we mostly follow the approach of Guido Schneider, see [Sch94b]. We separate the critical
from the stable modes in our solution: the first ones grow or are bounded at linear level, while the
second ones decay exponentially, uniformly in p. Let us use a smooth, positive cut-off function x:

1 ifzel =[-2 —T1U[L,2
(28) Xc(gj) = 1 T e [ 871 S]U[878]7
0 ifx¢I.+ B(0,3),

with B(z,r) the ball centered at z with radius . We then work in Fourier space: the matrix 7 (£)
has two eigenvalues

Ae(€) =—(1—€) +p, As(€) = —d€? - 2a,

with associated eigenvectors g;, for ¢ € {s,c}. We note Hl-(g)f/ = (V, 05 (€))0i (&) the respective
parallel projections onto each of the eigenspaces, and we separate critical from stable frequencies:

1.V = F 7 (€ (&) (V). 0:() ) 2c(6)) LV =V - 1.V
Remark that x2 # x., so that neither 1, or Il are projections. However, using I := [fg, f%] U
[2,2] and 1P := [ 1, — 2] U [12, 1], we define x! and x" with respective support I + B(0, 1)
and I + B(0, Tle)’ in a similar way as (28). Then with
IRV = F ' (xe ILV), kv = F (1 —x)ILV) + FH(ILV),

we have ITM'II; = II; for i € {c,s}. Ultimately, we will use a scalar “projection” onto half of the
critical Fourier modes, to select only frequencies close to & = 1:

1 ¥ *
ey V() e “”) '

Such decompositions are well-behaved with Fourier transform. However, we need to measure objects
with L°°(R) norms, since the pattern we want to study behave as the solution of a bistable equation.
To combine those two constraint, we use the so-called uniformly-localized space, that were introduce
by Guido Schneider, see for example [Sch94c]. We first define a weight

(20) Y = F (g o () Leso

pu,l(-r) = 1 +x2'

['hen, we say that u € l/ﬁ,l(R) if
”U”L2 ((R) = Sup”Pu,l(' - y)“”L"’(R) < +00.
" yeR

Similarly, we define H;(R) and its norm by |ul|g= () := supyerllpu1(- — y)ullgs®) When s > 0.
Then, we use the following injections to link with Sobolev spaces, that were used to estimate Green’s
kernel.
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Lemma 4.1. Let s € R with s > 1. Then the following injections are continuous: W*>(R) C

H3)(R) € L=(R) C L \(R).
Proof. Let first recall the definition of [|.||g= () that we use. Let py(z) := H%’ then

lull g,y == supllu(- — y)purlls(r)-
’ yER

From one hand the injection H*(R) C L*(R) leads to
1 1
||UHH3 (R) = supllu(- — y)puillpoe(—1,1) = B sup||u(- —y)||Loe(~1,1) = §||U||LOO(R),
’ yeR yeR

It corresponds to the second injection. From the other hand, |[upu,|l s @) < [Jullws . ®)llPuill s )
leads to the first and third injection.

As announced, we will need to estimate operators in Fourier space. We will use the following
Lemma, see [Sch94a, Section 3.1] and [Sch94b, Lemma 5] for proofs.

Lemma 4.2. Let d, n be positive integers, and M an operator that acts in Fourier space as a

point-wise linear application: M(€) € £(RY,R™) with Mu = F~'(& — M(€)a(€)). Then for
4,5 20,
||MUHH§’1(]R)4 < C(s, g€ = (€7 M(Ellezr,ema zny vl @yns

u,1

with a positive constant C(s,q) independent of u and M. Furthermore if o and &y are reals, then
||z — eiﬁOxMu(ax)HH;l(R)d <Clz+— eigﬂxu(am)HH&l(R)n,
where the above constant satisfies

s—q

¢ < cts.aens 07 (£ - )

CZ(R,&(R4,R™)) .
4.2. Linear dynamic.

Lemma 4.3. Let T and pg be positive constants. Then there exists C > 0 and k > 0 such that for
all 0 < pu < g, the following holds. For s >0, and 0 <t < %,

e 2V |1z ) < CIV oz, (r):
while for any t > 0,
e H?VHH;[(R) < Ce ™| Viimg, m)-
Both estimates still holds when II[' are replaced by II;.
Proof. Since T~ has constant coefficients — see (12) — it acts in Fourier space through multiplication.

Hence we rely on multiplier theory, see [MS95]. Since at fixed Fourier parameter £ € R, the
eigenvalues of matrix 7~ () satisfy Re A\;(§) < p, we obtain using lemma 4.2 that for ¢ < %:

with My (R) the set of 2 x 2 matrices. The case of e!”7 IT" adapts easily: for t > 0 and ¢ in the
support of s, the eigenvalues of 7~ (£) satisfy Re(\;(€)) < —2k. To see that II" may be replaced
by IT;, simply use that e” II; = ' [I]'[l; and that |II;V|gs @) < [[V|#s @) to obtain the
result. ’ 7 g

Vil @ < CEHVIa: ®),

C

tT~ y7h ==\ 7T
I v” < H ¢TI
e Vs < exp(tT )

C2(R,M2(R))
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In the following, we can combine lemmas 4.1 and 4.3 to glue the mode filters techniques with
our usual Sobolev spaces — to the cost of one derivative — via estimates of the form:

IVOllee < CIV Ol @ < COOMValli ) < CODIVallw s o
4.3. Nonlinear dynamic: shadowing the global attractor of the Ginzburg-Landau equa-

tion. Following [GS07], we drive the perturbation using the dynamic at —oo, to the cost of an
extra source term S. We first show that this term defined by (13) is sufficiently localized in space

so that we can extract a ||ﬁ||mo = ||p%||Loo from it. In the rest of this section, we assume
that there exists Cy and ty positive constants such that for all 0 <t < ¢,
Ut Uollx
a0 O <ol
P Lo () (1+1)

As above, we will note C instead of CCy when C' is a constant not depending on C. All arguments
below rely on the fact that U does not blow up in finite time. Hence in the rest of this section, we
always restrict — even when it is not clearly stated — to times 0 < ¢ < ty. Furthermore, we recall
the notation p = €2, with ¢ > 0.

