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AttenuationCorrectionUsing SPECTEmission
DataOnly

DanielGourion,DominikusNoll, PierreGantet AnnaCeller, Member, |EEE, andJean-Rul EsquerréMember, IEEE

Abstract—A major step toward quantitative single photon emis-
sion computerized tomography (SPECT) imaging may be achieved
if attenuation, scatter, and blurring effectsare accounted for in the
reconstruction process. Here we consider an approach which si-
multaneously estimates the unknown attenuation coefficient and
the emission source using the emission data only. Thisleadsto an
inverse mathematical problem which may no longer be solved via
iterative procedures like the well-known EM-algorithm. Instead,
a regularization approach based on nonlinear optimization tech-
niquesisused. We present a successful strategy and test it in asim-
ulated case study and a physical phantom experiment.

Index Terms—Attenuation correction, nonlinear optimization,
radon transforms, regularization, single photon emission comput-
erized tomography (SPECT).

|I. INTRODUCTION

N ITS original understandingthe term scatteror attenua-

tion correctionreferredto methodswhich tried to improve
singlephotonemissioncomputerizedomograply (SPECT)or
positronemissiontomograply (PET) reconstructedmagesby
correctingor modifying the emissiondataprior to reconstruc-
tion. This includeduniform attenuatiorcorrection,or methods
which estimatehe Comptonscatteregphotonsfrom secondary
enegy peakinformation,andmodify the emissiondataby sub-
tractingthe scattereatontribution. Theideawas to compensate
for thefactthattissueattenuatiorandscattemwerenotincluded
in the filtered backprojectioralgorithm,useduntil recentlyto
reconstrucSPECTandPET imagesWhile it is clearthatthis
approachis not justified rigorously someof theseheuristics
have beenreportedo work with considerablsuccessWe refer
to this family of methodsasthe approach via modification of
the data. Seg[1] for anoverview on suchmethods.

The meaningof the term attenuationand scattercorrection
has changedsignificantly over recentyears,andis now gen-
erally usedto delineatestratgies, wherethe unknowvn tissue
attenuatiomrmap u(x) is estimatedvia transmissiorscansper-
formedeithersimultaneouslyrin successiomwith theemission
scanningWereferto thisasthetransmissiolSPECTcorrection
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methodspr simply asthe physical approach to attenuatiorand
scattercorrection.Seg[2] for adiscussiorandreferencesn at
leastfive differentsourceconfigurations.

Herewewill bemainly concernedvith athird classof atten-
uation-or scatter-correctiomethodswhich try to estimatehe
unknavn attenuatiorcoeficient using the emission data only.
As comparedo the physical methodsthis approacthasto get
by with lessinformation,andthereforeleadsto more compli-
catedmathematicainversionproceduresWe will referto it as
analyticalor mathematical attenuation and scatter correction.
The purposeof this work is to presentand discussan analyt-
ical attenuation-correctiomethodusingnonlinearoptimization
techniquesTwo programg P) and(G), basednaPoissorand
a Gaussiatik elihoodfunctionarecomparedandtheir viability
is substantiatedsinga simulatedcasestudyanda phantomex-
periment.

Il. PHYSICAL ATTENUATION CORRECTION

Transmission-base@PECT attenuationcorrection sets a
benchmarkfor the analytical methodsto be discussecdhere.
However, transmissionSPECT has its own limitations and
dravbacks, and one may argue that in the future, physical
andanalyticalattenuatiorand scattercorrectionwill probably
coeist andcomplemenbneanother

Transmission-basealttenuationcorrectionclearly increases
thepatientdose andrequiresnaintaininganadditionalradioac-
tive sourcein theclinical ervironment.In the samevein, if the
emission/transmissiostanningareto be performedn parallel,
thechoiceof thetransmissionsotopewill restrictthe choiceof
the compatibleSPECTisotopes.

Evenin successfubpproache# hasbeenobseredthatthe
higher enepgy isotope,usually the SPECTtracer will down-
scattelinto theenegy window of thetransmissiorisotope gen-
erating crosstalkbetweenthe two proceduregqsee[2]). This
leadsto artifactsin thereconstructe@magesin [2], theauthors
suggesthatif the transmissiorsourceusedthe higherenegy
isotopethanthe SPECTtracer theimpactof thecrosstalkcould
be somevhatreducedBut eventhen,someof theindicatedre-
strictionspersist.

Spilling over of thehigherenegy isotopewould not matterif
theemissionandtransmissiorscansvereperformedn succes-
sion,usingeitherthe sameor a differentcamerasystem How-
ever, thiswill complicatethe protocol,andmayleadto thenon-
trivial problemof coregistrationof two imagesacquiredwith
differentgeometriesin addition,if X-ray computetomograply
(CT) imagingis usedfor the transmissiorimaging,the attenu-
ation map could not be entirely adaptecto the SPECTtracer
enegy dueto beamhardening.
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Theseissueswhich we have only toucheduponhere,make
it seeminterestingto have alternatve proceduresywhich would
allow to estimatethe unknavn tissueattenuatiormapusingthe
emissiondataonly. We will startinvestigating this possibility,
by looking at someof the analyticalmethodsproposedn the
past,and shall then presentthe optimizationmodels(G) and
(P) onwhich our presentapproachs based.

