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Chapter 1. Lie groups and Lie algebras. Main examples.

A. Lie groups

1.1. Haar measure. Topological groups. All our toplogies will be Hausdorff.

A topological group G is called locally compact if for every open neighbourhood
U 5 e there exist an open U’ and a compact K such that e € U' C K C U.

Let G be a locally compact group.

Theorem. (A. Haar and Von Neumann) There exists a unique up to a multi-
plicative constant Borel measure py, on G which is left invariant and regular.

Alfréd Haar (1885, Budapest, - 1933 Szeged) a Hungarian mathematician.

John von Neumann (1903, Budapest - 1955, Princeton) a famous Hungarian
born American mathematician.

Left invariance: for each measurable X ¢ G
w(X) = u(9X)
Regularity:
pu(X) =inf{u(U)|U D X,U open } =
sup{u(K)|K C X, K compact }

The same for a right invariant measure, pg.
Define § : G — R} by

/G £(g~ hg)dun(h) = 6(g) /G F(h)dpn ().

Proposition. (i) ¢ is a quasicharacter, i.e. a continuous homomorphism.
(ii) The measure (h)ur(h) is right invariant.

Corollary. A compact group is unimodular, i.e. a left invariant Haar measure
s Tight invariant.

1.2. Local fields. Let F' be a field (all fields will be commutative). An
absolute value on F' is a map

||  F— RZO
such that (i) [a = 0 iff = = 0 (i) [ay| = |ally]; (i) |2 + vl < |2l + |y,
Example: all absolute values on Q.

An absolute value defines a metrics, d(z,y) = |z,y| on F' and hence a topology.



We say that |.| is non-trivial if there exists « with |z| # 0, 1. In that case the
topology is not discrete.

A field with a non-trivial absolute value, complete wrt the corresponding met-
rics and locally compact is called a local field.

Examples: R, C,Q,,F,((t)) and their finite extensions. That is all in fact.
1.2.1. The Haar measure on Q,.

Explicitly,

Qp:{zaipia TLGZ, ale{())laap_l}}D

i=n

Zy={> ap', n€Z, a;€{0,1,....p—1}}.
1=0

n

By definition, u(Z,) = 1 it follows from Q,-invariance that u(p"Z,) = p=" (ex-

plain this).

1.2.1.1. Exercice. (a) Show that da/|a|, is a Haar measure on the multi-
plicative group Q).

(b) Show that for a linear map f: Q) — Qp, fuu = [det(f)[,;"p.

1.3. Lie groups. Let F be a local field. Then a notion of an analytic variety
over F' is defined.

A Lie group over F'is a group and an analytic variety G with both structures
compatible.

This means that the the multiplication and taking the inverse maps

m: GxG— G, Inverse: G — G, Inverse(z) =z~

are morphisms of analytic varieties.

Examples. Classical groups. ”Die Konigin” (Her Majesty). Let V' be a finite
dimensional vector space over F. GL(V).

GL,(F) = GL(F™). All other Lie groups are its subgroups.

Suppose the F'is equipped by a symmetric (resp. antisymmetric) bilinear form
(x,y). Then the group G = {g € GL(V)| (9z,gy) = (x,y)} is called orthogonal
O(V) (resp. symplectic Sp(V)).

The classical series:
An - SLn+17 n Z 1
B,=802n+1), n>2,



C, = Sp(2n), n > 2,
Dn = 50(277/), n > 3, D3 = A3.
Here 75”7 means "with det = 17.

In this course, if not specified otherwise, the base field F' = R. In exercises we
will probably discuss a little the p-adic case which is important for the number
theory.

Compact and non-compact Lie groups.

Exercice. (i) Let F =R, C, Z, or Q,. Show that
dg = | HZj:l dgi;|
| det(g)|
is a left- and right invariant measure on GL,,(F).
Cf. [A. Knightly, Ch. Li, Traces of Hecke operators|, 7.6.
(ii) Consider the group

6 =str) = (¢ )

Consider a three form
o dbdedd  dadedd _dadbdd B _dadbdc

d c b a

c (@)
Show that

dadbdedd = d(ab — cd)w.

Show that w is left and right G-invariant. Deduce that dg = (i/2)3ww is a Haar
measure on G(C).

Cf. [LM.Gelfand, M.I.Graev, A.N.Vilenkin, Integral geometry and representa-
tion theory, Generalized functions, v. 5], Ch. TV, Appendix.