We first obtain decay of derivatives of U, and then control the source term. Recall that

U x := Ul w2.e®)xwao @) + 102U Lo ®)-
Proposition 4.4. There exist a positive constant C' such that for 0 <t < ty:

HU(t) < o Wollx
Pr llwrce@xwae® ~ (1+1)3

Proof. First write the Duhamel formula for u;, and then differentiate it:
t
Ay (t,x) = / LGP + 92 Geouddy + / / IGIPP NG + 821G Nodyds.
R o JR

We can then bound the right hand side using linear decay from proposition 3.15 — see also re-
mark 3.16 — and the decay (30) of U(t). The localized weight wypp in nonlinear terms allows to
gain as many powers of p.(y) as needed. We use the same approach for 9us, the linear estimate
(G un [l (ry < Ce ™ ||uglyyr.(ry comes from standard parabolic regularity: £5" is sectorial
with spectral gap. O

Proposition 4.5. There exists positive constants § and C such that for all 0 < t < ty,

Vit ) < ool

IS = et V(£ oy ) < € \ : |
H\(R) Woh(- = Cut) [l 2,00 Ry s aoo ) (141¢)3/2

Proof. From lemma 4.1, it is enough to bound ||S(*, V/(t))||w1.c (). For Z < —1, we have w(z) = 1,

hence
S@V) = (=g (O LEOM),

We show that [|wsn(1 — g)|[w1.00(—c0,0) is finite. The equilibrium point (g,¢") = (1,0) for the front
equation is a saddle, with one positive eigenvalue x = (=1 + v/3) \/% . Basic ODE dynamic then
ensures that

sup|g«(x) — 1le™"™ < 400, sup|q. (z)]e " < +o0.
<0 <0
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For # < —1 and |0| small enough, wg, (%) = €% < e™"% which leads to
V()

S(-—et, V(t,- ol <C|——————— .
|| ( C ( ))”Wl' ( 0,0) ‘ Wsh(' — C*t) HWLN(—OO7O)

Now for & > 1, recall the expression of the source term (13). For linear terms, we use the commutator
to gain one derivative: the operator

o A = c.0p)w — (A —c.0p) = w A — .0, @]
exhibit at most third order derivatives, so that it maps W>(R) x W4>(R) onto W1>°(R) x
W12°(R). Furthermore || !0, @||w1.(0,+00) < 00. Altogether, it leads to
ISC V) lwre(0,400) < ClIV w2 sz (0,400) + ClIV 100, 100) T CHV 100 (0,100
Remark that wypp(Z) = 1, hence the first claimed estimate is shown. Then X(lt(g = Ziif))
proposition 4.4 ensures the second claimed estimate. The proof is complete. O

, and

Remark 4.6. Since t — (1 + t)*3/2 is integrable at 0, the above control of the source term implies
that solutions to (11) with initial condition at ¢ = 0 are defined and continuous on an open interval.

We now state nonlinear estimate, which relies on mode filters, see section 4.1.
Lemma 4.7 (Non-linear estimates). There exists C > 0 such that for all V € H‘}’I(R),
[1,Q (eII.V + EQHS‘/)”H&J(]R) < CEZ(HHcVHH}M(]R) + ”HSV”H&J(R))%
while

[H1.Q7 (LY + 2 ILV )| 1 vy < C> (LY || mx gy + LV ||z ).

Proof. The first estimate is immediate. The second one comes from [Sch94c], and proves as follows.

In Fourier space, multiplication becomes convolution. Since Supp(x.) = [—5/4, —3/4] U [3/4,5/4]

and Supp(xec * Xc) = [—5/2,-3/2]U[-1/2,1/2] U [3/2,5/2] do not intersect, we deduce that
HC(HC‘/I X HCVvZ) = ]:_I(Xc X (XCVI * XC%)) =0.

Hence lowest order quadratic terms vanish when IT is applied, leaving €3 terms at leading order. [

We now begin the proof of proposition 2.4 by decomposing 7~ in Fourier space. This allows to
show that after a time Ty /c2, the perturbation V is at leading order a critical oscillating mode.

Lemma 4.8 (Attractivity). Let Toy > 0 be fixred. There exists a constant C' > 0 — depending on
C1 — and a positive constant § such that for all Vi satisfying

1
(31) K= — (H%”HJI(R) + ||Uo||X> <4,

the solution V' to (11) with initial condition Vy exists for all time 0 < t < T;Z“, and decomposes as
V =V, + V,, with I[I"V; = V;. When 0 <t < L it satisfies

€
Vi)l ) < CKae, ie{cs},

Tast
=2

while for times 57;73 <t<

, we have

HVC(t)”Hllhl(]R) < CKqg, HVS(t)HH&,l(R) < CK182.
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Finally, the initial condition Ay for (GL) is bounded uniformly in e: || Aol| ;1 (® < CKy, with

1 _x Lo X
32 Ag(X) = —e o ahy, [ 25, = ).
(32) o(X) i= T by, (11,2
Proof. Since T~ is sectorial, V +— Q7 (V) is locally Lipschitz and ¢t — S(Z, V (¢, z)) is integrable at
0, solution V to (11) with initial condition Vj is uniquely defined as long as it does not blow up.
Hence the estimates that follow ensure that V is defined up to time Ty /€2.
To construct V, it is enough to solve the following system, with initial condition V;(0) = I,V (0):