I1l. ANALYTICAL ATTENUATION CORRECTION

Analytical attenuatiorcorrectionhasalreadya rich history;
andthe existing methodamay roughly be groupedn threecat-
egories.

Thefirst classof methodspioneeredy Nattere(3], useshe
Helgasonconsisteng formula (see,e.qg.,[4, Theoremll.6.2])
to estimatethe unknawvn attenuatiormap u(x) prior to recon-
structingtheemissionsourcef(x). Thisideahasrecentlybeen
revived in [5] and[6], seealso[7], leadingto a methodcalled
ConTraSPECTwheretheauthordit an elliptical dummyatten-
uationmap featuringsix parametersThis approachwhich in
mary caseswvorkssurprisinglywell, is only feasiblefor a 360°
cameraotation,sinceHelgason’sformulahasno substitutefor
differentrotation angles.Notice that the artificial attenuation
mapsobtainedby this type of methodswill partly correctfor
someof thescattereffects.Onthe otherhand,arigorousscatter
correctionwherethe forward and backward projectionopera-
torsincludea Comptonscattermodelcouldhardlybe basedn
the elliptical attenuatingnedium.

A secondtype of mathematicalmethods,also initiated by
Natteren8], triesto fit atemplateor referenceattenuatiormap,
alongwith a prespecikd deformationprocedureto the indi-
vidual case,using either the consisteng formula, or by esti-
matingu and f simultaneouslyia the attenuatedkadontrans-
form (1) below. This approactcould obviously be extendedor
refinedby usingastackof modelattenuatioomapsandapplying
automatidearningproceduresvhenmatchingthereferenceb-
ject. Theattenuatiormapsobtainedby this classof methodsare
of betterquality thanin thefirst caseandmayverywell beused
to includescattercorrection.

Ourpresentontritutionbelonggo athird form of mathemat-
ical attenuation-correctiomethodswhich usesthe attenuated
Radontransform

ge o)

R[u]f(s, 0) = /700 f(s0+t65)exp <—/t'oou(sa+70l) dT) dt

=p(s, 0) 1)

to simultaneouslyestimatethe unknawvn attenuatiormap ()
andemissionsourcef (z) from theemissiordatap(s, ¢). Here
p(s, 0) is thedatumacquiredon the line referencedy (s, 6).
Equation(1) isusedn [9], wherethecompletelydiscretizedrer-
sionof theproblemis studiedandaniterative algorithmsolving
for f and s simultaneouslyis proposedlt is basedon cyclic
subgradienprojectionsfor corvex—concae nonlinearsystems
of equationsA morerecentapproachis presentedy Dicken
[10], [11], who usesa Tychonw type regularizationto invert
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(1). This requiressolving an optimizationproblem(G) of the
form

(G) win||R[u]f = pllz + ollf. 1] (2)
featuring an appropriateregularizationterm «I[f, u] which
penalizesand thereby avoids highly irregular distributions
(f, ») thatwould matchthe datawithin the acceptableerror
toleranceseeSectionlV-C). In (G) we minimizethe negative
log likelihood of a Gaussiarlaw, and possiblechoicesof the
norm .|| will be discussedn SectionlV-A. The regularizing
term I[f, p] will thenplay the role of a Bayesianprior, and
possiblechoicesof theseregularizersare discussedn Sec-
tion IV-D, while steeringthe penaltyparameter is discussed
in SectionlV-C.

An interestingway to solve (G) was recently proposedby
Bronnikov [12]-[14]. Exploiting thefactthat R[u] f is linearin
f, theauthorfirst solvestheinnerlinearleastsquaregproblem
in (G) with respecto the variable f, usingthe pseudoinerse
R[u]™. Theremainingnonlineareastsquaregproblem

min | R[] Rl *p — pll; + al[u] ©)
in theunknown g is thenof smallerdimensionThisis, in fact,
a specialcaseof analgorithmproposedoy Golub andPereira
in [15]. The methodis reportedto work well on a simulated
example. In particular it is reportedto avoid the undesired
crosstallkbetweerthereconstructionsf f andu obsered,e.g.,
by Dicken. Yet anotherapproachpasedon a directinversion
of (1), is that of Panin et al. [16], where the authorsuse a
singularvaluedecompositiono partially linearizethenonlinear
dependencef R[u]f on u.