B. Lie algebras

1.4. Lie algebras. Motivation: let X,Y € End(V). For small € 1 + X €
GL(V).
1+ Xe)1+Ye)(1+Xe) ' =1+[X,Y]e+O(e)
where [X,Y] = XY - Y X.
Definition. A Lie algebra over a field F is a vector space g equipped with a
bilinear pairing [.,]: g x g — F satisfying two axioms:



(i) skew symmetry:
[z, 9] = =y, =];
(ii) the Jacobi identity:
[, [y, 2]l + [y, [z, 2]] + [z, [#,9]] = 0.
Example. A an associative ring; [z,y] = zy — yx. This Lie algebra will be
denoted A%,

In this course, unless specified otherwise, "a Lie algebra” will mean ”a finite
dimensional Lie algebra”.

Example: gl(V).

1.5. The Lie algebra of a Lie group. Exponential map. Let X be a
smooth variety (over R); C'(X): the algebra of smooth functions X — R.

The Lie algebra of vector fields:
T(X) = Der(C(X)),

Lie bracket = the commutator (check that a commutator of two derivations is a
derivation).

Local form.

Each vector field 7 € T(X) gives rise to a tangent vector 7(z) in the tangent
space T, X at each point x € X (explain in the exercises).

Let G be a Lie group. For each g € G let
L,: G—= @G, Ly(h)=gh,
whence
Ly T(G) — T(G)
A vector field 7 € T(G) is called left invariant if for each g € G, Ly (1) = 7.

By definition, Lie(G) C T(G) is the Lie subalgebra of left invariant vector
fields (one has to verify that it is closed wrt to the commutator).

As a vector space,
g = Lie(G) =T.G

For g € G define
Ad,: G — G, Ad,(h) = ghg™".

Let X € g. There exists a unique curve g(t) = exp(tX) € G such that the
tangent vector to g(t) at ¢ =ty is equal to X (g(to)).



Thus we get a map

exp: g — G, exp(X) =¥ = g(1).

1.6. The classical Lie algebras.

Let V be a finite-dimensional vector space with a non-degenerate bilinear form
(,,.): VxV — F. Consider the following subspace

{g € gl(V)| Vz,y € V (g2, y) + (z, gy) = 0} C gl(V)).
Exercise: show that it is a Lie subalgebra.

When the form is symmetric (resp. antisymmetric), this Lie subalgebra is

denoted by o(V) (resp. sp(V)).
A, =sl, ., n>1.
B, =s0(2n+1), n>2,
C, =5p(2n), n > 2, By = Ch.
D, =s0(2n), n >3, D3 = A;.
Here ”s” means "with tr = 07.
1.6.1. Language of categories.
Categories, functors, natural transformations.
Exercise: Ioneda’s lemma.
Adjoint functors.
1.7. Enveloping algebras.

Abstract definition. Let g be a Lie algebra over a field F'. Its envelopping
algebra Ug is an associative algebra Ug over F' together with a map of Lie

algebras
iy g — U gLie
having the following universal property:

for any associative F-algebra A and a map of Lie algebras iy : g — AL
there exists a unique morphism of associative algebras f : Ug — A such that

iA = f o) ’iU.
A concrete definition.

Let V' be a vector space. Its tensor algebra:

TV =@ V& =T T"V.
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Its symmetric algebra:
SV =TV/I
where [ is the two-sided (homogeneous) ideal generated by all elements xy —
yxr, v,y € V.

The enveloping algebra Ug of a Lie algebra g:
Ug=Tg/l
where [ is the two-sided ideal in T"g generated by all elements zy — yx — [z, y].
Canonical filtration.

Let
F,Ug =Im(T="g — Ug) C Ug, n > 0.
The associated graded

grUg:=>» FUg/F,1Ug, n>0

n=0
(where F_1g :=0) is commutative, whence the morphism of alegebras
Sg—grUg (1.7.1)
extending the identity on g.

The Poincaré - Birkhoff - Witt theorem. The map (1.7.1) is an isomor-
phism.

1.7.1. Exercise. The Poisson structure on S'g.

1.7.1. Exercise. The Casimir element. Let g be a finite dimensonal Lie
algebra, and (,) : g ® g — C a nondegenerate symmetric bilinear form. Let
{z;},{yi} be the dual bases of g, (z;,y;) = 0;;. Define

c= Z xy; € Ug.
Show that ¢ does not depend on the choice of a base. Show that ¢ € Z(Ug).
Idea. Show that a natural map
g®g— Ug

is g-equivariant and remark that ¢ is an image of some element C' € (g ® g)°.

C. Representations of Lie groups and Lie algebras

1.8. Group representations. Let G be a topological group. A (complezx)
representaion of G is a pair (m, V') where V is a complex Banach vector space
and 7 : G — GL(V) a continuous homomorphism.
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Terminology: we say also that V' is a representation of G, and that V is a
G-module. Instead of 7(g)x we shall write sometimes simply gz.

Notation. V€ ={x e V|Vge G gr=x} CV.