(33) Ve =T Vet Q™ (Ve + Vo) + I1.S(2, Ve + Vi),
OV =T Vo+ I, Q" (Vo + Vo) + II,S (%, Ve + V5),

and then set V = V., 4+ V;. A solution (V., V;) of the decoupled system (33) is not guaranteed to
write as V; = II;V, however the critical-stable separation still holds, so that lemma 4.3 applies:

‘etTivvsHH&’l(R) = HetTinf'VsHHgm(R) < e_KtHVSHH&J(]R)-

We introduce the local notations W; := % and ©;(t) := supg<, < [|Wi(7)[| 1 (r). Using Duhamel

formula and decay of S, we see that
dr
T+ )32’

t U .
IWe®) a2, ) < CIWe(O)lls ) + Ce / (©.(0) + 0,(1)%dr + 0, 170X / (
< C1K1 + Cet(O(t) + O4(1))*.
In a similar way, standard integral computations — see lemma E.4 — ensures that
t
W)l 2y < Ce ™ [Wal0)l| 112 my + C=(Oc(t) + O4(1))? /O e~ Ht=T)dr

||UO||X /t e—r(t=T)qr
€ o (1+7)3/2°

+ Ce(O(t) + O4(1))?.

+C

Ky
(1+1t)3/2

For0 <t < %, we take the sup in the two above equations to obtain — with © := max (0, Oy)
— that ©(t) < C1K; + CO(t)%. Applying a standard nonlinear argument — see lemma E.5 — with
K; < ¢ small enough, we recover ©(Tyt/e) < C1 K7, which is the first claimed estimate. Now
for Tatt/52/3 < t < Tat/e, we have W < Ce, hence ”WS(t)HHi,l(R) < C1Kie. This little
improvement will allow us to propagate estimates until time T, /2. For t > 0, we now use the
new local notation

<Cy

V(t + Tage /¥/3) =: eWe(t) + 2 Wi(t),
together with ©;(t) := supg<,<;[|Wi(7)|| 2 (r)- Remark that from the above, we know that

We(O)llmy =) + IWs(O)ll 112 m) < CrLE

Then nonlinear estimate from lemma 4.7 ensures that for ¢t < T/ 52,

2 2 | Uollx K dr
etz ) < CUWO) iy ) + O (Oclt) +Ou(0)* + 125 | e,

S OlKl + C(Gc(t) + @s(t))z'
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Since (1 4 Tyt /e?/? +7)73/2 < & when 7 > 0, we deduce as above that

t

IWe®)ll1 @) < Ce™ ™ IWa(O) 12 g + C / e A (B4 (1) + O4(1))

U, t —K,(t—T)d
+ Cl || OQHX / ° u ’
€ 0 (14 Taee/e2/3 4+ 7)3/2

< C1Ky + C(O.(t) + O4(t))>.

Taking the sup for 0 < t < Ty /€2, we obtain as previously that (T, /e?) < C1K; for Ky small
enough. This is the second claimed estimate. To bound Ay, we use the scaled estimate in lemma 4.2

X X - ix (X
oo (D) <lem @+ Dl X - o (T)

)

€ /2 m)

o

with M = 77 and u = VC(%EF). To estimate M (g€ + 1), we can restrict to the CY norm, since

derivative gains us power of €. Recall that

M(&)a = x}(€)(ec(1), 05(£)) (@, 03 (£))

so that Cauchy-Schwartz leads to [[M(€)| g2 r2) < [x£(€)0r(€)(ec(1), 05(€)) 7" < Clxe(€)]. Here
we assume that the support of x. is so small that {o.(1), 0¥(£)) does not vanish by continuity. We
emphasize that this support is still independent of i, so that the separation of frequencies comes
with spectral gap. Using the support of x", we obtain

1€+ ()2 M (e€ + Dllezw, ez ry) <

Be

Now rescaling the L |(R) norm, we get

X —iT
IX = e u(X/e)llr2 @) < Velle ullrz @) < Vellullrz @)
Hence we have shown that [|Ao|[ 1 &) < Ce™ Y| Ve(e™ 2 Topr) || 12 (® < C1K;.
: : .

Now that V is at leading order a critical oscillating mode, we can approximate it by (e, A) :=
ee(e, A) + €29hs(e, A), with A the solution to the GL equation with initial condition Ag, see (32),
with the critical part of 1) being:

(34) e(e, A)(t,x) = (e At ex) + c.0) e,
and the stable part:
Ys(e, A)(t, ) = |A(e%t, ex) |00 + e Ox A(?t, ex) 01 + 2T A(et, ex)? 02 + c.c.

All p; and p. are two-dimensional vectors with explicit expressions, see appendix A. The choice of
1) is made clearer therein, it ensures that the error of approximation R =V — (e, A) stays small
when time evolves.