Anothermethodto solve (1) usesa Poissonstatisticfor the
emissiordata.Thisleadsto anoptimizationproblem(P) of the
form

(P)

M S (N N
I?in Z Z { Z Rijilulfi—pjx log (Z Rijk[ﬂ]fi)}
M k=1 Limt i=1
+al[f, u] (4)

which minimizesthe negative Poissonlog-likelihood function
of theindependenfPoissordistributedrandomvectorp = (p;x)
with

N

E(pjx) = Y Rijrlulf:

i=1

augmentedby aregularizingterma.I[f, p] asabove.
Whenever required,we will usethe following standardho-

tations:let: = 1, ..., NV bethediscretizationof the emission
imageandattenuatiormapinto pixelsor voxels, f; the activity
of theith pixel, u; its attenuatiorcoeficient.Letk =1, ..., S
be the angularpositionsor stopsof the camera,andlet j
1, ..., M enumeratecamerabins. Then R, ;. [1/] may be un-
derstoodastheconditionalprobabilitythata photonoriginating
from voxel i is recordedn the camerabin j atthe camergpo-
sition k. Accordingly, p = (p,r) representsheprojectiondata,
with p = (p;x) the numberof countsdetectedn camerébin j
duringstopk. Clearly, somemodificationsmaybeadoptedWe
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may switchto differentbasisfunctions,see,e.g.,[17], andwe
mayevenchoosdlifferentbasedor i, and f in orderto account
for their differentspatialresolutions.

IV. METHODS

In this paper we solve the problems(G) and (P) directly
usingnonlinearoptimizationmethods.This requiresoptimiza-
tion softwarefor nonlineamptimizationwith boundconstraints.
In our experiment,we have usedthe codel-bfgs-bdescribedn
[18]. In this section,we discusssomepracticalaspectof the
differentoptimizationstratgyiesbasedn the schemegG) and
(P). Thisincludesin particularthe suitablechoiceof the regu-
larizer I[f, p], which is crucial for a goodperformanceof the
method.

A. Nonlinear Least Squares

An importantaspecbf the nonlinearleastsquaresapproach
(@) is the correctchoiceof the norm||e|| of the forward error
e = R[u|f — p in dataspaceThereis evidencethat the Eu-
clideannorm may not be an appropriatecandidate This point
wasalreadymadein [4], [10], [11], while [13], [14] still useghe
Euclideamorm.Herewewill give somesupportfor thechoices
suggestedn [4], [10], [11] by comparingthe approache$G)
and(P).

Notice that [4] shaws that for fixed 1, the linear operator
f — R[u]f iscontinuousetweerthespaced.?(D) ontheunit
disk D andL?(Z, w) onthecylinder Z = [-1, 1] = D if the
weightedmeasurev(s)dsdf, with w(s) = (1—s?)~1/2,isused
on Z. ThisweightedEuclideamormattributeshigh costto mis-
matchin placeswith few counts typically locatedatthe endsof
the cameraThe probabilisticmodel ( P) usingthe Poissorsta-
tistics supportghis agument.

Letl(w, p) = w — plog w, so thatthe negative Poissorog-
likelihoodfunctionin (P) maybewritten as

M S N
DO Uwik, pjx) With wi = Rigilul fi.

j=1k=1 i=1
Taylor expansiongives the well-known estimate
1 (w—p)?

M5 (5)
valid for 0 < w < 2p. This meansthat assoonasthe para-
metric forward estimatew, is closeenoughto the datump ,
in particular w;, < 2p;x, thenegative log-likelihoodobjectve
in (P) will, uptotheconstanterm}_ ., I(p;«, p;jx), becloseto
the weightednorm expression

1 1 M S
slho=pli=5>>"

j=1k=1

l(w, p) = U(p, p)

(6)

(wjr — pjr)?
Djk

which is thenthe normwe shoulduseif we prefera Gaussian
model(G). Thenorm(6) coincideswith thenormon L?(Z, w)
usedaboveif thesourcef is aconstanfunctionontheunitdisk.

B. Poisson Model

As in the caseof (G), we solve the Poissonrmodel (P) via
nonlinear programmingtechniques.Due to the logarithmic
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term, this requiresa hard positvity constraintf; > 0. This
excludesinfeasibleoptimizerslike somesequentialquadratic
programmingcodes but doesnot poseary problemwith most
boundconstrainedolvers.

Noticethatthe standardxpectation—maximizatio(EM)-al-
gorithm[19], [20] andits modificationssuchasorderedsubset
expectation—maximizatiofOSEM) or rescaledblock-iteratve
(RBI) [22] arebasednthemodel(P) with known attenuation
mapandthereforecannotbeusedo computef andy simultane-
ously Anextensionof theEM-algorithmto thecaseof unknavn
wisgivenin[23]. A drawbackof theseEM-typemethodss that
regularizingtermsI|[f, p] aredifficult to includein theiterative
procedureThis leadsto thewell-known obsenationthattheit-
eratesmay deteriorataf the proceduras carriedtoo far. Some
regularizationis obtainedby stoppingthe EM-algorithmafter
a limited numberof iterations.Anotherway in which regular-
ization could still be includedin an EM-algorithm, at the cost
of a considerableslow down of the algorithm,is presentedn
[24]. In the presentvork, we shallconcentrat®n the optimiza-
tion-basedapproach.

C. Sopping and Scaling

An importantpracticalaspectof both approaches(G) and
(P), concernsappropriatestoppingrules, andsuitablescaling
of thevariablesf and u.

Most optimizationcodeshave built-in stoppingtests,which
dispensavith theiterationassoonaseitherthe necessarppti-
mality conditionsare satisfed, or no sizableprogresss made.
However, large-scaleapplicationamay greatlybenetit from ad-
ditional user-pr@ided stoppingtests,which will typically in-
tervenebeforethe internal tests.Here we proposeto halt the
optimizationprocedureassoonasthe lx-norm approacheghe
overall errorin thedata

1R[] = pli3 =) pjn-

Ik

()

The rationalehereis that with Poissondatap, iterates(f, u)
below the noiselevel (7) shouldnot be allowed, asthey may
exhibit the samenoiseamplification phenomenomasobsened,
e.g.,intheEM-algorithm.Thistestwasalreadyreportedo work
wellin adifferentcontet [25]. Ourpresenexperimentonfirm
this guideline.

Notice thatthe choiceof the penaltyparameter is closely
relatedto this stoppingtest.If « is chosentoo large, we may
be unableto achieve the desirederrormaigin (7). On the other
hand,choosinga too smallwill give mary candidates f, 1)
whichmatch(7). In thatcasetheeffect of ourregularizeris too
weak.

Concerningscaling,obsenrethatthehighly nonlineardepen-
denceof R[u]f on u is in strongcontrastwith thelinearity in
f, andthe gradientsof the objectie functionin (G) or (P) in
the variablesy, and f may be ordersof magnitudeapart.This
may createnumericaldifficulties, andit is mandatoryto prop-
erly scalethenonlinearvariable.In our experimentswe found
thatabsolutecountsfor f andtheunitm—! for . worked best.
The standardunit cm™!, on the contrary producedtoo strong
gradientsn p.
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D. Regularizers

Themostimportantaspecbf bothmodels(G) and( P) is the
choiceof theregularizerI[f, u], asit maygreatlyinfluencethe
performanceof the method.This is whereour approachdiffers
mostfrom previouswork obtainedwith thesemodels.

In a probabilistic setting, regularizing terms may be in-
terpretedas Bayesianpriors on the parameterspacesof the
Gaussiamr Poissonmodel underconsiderationas showvn in
[26]. In the presentsection,we discusspossiblechoicesof
regularizers!|[f] andI[u] adaptedo our problem.

Using a high-pasdilter

~l12
1) = 1113 = |60 (®)

seem®atural aswe expectnoisecontritutionsto beof highfre-

gueng, whichwe shouldthenpenalizehroughtheregularizing
term. But how to choosethe cutoff frequenyg b? As proposed
in [27], [28], the Fourier slice theoremcould give us a guide-
line onthechoiceof b. Obsere thatwithouttissueattenuation,
Rf(o, 0) = f(of), whichtells usthatthe spatialresolutionof

theunknavn emissionsourceis no betterthanthe spatialreso-
lution of the projections,or put differently any detail present
in the image f shouldbe visible in someof the projections.
Consequentlydetailsfiner thanthe known resolutionb of the
projectionp shouldbeattributedto noisesourcesandpenalized
through(8).

Clearly, in the presenceof tissue attenuation,we have to
be conserative aboutthe proposedchoiceof b, as the Fourier
slicetheoremwill only beapproximatelhtrue.Nonethelesg8)
works considerablywvell in practice(seealso[25]).

An interestingvariationof (8) usesthe factthatthe two—di-
mensional(2-D) spectrumof the attenuatedRadontransform
p = R[u]f is concentratean a bowtie-shapedegion in the
frequeng plane[4], [29], [30]. This was first obsenedin the
unattenuatedase but [29] shavs thatit remainsqualitatively
correctin theattenuatedase This suggests regularizerof the
form

9)

whereg,,  isanappropriateutoff operatoadaptedo abowtie
of width 2b in the direction of the frequeng plane axis be-
longingto thevariables, andthicknesm attheoriginin direc-
tion of thefrequeng planeaxisbelongingto thevariablef. For
detailsseetheabovereferencesNoticethatin bothformulas(8)
and(9) we exploit Parseval’s identity, which allows usto imple-
menttheregularizerin the frequeng domain.