Lemma 4.9 (Global attractor for Ginzburg-Landau). Let T, X — A(T,X) be a solution of the
Ginzburg-Landau equation (GL). Then there exists a constant Car > 0 such that

JA(T)|[wre®y < Car + e 72| A0) |l w.o (r)-
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Proof. Since the coefficients of GL are real, the dynamic is close to that of a bistable equation. We
follow [Sch94b, Theorem 7]. From computations made in [CE90, Theorem 4.1], we recover that

IA(T)h|| 2@y < Car +e 2T || A(0)R|| 2w

where h,(X) = . The same estimate holds for 9, A. It leads to

1
TH(X—a)?
1
h(X)?

which after taking the supremum over a € R writes |[A(T)||p~®) < Car + e F A0 71 (m)-

|A(T, X)| <

(Car +e T AR mw))

The bound on dxA(T) is then obtained from standard parabolic regularity: we differentiate the
Duhamel formula and use the above bound of A(T'). To handle the term that is constant in time,
which appears in the non-linear term, we simply deteriorate the exponential decay. O

We now show that when ¢t < e~7/ 4Tapr, the error R stays small. We then apply this argument
again to reach any finite time. For similar problems, this approximation property is usually shown on
a time scale e ~2T},,,, which is optimal due to the linear growth of critical modes ||e!” II.Vj|| g1 (®) =

652t||HCV0|| m! (r)- In our case, the slowly decaying inhomogeneous term & prevents us to go

beyond e~ /4T,

Lemma 4.10 (Approximation) For Tapr > 0 fized, there exists a positive constant Cgopy such that
the following holds. Let to > T4t, Ay € H} 1(R) and a solution V' of (11) such that

”R(tO)HH}M(R) = V(o) = o(e, Aol ) < v/t

Note A the solution of (GL) with initial condition Ay att = tg, and R(t) =
fort > tg, the error term decomposes as R(t) = R.(t) + Ry(t), with 1T} R;(t)
for 0 <t —to < L,

V(t)—(e, A(t)). Then
= R;(t). Furthermore,

||R1(t)||Hll‘l(]R) S Capr€5/4a 1€ {C, 8},
while for 315,4 < < Z;“;’z,
”RC(t)HHl (R) < CGPTS ”Rs(t)”Hiyl(lR) < Capr59/4~

Proof. Insert R(t) = V(t) — ¢(e, A(t)) in (11) to obtain that for ¢ > ¢y, R satisfies
OR=T R+2B(tY,R)+ Q (R)+ S(t) + Res(v)),
where B is a symmetric bilinear function that satisfies @~ (V) = B(V, V), and the residual term is
Res(¢)) = —0ip + T ¢+ Q7 (¥).
We decompose Duhamel formula into a critical and stable part:
ILR(t) = €' ILR(to) + /t =T II; (2B(¢, R) + Q7 (R) + S + Res(v)) ds,
0

with ¢ € {c,s}. To close a nonlinear argument, we follow [Sch94b]. Since A satisfies (GL), the
leading order terms in the residual Res(¢(e, A)) vanish, see appendix A. Hence we can control
Res(¢(e, A)) for times smaller than e~2T,,, as done in [Sch94b, Lemma 14]. To handle the source
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term — which is not present in the above reference — we use proposition 4.5 above, to conclude that
IS ) a2 @) < Ce3 when t >t > L2t This implies that

€2 -

¢
/ eIT [1,8(r)dr

to

t
/ DT [1.8(7)dr

to

< C(t —tg)e?,
H} \(R)

while

¢
< Cs3/ e "= dr < &3,
Hé,](R) to

Hence when t —to < e"1/4T,,,, the estimates on S can be sub-summed into the one on Res((¢, A)).
Now for 5’1/4Tapr <t—tp < 5*7/4Tapr <, we can once again sub-summed S into Res(¢ (e, A)). The
remaining terms are handled as in the proof of [Sch94b, Lemma 11], see Lemma 13 therein. ]

We are now ready to prove that V remains bounded in time.

Proof. Proposition 2.4.  Beginning with [|[V(0)|| g1 &) < Cl[Vollwr.~ < eKy < €6, we wait a time

to := € 2Ty, see lemma 4.8. Now V decomposes as V = V, + Vj, with the leading order V. writing
as:

Ve(to, €) = Fla v ee' Ag(ex)) (§)oc(€) + c.c,
i.e. V.(to) is obtained as the modulation of a large profile z — Ag(ex), with ||A0||H&,I(R) < CK;
from lemma 4.8. We propagate this ansatz by decomposing V(¢,z) = (e, A)(¢t,z) + R(t, z), see
(34). Applying lemma 4.9 and [[Ao|r=®) < C[/Aolm: (&) from lemma E.3, we conclude that
|A(e%t) || (r) < Car + CKy for all times ¢ > 0. Howevér, A and 9(e, A) does not depend on the
same space variable, so that rescaling Hil(R) norms loses us a ¢~ 1/2. Instead, we use lemma E.3
and its injections to rescale in W1>°(R) space:

(e, AYO g s < Clle = A1 20) Ly oy,
< Cllz = A(e*, e2) | wroe m),
< CLAE) I~ o),
< Cqgr + C’Kvleft/g2

Recall the expression of K (31). Similar estimates lead to [[¢(c, A) ()| 1 () < Cor + CKie 2.

Now for t > ¢ty we can estimate
IVl @ < ¥, AOla @ + 1V (E) = (e A @)

—_t/e2
< Ce(L+ K %) + ||R(t)]| 2 (m):

and it only remains to bound the error R(t). We initialy decompose it as R.(to) = Ve(to) — et (Ap)
and Rgy(to) = Vi(to) — €1ps(Ap). From the definition of Ay,

T Ve(to, z) = ee'™ Ag(ex),
while definitions of 1. (34) and 7% (29) ensure that
1 (eve(Ao)) () = F 1 (xe Les0F (ee™ Ao (ey)) = e F " (xoF (Ao(ey)))-
where x0(&) = x"(€ — 1)1¢>1 is supported near £ = 0. Hence
1 (Ve(to) — eve(Ao))(z) = ee™ F 1 (1 — x0) F(Ao(e-))) -
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Since R.(tg) has compact support in Fourier space, we can gain one derivative, and treat separately
the behavior close to 1 and —1:

IR (o)l mry  r) < CHWTRC(tO)HL?M(R) + Hﬂ}—LlRC(tO)”LﬁJ(R)'

We first rescale space, then apply the scaled estimate from lemma 4.2, and finally use the localization
of xo together with the bound on Ay — see lemma 4.8 — to obtain that