A someavhatdifferentregularizerwith somepopularityin the
mathematicatommunityis the so-calledflat zoneregularizer

11 =1Vl (10)

which modifies the notorious Tychonw term, known to be
too smoothing,replacingthe Euclideannorm by the [{-norm.
This is reportedto favor reconstructedmagesy featuringflat
zoneswith identical gray values. Our experimentsconfrm
this phenomenonn the context of SPECT (seeSectionVll).
The flat-zone regularizer may be justified by the following
argument.

1) = 1 o (RO = | B

2175

Considerfor simplicity a one—dimensiona(1-D) linear in-
verseproblemfor the abstractoperatorR. Following (G), we
solve ming | Rf — p||3 + «||f’||1 for afixed penaltyconstant
«. Along with (G) considerthe correspondingerror tolerance
optimizationprogram

(G)  minimize||f'||,

subjectto ||Rf — plls < €

for afixede. Obsene thataslong asthe inequality constraint
in (G) is active, (G) and (G) areequialentin the following
sense:every local solution f< of (G) is alsoa local solution
fa Of (G) with acertainvaluea = «a(e). Conversely a local
solution f,, of (G) alsolocally solves (G) for the valuee =
E(OZ) = ||Rf _p||2' For Short!fa = foz(a) andfa = fe(a)_

Now considemdiscretizedersionof (&), wherewe replace
thederiative f’ by afinite-differenceapproximationMakinga
changeof variablesg; = f; — fi+1, say we recastthe problem
as

(G)  minimize||g||:

subjectto ||RTg — p|l2 < ¢

where f = Tg is thatchangeof variables.This meanghatwe
minimizethel;-normof f = Tg over an elliptic cylinder, and
the minimumis found by scalingthe normball until it touches
the cylinder from outside .Now recallthatthe/;-normball has
2n extremepoints,n beingthe dimensionof the discretizedy,
andit is highly likely thatthe contactis in oneof theseextreme
points,anextremeface etc.As we cansee ary oneof theseex-
tremeelementhasmary differences; equalzero,which pro-
duceghementionedlat zonesNotice,however, thatthis anal-
ysisshavsthatthechoiceof thel;-normis somavhataccidental
here,andthatothernormballscould be usedwith equalrights.

How aboutregularizing 11? In principle, we could usethe
sameideasasfor f, even thoughthe guidelinefor the cutoff
frequeng in (8) is no longercorrect.Whatis obsenedin our
experimentsandconfirmedin otherapproachess thattheres-
olution of the attenuatiormapu(x) neednot be asfine asthat
of theemissionsourcef (). In particular sincethereconstruc-
tion methoditself hassomeimperfectionsthe work required
to improve saythe ultimate 10% of resolutionof x(x) is prac-
tically wasted,asit barelyimproves the quality of the recon-
structedmagef. Thissuggestsisingacoarsebandwidthb for
the signal ().

Notice that we recommendusing the filter (9) for p, since
the exponentin (1), known as the divergent beamtransform
Du(z, ), seel4], is closeto the Radontransform Ry, ex-
hibiting similar spectralproperties.This meansthat regular-
izing Ry alsohelpsto stabilize Dy(z, 6). Looking at formula
(1), it is clearthat even thoughwe try to estimateun through
our procedurewhat is requiredto reconstructf is not y but
exp{—Du(z, 0)}. Inparticularexp{—Dp(z, §)} shouldhave
its spatialresolution(bandwidth)}comparablédo thatof f, not ..

V. EXISTING METHODS

Our new optimization approachto inverting (1) hasto be
comparedo someexisting techniquesln particular we imple-
mented(cf. [7]) the ConTraSPECTmethodof [5], [6], which
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correctdfor attenuatiorusingadummyattenuatiormapys.i; ()
of elliptical shapewith constantattenuationThis leaves atotal
of six degreesof freedom,the constantattenuatiorcoeficient,
andfive geometricparameters$ixing the shapeandpositionof
theellipse.Using Helgason’sconsisteng formula, the attenua-
tion mapis adjustedo the emissiondatausingnonlinearleast
squaresAs reportedn [5], [6], thesix variablesaresometimes
difficult to optimizesimultaneouslyandthe bestresultsareob-
tainedby fixing the attenuatiorcoeficient, andoptimizingthe
five shapeparametersubsequentlyAs mentionedin Section
lll, sinceHelgason’sformulais only valid over 360°, we can
only compareour methodto ConTraSPECTIn this case.No-
tice that the often surprisinglygood resultsof ConTraSPECT
areunderstoodrom the obsenationthatknowledgeof p is not
requiredto avery high precisionin orderto improve thequality
of thereconstructedmage .

A someavhat older approach,useful, for instance,in brain
imaging,consistdn automaticallydetectinghe contourandas-
suminga constanattenuatiorcoeficientthereonln our exper-
imentalbrain study we have estimatedhe headcontourusing
emissiordataacquirecatasecondargnegy peak representing
scattereghotonsfrom the primary photopeak.

The ConTraSPECTand the contour methodhave recently
beenusedto provide good startingpoints for the variousop-
timizers(seeSectionVIl). A detailedcomparisorof thesetwo
methodsasattenuation-correctiostrat@iesin their own right
is presentedn [7].

We concludethis sectionby mentioninganothernnverseap-
proachto (1), recentlyproposedy Novikov [31] (seealso[32]).
The authorpresentsa mathematicallyappealingnversionfor-
mulafor the attenuatedRkadontransform,(1), a curiosity, since
this formula hasbeensearchedor like the holy grail sinceat
least1915,andmary a valiant researcheceasedo believe in
its existence Structurally it is of theform f = N[u]p, if p =
R[u]f, thatis, it inverts f — R[u]f, butnot(f, u) — R[u]f.
It couldthereforebeemplo/edin aphysicalattenuation-correc-
tion approachhput lessstraightforvardly in the analyticalset-
ting. However, if implementedas proposedin [32], [33], the
formulais unlikely to improve on currentSPECTreconstruc-
tion proceduresasit doesnotallow to take collimatorblurring
into account.

VI. EXPERIMENTS

A. Smulated Data

The simulatedstudy usesa slice of the mathematicakar-
diactorso (MCAT) phantomat the level of the heart(Fig. 1).
We assumen ?°™Tc-basedracerwith relative concentrations
of 75.0, 3.82,and 1.76 in heart, lungs, and soft tissue.The
attenuatiorcoeficient in the cortical bones trabeculatbones,
lungs, and muscleat the nominal enegy of Technetium(140
keV) werechoseras0.210,0.166,0.0427,and0.150cm !, re-
spectvely. Theemissionsourcef andattenuatiormap . were
both discretizedinto 64 x 64 pixels of size6.25mm x 6.25
mm. Parallel projectionswere simulatedincluding the effects
of photonattenuationScatterandcollimator blurring werenot
simulated.The datawere Poisson-noisedh orderto createa
realistic signal-to-noiseratio. A total of 64 projectionswere
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() (b)

Fig. 1. A transaxialslice of the MCAT phantom.(a) Activity distribution.
(b) Attenuationcoeficient distribution.

() (b)

Fig. 2. X-ray CT images of the RSD phantom. (a) A cortical slice.
(b) A cerebellarslice.

scannedover 18(°, and alternatvely over 360°. The size of
the cameraprojectionbins was 6.25mm. The total numberof
countsin theselectedslice was of the orderof 180000.

B. Experimentally Acquired Data

The experimentaktudyuseshephysical RadiologySupport
Device (RSD) striatalphantomshawn in Fig. 2. The phantom,
an artificial skull enclosedwithin material that mimics soft
tissue,ears,nose,and neck, hasone brain reserwir and four
striatal containers.The chamberswere filled with a homo-
geneoussolution of 303 kBg/ml labeled with %°™Tc. The
projectiondatawereacquiredusingan Elscintdual headSPX
gamma-cameragquippedwith parallellow-enegy high-reso-
lution collimators.A total of 60 angularviews, equallyspaced
over 360°, werescannedver 15 s perview, andthe projection
dataweresamplecbna 128 x 128grid with pixelsof size3.44
mm x 3.44mm. The datawere correctedfor the decayof the
tracerisotope.This resultedin approximately400000 counts
per projection. A +10% enegy window aboutthe primary
photopeakat 140 keV wasused.A secondemissiondataset
was acquiredn a+3% enegy window abouta secondanpeak
at 122 keV.

VII. REsuLTS
A. Smulated Data

In thesimulatedstudy we have reconstructetheunknavn f
andp usingthe following 2-D algorithm:

2-D Algorithm
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TABLE |
COMPARISON OF OPTIMIZATION METHODS
11 12 I3 14

180° 360° 180° 360° 180° 360° 180° 360°
- 100 100 28.1 266 -- 21.0 234 223
Gy, 618 534 274 244 -- 20.0 22.7 205
G * * 212 186 -- 18.8 21.0 193
G, * * 244 235 - * 225 ¢
G, 612 * 244 226 -- * 226 204
Gy * * 205 * - * * *
P, 663 58.8 268 253 -- 205 22.7 20.7
P, 653 * 204 189 -- 198 21.7 196
P, 651 * 249 230 -- * 226 *
P, 658 * 243 223 -- 204 * *
P * * * * - * 913 *

1) Generataninitial guesq fo, 10), usingoneamongfour
possibleprocedured 1, ..., I4.

2) Runtheoptimizerl-bfgs-bto solve G; or P; usingoneof
thefive possibleregularizers; = 0, 1, 2, h, 1 + ¢ until
the stoppingtest(7) applies.