1 T
It Re(to)lz i <~z [Jo s et Re (102 )|

L2, (®)’
< VE|| = xoleg = 1)) 7|

< 53/20[(1.

o X 7 ¥ Ay

The conjugated part 7" R.(ty) bound identically. Furthermore:
I1Rs(t0) 2y < IVa(to)llarz ) + 1195 (A0) i1y < C® + C2 ||z = Ao(ex)l| 2, m)-

Using that z — Ag(ex) has compact support in Fourier space, we can gain two derivatives, inject into
L>(R), scale, and finally inject back into H&)l(]R). It reads: |lz — Ao(ex)||lm2 @) < CllAollm (w)-

Hence || R(to)|| a1 ) < %/4 and lemma 4.10 ensures that
IRy < Ce*

for times tg <t < t; = to+ 5*7/4Tapr. Applying the same Lemma as many time as needed, we
conclude that the above bound on R(t) holds for times ¢y < t < t, = to + ne="/ 4Tapr, without
deterioration of the constant. Hence

VOl ® < Ce(l+ Fye V) + 0 < C (1 + Kyentm),
and the proof is complete. O
APPENDIX A. GINZBURG-LANDAU EQUATION

Here we derive the Ginzburg-Landau amplitude equation from the dynamic at —oco. We study
the following system:

(35) OV =ToV + TV + No(V) + N3(V),
where the linear terms are given by:
do? — 2a 154 (0 0
76-( 0 —(1+8§)2)’ 7;_(0 ‘u)7
while the quadratic and cubic terms write as:
o —3av;2 o vy
= () = ().

In the following, we note M (X) the symbol of the constant coefficient operator 7y, such that
To = M(0,). We also note ¢ = /p. Assume that the solution to such system writes according to
the following ansatz:

V(t,z) = e A(%, ex) + c.c)oc + €% (Agoo + € A1 01 + 2% Aga + c.C).

Here and in the following c.c is the complex conjugate: z + c.c stands for z + Z = 2Rez. The
amplitude A € C is the main unknown, while each A;(g%t,ex) is an amplitude we will fix later.
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The vector g. is chosen to be an eigenvector for matrix M (i), associated to eigenvalue 0, while
the vectors g; will be fixed later. We also introduce g, in the kernel of M (¢)*, normalized so that

(0c, 0F) = 1. We propose
B) . (0)
Oc = ’ Qc = 1 .
<d +2a Toa

We inject the ansatz in system (35), and then identify terms of order e'e?** for | € N* and k € Z. As
usual for such computation, the & order will be trivially satisfied. Then 2e?*® terms will determine
amplitudes A and vectors g;. Finally, the 3¢ equation will lead to Ginzburg-Landau equation.
Hence, we may neglect all terms of order £3e%* and £3¢. We easily obtain:

0,V = e3(e0r Age + c.c)

with slow time variable 7' = £2t. Similarly, we note X = ez the large space variable. To compute
Tou, we use a formal Taylor expansion, see lemma E.1:

To(ee'™ Age) = e M (i 4 9,) Ao,
) 1
=ce”® (A M(i)@c + 56)(14 M/(i)Qc + 5828)()(14 M"(i)gc> + 0(54).

The computation can be easily adapt for To(e2e2%%% A, g1, ), for k € {0,1,2}. The T (V) term is easily
developed, and we are left with the nonlinear terms. We note B : R? x R? — R? a symmetric
bilinear application that satisfies B(V, V) = Na(V). It is given by:

mwm<Y4MW1>.

3 (V1w + vow1)
Hence, we obtain:
No(V) = e (2 A’ N(0c) + c.c + 22| AP Na(oc)) + €2 (e 2A A0 B o, 00) + c.c)
+&%(e"24A5B(0c, 02) + c.¢) + Oy 1 (3™ 4 £%).
Similarly, the cubic term develop as:
N3(V) = e3(e'a3A|APN3(0c) + c.c) + Oppypr (3™ 4 £%).

We now collect previous calculus, and identify terms of same order £'e?**. The £2e’*® equations
write

OxAM' (i)o. + A1 M(i)o. = 0,

AoM(0)00 + 2| AP N2 (ec) =0, Ay M (2i) 05 + A*Na(oc) = 0.
Both matrix M (0) and M (2i) are invertible, so that we can impose:
Ay = 0x A, Ao =A%, Ay = A%
00 = —2M(0) "' Na(ec), 02 = —M(2i) " Na(ec)-

We also fix g1 such that M'(i)p. + M (i)o1 = 0, which is possible due to M'(i)g. € im(M (i)). The
e3e’ equation then writes

0 1
+ AJA]? (2B(0cs 00) + 2B(0c; 02) + 3N3(0c)) -

OrA g0 = Dxx A(M"(i)g + M'(i)or) + A (0 0) 0
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Taking the scalar product with the normalized left eigenvector p} leads to the scalar Ginzburg-
Landau equation. In the following, we make explicit its coefficients. It is easily seen that (M"(4)o. +
M'(i)o1,0%) = 4, and that <<8 (1)> Oc, QZ> = 1. We are left with the coefficient in front of the

cubic terms. We explicitly compute

MO~ = % <(1) QBa) M)~ = 9(4d_7j2a) (g 4d-€ 2a> Nale) = <75(3Cf22a)> ’

from which we deduce that:

_ (BP(y 2 -3 _ 1 B2(y(d + 2a) — 27a)
= ( 2vB8(d + 2a), ) ’ 227 9(4d + 200) (w(d +2a)(4d + 2a)> '

Then, it follows

_ ap? _ —3af? (v — 3)
N3(o) = — (U(d—l—2a)3) ) B(oc, 00) = <ﬁ2;(d+ 20) (2,}/_‘_7% - 3)> )

Bloe, 03) 1 ( —3aB3(y(d 4 2a) — 27q) >
C’ 9(4d + 2a) \B*2(d + 2a)(v(5d + 4a) — 27cx)
We can finally compute that:
(2B(0c, 00) + 2B(0c; 02) + 3N3(ec), 05) = 7* 5 (19 + (d+ 20a) <1 + 1))
C’ “ e 9 a  9(4d+2a)
- 3y8? (1 + M) — 30(d + 2a)*.

The right hand side reads as a degree 2 polynomial in v which we note P(v). Altogether, we obtain
the following Ginzburg-Landau equation:

(GL) OrA =40xx A+ A+ P(v)A|A].

Since P admits two roots with distincts sign, there exists ygr > 0 such that for all v € (0,v¢1),
we have P(v) < 0, i.e. hypothesis (Hj) is fulfilled. Recall that «,d, o > 0. We compute:

3(4d + 3) 3(4d + 3a) \° (d + 2a)? 19 1 1
= 2a(4d + 20) \/<2a(4d+2a)) tlo— g ai= g F(d+2a) <a+9(4d+2a)>'

Lemma A.1. There exists an open, nonempty set of parameters Q such that for all (o, 8,d, 0) € Q,
the ordering Yrem < Yar holds. In particular for v € (YVrem,YarL), both hypothesis (Hy) and (Hs)
holds true.

YGL

Proof. The fact that € is open comes from the continuity of both ~em and ygp with respect to
a,B,d,0 > 0. To see that Q # (), remark that ygr — +oo when either 3 — 0 or 0 — +o0. (]

Remark A.2. The ansatz we propose here only develop up to order €2, while the information we
extract is held by €3 terms. If ones try to push the ansatz one order further:

V(t,z) = €(€iwAQc +c.c) + €2(61‘35141,1&,1 + 62mA1,2Q1,2 +c.c+ A10010)
+&° (emAZl 02,1 + €2i$A2,292,2 + 63”142,392,3 +c.c+ Ar0020),

the only changes is the presence of an extra Ag1(L(7)g2,1,0)) term in (GL). By definition of gf,
this term vanishes anyway.
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APPENDIX B. PROOF OF PROPOSITION 3.8

Proof. Proposition 3.8. Here, we write a(z, \) < b(x, \) to stand for a(z, ) < Cb(x, A) where C
is a constant. Recall we have construct ODE solutions with exponential behavior. For 0 < j < 3,
we have

(36) Do\, z) = e (ya‘ + oRiXK(efalm) ,

where ¢ stands for ¢5™F and v for v ()). Here, we noted g(\, z) = Op+ (f()) if |g(\, z)| < f(z)

when z > 0, and if A — g(\, ) is holomorphic on K for almost all z > 0. The according notation

holds for Og-. In particular, |¢"F (z)] < e Re(v) when z € Ry. In the following, we drop the

“sh” exponent. Then, the Green function expresses using the decaying solutions:
YA yef (\a) ify <a,
Yisabihy)er (o) e <y,
where the coefficients b;(\, y) are determined by the jump condition:
2 63 5 é1 .
bl Oudy  Oupy  Ouoy b
)| 7 .

G (x,y) = {

Recall notation (20) for determinants. We use Cramer’s rule to compute the coefficients b; (A, y):

_ Det(d3, 63, ¢1) _Det(¢1, 65, 61)

(37) by Vi : by=——"m
and
py - Det(o1-05.67) p— Det(o1.05.65)
3 = Vsh ’ 4 = Yysh :

It may happens that vy — vj" or v, — v; vanish, causing a singularity in (by,b2) or (bs,bs).
However, this singularity can be erased in the expression of Gf\h since at first order by(\,y) +
ba(N\,y) = ﬁ Det(¢o — ¢1, P3, pa) = Ox(1). Recall that we assume the Vl-i are sorted by real part:
Rev] <Revy < Revd < Rev) (the same ordering holds for the v; ), and that from lemma 3.5 —

item (1), there exists k2 > 0 such that:
(38) Re Ufg < —Ka, ko2 < Re U?i

We now prove the claimed result, depending on the ordering between x, y and 0.

(i) y < 0 < z. We need to decompose ¢3 (y) into the (¢; )1<i<a basis: ¢35 = > ._ 1. cid; .
We can differentiate three times this decomposition to obtain a Cramer system. Solving it
leads to

o) Det(¢y, 03, 05,05 )

Det(r, 0, 07,07) 2 V)
_ Det(¢1, 65 , 05, ¢7)
% W) Detior.o5.67,7)

_Det(ds, ¢y, 05, 65)
Det(or, 0y 03,03) T
Det((ﬁfa ¢57 ¢;7 d)AI)
Det(¢7, b5, ¢35, 01 )

o1 (y)-
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Once again, the y dependence in each of the fraction can be dropped thanks to lemma E.2.
The numerator is holomorphic with respect to A, hence bounded when A\ € K, and the
denominator does not vanish.® In the following, we may simply write

- Det(p, ¢, 05,04
i () im DM 0 105 04)
Det(¢1, ¢y, 05, ¢4 )
to note the first coefficient of ¢ when decomposed in the (¢; )1<i<a basis. We extend this

notation to other coefficients: c; (), and to the decomposition into (¢; )1<;<4 basis: ¢ (¢).
Using the above decomposition into the expression of Gﬁ\h, we obtain:

2
> "¢ (¢3) Det(6; , ¢35, 07) ()]
=1

(39) < QRO +v5 vy | Re(vy +vg 407 )y,

Det (¢35, ¢35, 05 )(y)| =

since A — Det(¢; , ¢5 , ¢, )(0) is holomorphic on K. Using again lemma E.2, we see that
WEB (N, y) = efelv v s vy yysh ) 0y,

Using proposition 3.3, we see that W (),0) > 1 when A lies in K. Collecting the above

estimates (39), (36) and (38), we now see that

Det(¢3, ¢35, 95)(y)
o7 () 2W5h3(y) .