Theresultsof our experimentarepresentedh Tablel, which
isto bereadasfollows. In eachoptimizationscenariqG) or (P)
we have startedthe reconstructiormethodwith four different
initial points (fo, o). I1 corresponddo choosingf, = 0,
uo = 0. I2 correspondgo running the Gaussianoptimiza-
tion (G) with a constantattenuatiormap on the contour that
is, u(z) = p with p avariableto be optimized.73 chooseghe
ConTraSPECTreconstructior{f.u;, i) asinitial. Noticethat
sincep.;; hasnonzerovaluesoutsidethe contour the optimiza-
tion procedurgG) or (P), too, will have to allow for nonzero
valuesoutsidethe contour Finally, 74 chooses, asthe EM-re-
constructionwith g = peonst CONstanton the contour and
basedon the bestpossiblevalueof 4.

Basedon programgG) and(P), we have usedthe optimiza-
tion stratgies (G,): (Go) uses(G) without regularizer (G4)
usegheflat-zoneregularizer(10)for f andu, (G2) usegheTy-
chona regularizer[f] = ||V f|3 for both f andy, while (G},)
usesahigh-pasdilter (8) for f andu. Finally, (G1.+.) combines
theflat-zoneregularizerfor f with a speciallyadaptedenalty
term (12) to avoid the crosstalkphenomenotetweenf and .
In the caseof the Poissorprogram the notationis analogous.

Thenumbersn Tablel representelative errorterms

Crec = ||ftruo - froc”Z /”ftruo”Z (11)
comparinghereconstructiong,... obtainedvia thevariouspro-
grams(G,), (P;) with thetruesourcef;, .. Thefirstline shows
therelative errorsof the four possiblenitials 7v.

Notice thatif we reconstructf.,, «.u. Usingthetrue attenu-
ation map p¢,... andan ML-EM algorithm, the relative errors
are 18.1%for 180", and 16.0%for a 36(° tour. Theseerrors
are dueto the randomnatureof the emissiondata.Sincethe
signal-to-noisaatio in fep,, true iS only mildly inferior to the
signal-to-noiseatio of thedata,theseerrorsmaybeconsidered
closeto thelowestpossiblenoiselevel in any reconstruction.

Notice that I3 could only betestedon a 360 tour, which is
indicatedby the — in thefirst subcolumnof I3. The symbol:x
for regularizersj = 1, 2, h indicateghatthe optimizerwas not
ableto improve the error maigin of the reconstructiorwithout
regularizer(i.e.,j = 0). For regularizerj = 1 + ¢, this symbol
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Fig. 3. Reconstructionof the MCAT phantom with (G:), I2, 360°.
(a) Activity distribution. (b) Attenuationcoeficient distribution.

meanghatthereis noimprovementover theerrormagin of the
reconstructiowith ;7 = 1. Thedisplayedresultscorrespondo
the bestchoicesof penaltyconstantsy involvedin the various
regularizers.Thosediffer betweernthe programs(G) and (P),
andalsobetweertheregularizersj = 1, 2, h, 1 + c.

We obsene that I3 and 74 provide alreadyinitial guesses
with a good error mamin, but generallyoptimizing improves
over theinitial values.Notice, however, arelatively strongde-
pendencef the optimizerson the startingpoints.For instance,
noneof the(G)’s or (P)’s was ableto reducetheerrorin 11 to
acompetitve value,sostratgyy /1 turnsoutinsuficient.

Concerningregularization, the flat zone regularizer per-
formedbetterthaneitherthehigh-pasdiltering or the Tychonos
regularizer probablydueto thefactthatthe ideal sourcef;, ..
is piecavise constant,with edgessharperthan in realistic
situations.Theresultswith this regularizerandinitial pointsi2
or I3 cameevencloseto the“minimum” errormaigin obtained
with thetrue attenuatiormap.

In the heartstudy it is possibleto usea speciallysuitedreg-
ularizerin orderto avoid or at leastreducethe crosstalkphe-
nomenorbetweenf andy reportedn severalapproachesrhe
shadaev of f apparentn the reconstructeq: appearsn a re-
gion wherethe correctvalue of p is basicallyknovn. While
correctingy, by handis, of course prohibitive, we recommend
aregularizerof the form

N
I[f/ ,lL] = Z f’i(,umax - ,ui)
i=1

which will penalizevaluesy; toolow at places: with high ac-
tivity f;. Noticethatthisis anoncomwex functionin (f, u).

Thisapproactworkswell, but barelyimproves thequality of
thereconstructed,.. or the error e,... This seemgo indicate
thatthe damageof the shadav artifactis negligible anyway, so
its only effectis thatthereconstructeg,.. is lessfangy.