The exact same approach for the second term leads to:

-+ Det( T7¢377¢Z)(y)
¢2 (.’13) h
Weh(y)
The first case is now done. For the following ones, same tools are used. We nevertheless give the
general plan of the proofs to clarify some points.
(ii) 0 < y < 2. We decompose both ¢; (y) and ¢, (y) into the (4] )i1<;<4 basis, and use the
ordering (38) of the spatial eigenvalues to obtain

< o Re(uf)—yRe(u;) + P Re(l/f)—yRe(uf) < e—ng(x—y)_

< o Re(V;)—yRe(u;) + P Re(l/;)—yRe(uf) < e—ng(x—y)_

~

Det (¢, 67, ¢))(y)

Det(¢;»¢§>¢;)(y) b A=
‘ Wsh (1) ’ S ; i (3 )Cj (01) Re(i vy |
i,j#2

< efyRe(Vf') + efyRe(u;') + efyRe(VZ').

The second and third term are treated directly: —y Re(u;:4) < —yko < yko. For the first
term, we need to use the ordering of x and y. Since  —y > 0, we have Re(v]")(z — y) <

—ka(x — y). Hence: a

Det (03, ¢y , 61

A similar argument leads to:
Det(¢7, 63, &7

Re(v)—yRe(vy Re(v{)—yRe(vi - -
< g Re()—yRe(v]") 4 ,eRe(r])—y e(V3,4)56 Ko (z y),

~

< ezRe(V;)fyRe(V;') + 63:Re(V;r)—yRe(V;4) < e*fig(lfy).

~

SA vanishing determinant would implies that X is an eigenvalue, which can not hold due to Re XA > —2n.
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(iii) y < o < 0. Here we need to decompose both ¢7 (z) and ¢3 (y). Taken independently, both
term q[)fbl and ¢2+b2 do not decay as claimed, due to the following asymmetric growing
rates, which correspond to terms where the two projections are done on the same element

of (¢; )1<i<a:

B\ ) i= o5 (6D)er (6o (0 LG 00 e,

and

Bl ,0) = 5 (6 e (6505 () U200 000D oo

However, this terms appear both in gbi"bl and ¢ ba, so that they cancel out in the expression
of Gf\h, recall from (37) that b; and by are obtained with opposite sign in their expressions.
We compute

‘¢ii-b1 _ El _ E2| (x’y) S.; (emRo(yf) + et Re(u;) + ech(uI)) e—yRo(uf)
+ (ewRe(u;) + et Re(vy ) + exRe(uZ)) e—yRe(u{),

< e h2(z—y)
For the second inequality we have used the same method as in the previous case. From one
hand (z — y) Re(v;) < —ka(x — y) due to the ordering of 2 and y. From the other hand,

xRe(vs) < zry < —xky coupled with —y Re(v; ) < —yka. Similar computations leads to
|63 b2 + By + B (2,y) S e 2079,

We conclude using triangular inequality: |7 (2)b1(y) + ¢F (2)ba(y)| < e F2(@=v),

We are now done with all cases where y < x. The z < y cases are mirror versions of the three
above cases. Computations can be adapted easily, we omit them. This complete the proof of the
first stated inequality. We now treat the second one (21). Remark that when y > 1, (21) adds
no information to the first inequality, since wy, o(y) = 1. Hence we are only left with the case
y <0 < z, in which we have:

|G (2, y)| < Cemrlovl = Ce  FEWeTve=F0 <o Flovly, s o(y).

Up to a change of notation Ay = ko, this is the claimed (21). The proof is now complete. O

APPENDIX C. THREE EQUILIBRIUM POINTS

It appears that for certain sets of parameters (d, «, 3,7, o), system (1) admits nontrivial equilib-
rium (Ueq, Veq) With veq ~ /. To keep dynamic as simple as possible, for example when working
with numerical simulations, we can restrict to parameters that satisfy the following statement. This
is by no mean necessary to our study, since the main result is perturbative.

Proposition C.1 (Three equilibrium points). Set ug < 1 and v > 0. Then for positive d, o, 3,
there exists o9 > 0 such that for all ¢ > g, and 0 < p < pg, system (1) admits only the steady
states (u,v) = (£1,0) and (u,v) = (0,0).
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Proof. Assume that (u,v) € R? is a constant solution of (1). If v = 0, the only solutions are (£1,0)
and (0,0). Else, the point (u,v) lies in the intersection of two curves:

{v:—gu(l—uQ),
_ 1 2
u-l—;(u—l—av).

For v < 0, they do not intersect since they respectively ensures u < 1 and v > 1.2 For v > 0, we
use the tangent line to the first curve at (u,v) = (1,0):

P {(teu ) wer) = (11 L) ver),

Remark that the function u — —Fu(l — u?) is convex for u > 1. Hence the two curves do not
intersect for positive v provided the second curve do not intersect 7T', which reads:

1
1+£U<1—7(,u—1—m)2) & Jv2—ﬁv+1—,u>0.
2« ¥ 2a
It holds true for sufficiently large o > 0. This complete the proof. |

APPENDIX D. PROOF OF LEMMA 3.4

Proof. Lemma 3.4. We make the change of variable z(t) = e"*4=y(t), so that
(40) 2= (A@#) — Ax) 2,

which writes as
t —+oo
(41) () = 2(0) + / R(s)=(s)ds =v— [ R(s)2(s)ds
0 t
with ||R(¥)]| = [J[A(t) — Ax|] < Ce ', and v = 2(0) + f0+oo R(s)z(s)ds. Hence for z bounded,
equation (40) together with condition z(¢) — v when ¢t — +o00 is equivalent to (41). We now make
the change of variable z(t) = e2%(2(t) — v), that satisfies:

+oo
(42) z(t) = (Kx)(t) == — /t e 2= R(s)(x(s) + v)ds.