The reconstructedattenuationmap in Fig. 3(b) should
be comparedto results obtainedby Dicken [10], [11] and
Bronnikov [12]-[14]. As the difference betweenthe true
[Fig. 1(b)] andreconstructed: [Fig. 3(b)] seemssignificant,
someexplanationis in order We arguethatin the given case,
thereconstructiorin Fig. 3(b) is ratherwhatwe shouldexpect.
A reconstructionu,.. resemblingto the true .. could even
be undesirable,since the optimization approach(P), (G)
requiresexp{—Du}, and not y, to be accuratelyknown. In
particular it tries to adjustexp{—Du(z, §)} at positionsx
wherethesourcef () is sizable Fig. 4 shovsthat D e (z, 6)
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Fig. 4. (a) Map of the total error -, _, o [exp{—=D[prec](i, k)} —
exp{—D|pirue](i, k)}| with (G1), I, 360°. (b) Negative part. (c) Positive
part.

is very closeto Dy ue(, 8) atpositionsz wherethe activity
distributionis high, whichmeanghattheattenuatiorcorrection
provided by our methodis accuraten the heart.

Since,therefore,Dyu(z, 6) is only remotelyreliable at po-
sitions = where f(z) is weak, we should not expect i e to
be of good quality, as the passagdrom Dy to p is by itself
anill-posed procedureThis argumentis the more applicable,
the more concentratedhe emissionsource,andin the present
casewe seethatmostof the activity is concentrate@roundthe
heartregion. Theimpossibility of finding p with ahighly local-
ized f(x) is, of coursehighlightedin the caseof a pointsource
f = 6., wherep is not eventheoreticallyuniquelydetermined
[4]. This contradictioncould beresohedif the operatorR|u] f
includedscattereffects and the optimizationmodels(G) and
(P) weresolvedin threedimensions.

B. Experimentally Acquired Data

In the phantomstudy the reconstructionsvere obtainedvia
thefollowing three—dimensiondB-D) algorithm:

3-D Algorithm
1) Divide the 3-D region of interest(ROI) into transaxial
slicesy = 1, ..., T. In eachslice generatean initial

guessusing I3 or 14, andrun the 2-D Algorithm (Gy)
or (G1) to obtainareconstruction( f,,, u.).

2) Form a 3-D attenuatiormap . by stackingthe i, v =
1, ..., T.

3) Obtainthe emissionsource f,.. by a 3-D inversion of
R[u]f = p via the EM-algorithm,wherethe modelin-
cludesattenuatiorandcollimatorblurring.
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Fig. 5. Evaluationof phantomstudyin a corticalsslice. (a) Attenuationmap
reconstructedby the optimizerandlocationof the 4-pixel-thick profile usedin
(b). (b) Reconstructedctivity profiles; lower curve: without correction;dotted
curwe: initial 74; uppercurve: resultof optimizer74, (G).

@
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Fig.6. Reconstructionsf thesamecorticalslice.(a) Withoutary correction.
(b) With collimatorandattenuatiorcorrection.

In orderto estimatethe headcontourrequiredin 74, we have
reconstructethedataacquirecabouthesecondargnegy peak
at122keV. Thisleadsto aslightly enlagedcontour(seeFig. 5).

Noticethattheslice-by-sliceestimatiorof . in stepl)is nec-
essarysincea3-D inversionwouldleadto adifficult large-scale
optimizationproblemwith 2.64% unknavn variables.

Sincetheactuitiesin thedifferentcontainersf the phantom
arethe samethe true emissionsourceis known up to a con-
stantfactor However, theproportionalityconstants difficult to
estimaten practiceandwe have evaluatedhequality of there-
constructionslong4-pixel-thick profiles in severalslices.The
correctprofile is expectedto beflat. Fig. 5 shavs for a cortical
slicethatthe initial 74 alreadyimproves over a reconstruction
withoutattenuatiorcorrectionwhile theoptimizergave further
improvementaroundthe contour Fig. 6 alsoshows thatthere-
constructiorwith our optimizeris almostuniform, while there-
constructedentralactiity withoutattenuatiorcorrectionis se-
riously underestimated.
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VIIl. CONCLUSION

We have presentedan optimization-basedittenuation-cor-
rectionapproachwithout transmissiormeasurementssingthe
emissiondataonly. In the simulatedstudy severaloptimization
stratgies have beencompared We obsened a strongdepen-
denceof the optimizationon the startingpoint. The flat-zone
regularizer performed slightly better than the Fourier-type
regularizer No significant differencebetweenthe Poissonand
Gaussiarobjectives wasobsened. As was to be expected the
resultson the 360° tour were slightly betterthanfor the 180°
acquisition but the differencewas not significant. Someof the
reconstructionsf,.c camecloseto the error maigin already
presenin therandomdata.In thatsituation,theresultis close
to optimal, as the preponderanfraction in the error comes
from thereconstructiomethoditself. Thephantomexperiment
shavs improved relative quantitatve attenuationcorrection
over the ConTraSPECTandthe contourmethod.
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