The operator K is a contraction from L (T, +00)™ to itself, provided T is large enough. Indeed,
for t > T we have

2e—aT

+oo
Ko — KZ[|(t) < [lv = || 1o (7,100) / e 2lims)masqs < |z = 2| Lo (7, +00)-
t

The Picard fixed point theorem ensures the existence of a unique k € L (T, +00) solution of (42).
Reverting back all changes of variable, we obtain a solution of (19) with

y(t) = = (v +e k(1))

as claimed. By Cauchy-Lipschitz theorem, we flow this solution backward to define it on R.
We now assume that (v;)1<i<p is a basis of R”. Since the family (e=tA%y,(t)); converges to (v;);
when t — +00, we obtain that

det(e™ >y, (1), ..., e_tAwyn(t)) = det(e_tA“’) det(y1(t), ..., yn(t))

is nonzero for ¢ large enough, by continuity of the determinant. This ensures that (y;); is a basis
for the solutions of equation (19).

9The second inequality comes from v > 0 and p < 1.
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Finally, we suppose that A(t), Aw and v are holomorphic with respect to A. Then the operator
Ky : L™(T, +00)™ — L®(T,+00)™ defined by (42) is holomorphic with respect to A, and so is k.
This conclude the proof. O

APPENDIX E. STANDARD LEMMAS

Lemma E.1. Let M be a matriz with polynomial coefficients: M(X) = (Pm-(X))KijQL, we

note d := max; ; deg(P; ;) the greatest degree in M, and L the associated differential operator:
L = M(8,). Then the conjugation of L by the weight e’ writes as:

d
1
—dx dxr __ _ _ (k) k
e LM = MW +0,) =Y M (@9)oy,
k=0

where M%) is the matriz whose coefficients are the polynomial’s derivatives: (H{I;))lgi,jgn.

Proof. We first show the scalar case n = 1. By linearity, it is enough to consider the case £ = 94,
which corresponds to P(X) = X?. It can be easily computed that e="*9, (¢”*-) = (9 + 8,), rising
it to the power d reads: e=?*L (e¥-) = (J + 9,;)* = P(J 4 8,). To finish the scalar case, we do a
Taylor expansion at order d. Such expansion is exact due to P being polynomial:
d
PW)
PO +X)=) —5— X"

k=0

We then formally replace X by 0,. The case of a matrix of differential operator is straightforward,
is suffice to apply the above to each component of the matrix. O

Lemma E.2. Let £ = Y7 a;(x)0] be a differential operator with coefficients x + a;(x). Let
@1, ..., 0n be solutions of the ODE

and note ®; = (¢4, ...,0" 1¢;))T. Then
det(Dy,..., &) (\,z) = exp (-/ an_l(s)ds) det(®s,...,8,)(A,0).
0
Proof. For the proof, we will note ® the n x n matrix whose i-th column is ®;. Remark that
WA, z) = det(P)(A, x) satisfy:
W = Tr (Com(®)T - 0,(®)) = Tr (Com(®)" - 4 - @),

where A(\, z) is the n x n matrix obtained if one vectorise the ODE (43). Since the trace is invariant
under circular permutation, we recognize

oW =Tr (A @ Com(®)") = det(®)Tr(A).

This scalar ODE on W is easily solved. Noticing that Tr(A(\, z)) = —a,—1(z) conclude the
proof. O

Lemma E.3. Letp,q € RU{+o0} such that 1 < ¢ <p < +o0, and X,Y be two measurable spaces.
Then the following injection is continuous:

LI(X,LP(Y,R)) C LP(Y, LY(X,R)).
Proof. This is the well-known Minkowsky’s integral inequality. ]
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Lemma E.4. Let a, 5 > 1 and v > 0 be reals. Then there exists C > 0 such that for all t > 0:

t t  —~(t—
d v(t—7)
(44) / s < / T e 9
o (Ls)r(L+t—s)7 = (14)mnd o T+ = A+
Proof. One can slightly adapt this statement when @ = 1 or 8 = 1, see [Xin92]. First, remark that
t/2 ds 1 1-—a t/2 a—1
Lo p(t) == < I < .
’ o Ursr(rt—sp = (+t2) [Urer 1], = A+t/27

Hence, we cut the integral in (44) at ¢/2, and the change of variable z =t — s leads to

o (T+s)e(l+t—s)p ef Bralt) = (14 t/2)min(@p) = (1 4 ¢t)min(a,B)
Which is the first claimed estimate. The second one follows from e~ 7(¢=7) < ﬁ O

Lemma E.5. Let b, e be positive constants, and note ag(b,e) = %(Zb)_é > 0. Then for all0 < a <
ao, the following holds. If t — x(t) is a positive continuous function that satisfy x(t) < a+ bx(t)1*e
and such that x(0) is small enough, then x(t) < 2a for all t > 0.

Proof. Introduce f(x) = a+bx'* —x. Then f(2a) = a(2'T¢ba® —1) < 0 when a is smaller than ay,
while f(0) = a > 0. Assume z(0) < 2a. Then the connected component of f~!(R,) that contains
2(0) is include in (—o0, 2a). Since f(x(t)) > 0 by construction, the continuity of « implies x(t) < 2a
for all ¢ > 0. This conclude the proof. O
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