We will be mainly concerned with finite dimensional V.

Subreps, irreducible reps.

Standard operations.

Morphisms (intertwining operators). Notation: Homg(V, V).

The direct sum and the tensor product of reps. Trivial representation: 1.

Dual, or contragradient rep. If (7, V) is a finite dimensional rep, we define its
dual (7¥,VV) as follows: V¥V = Homc(V,C),

(v, 7 (g)w) = (m(g v, w), v € V,we V.

More generally, given two finite dimensional reps (m;,V;),i = 1,2, there is a
natural structure of a G-module on the space Hom(Vy,Vs) given by

(9f)(x) = g(f(g~"2)).

It follows at once that

Hom(Vi,Va)¢ = Homg(V3, Va).

Exercise. 1. Find a natural isomorphism of G modules
Hom(V1, V) = V)Y @ Va.
The finite dimensional reps form a abelian C-linear monoidal category to be

denoted Rep(G). The unit: the trivial rep 1.

Exercise. 2. G = GL,(C), V = C", with the natural action It is called the
fundamental representaton.

(a) Show that V' is irreducible.
(b) Show that
VoV =_5VaoAV
is a decompostion of V' ® V into irreducibles.
(c) For n = 2 show that S¥V are irreducible for all k > 0.

1.9. Representations of a Lie algebra g over a field F': a homomorphism
of Lie algebras g — gl(V') where V is a F-vector space.

Basic operations: ®, M*, Hom.
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1.10. Example. g = s[(2), A € C. The generators e, h, f act on V(\) = F[z]
by the differential operators:

f=0, h=220, -\, e=—2%0, + \z
1.11. From a representation of a Lie group G to the representation
of g = Lie(G).

A morphism of Lie groups f : G — G’ induces the morphism of their Lie
algebras Lie(f) : Lie(G) — Lie(G").

In particular, a representation
m:G— GL(V)
gives rise to the representation
Lie(m) : g:= Lie(G) — gl(V).

In practical terms: for X € g

1.12. Example. In the example 1.10, if A € N, the action of g on V(A) may
be integrated to an action of G = SL(2).

1.13. Exercise. Irreducible finite dimensional representations of g =
s[(2). g is defined by generators e, f, h subject to relations

[h,e] = 2e, [h, f] = =2f,[e, f] = h.

The Verma module M(\), A € C: one generator v = v(\), he = Av,ev = 0. It
admits a base {f},i € N

(a) Prove that
hf'v = (X —2i)flv,ef'v=14\—i+1)f.

(b) Prove that if A ¢ N then M () is irreducible.

(c) Suppose that A = m € N. Then z = f™"!v is a singular vector, which
means ex = 0. Let M = ®;>m1Cfiv. Show that M = M(—m — 2). By
definition, L(m) = M(m)/M’. It is a g-module of dimension m + 1.

Show that L(1) is the fundamental representation, L(2) is the adjoint repre-
sentation, L(m) = S™L(1).

(d) Show that L(m) is irreducible.

Idea. Let 0 # L' C L(m). There exists an eigenvector x € L’ of the operator
h.
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(e) Let L be a finite dimensional g-module. Show that L = L(m) for some
m € N.

Idea. There exists an eigenvector y € L of the operator h. By considering the
elements e’y show that there exists x € L, such that ex =0, hx = Az, A € C.
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Chapter 2. Representations of compact Lie groups

2.0. Ct. [B].

In this Chapter G will be a compact topological group. All representations
will be complex and finite dimensional. We fix a Haar measure dg on G (recall
that it is left and right invariant) normalized by

/dgzl.
G

Notation: Rep(G) the abelian monoidal category of finite dimensional reps.
C(G): the commutative algebra of continuous functions f : G — C.

It is equipped with an Hermitian scalar product
(.9) = | 1@, (20.)
a

2.1. Let 7 : G — GL(V) be a representation. The character of 7 is a map
Xr : G — C given by x,(g) = trm(g).

We have
Xx(hgh™") = x(g)
(one says that x, is a class function).

2.2. Harmonic (Fourier) analysis on a compact abelian group. Let G
be abelian.

Examples. Connected: T" = U(1)"; disconnected: a finite abelian group.
A character of G is a continuos homomorphism

x: G—U(1)

The characters form a discrete abelian group G (the Pontryagin dual).

They form a basis of the Hilbert space L?*(G). Each f € L?(G) admits the
Fourier expansion

Fl9) = axx(9), ay = /Gf(g)@dg-

xX€GY

The Plancherel formula

/G )Py = Jayf?

xEGY

All this may be generalized to locally compact abelian groups, cf. [W].
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2.3. Let (7, V) be a rep. An invariant inner product on V' is a positive (hence
nondegenerate) Hermitian form (x,y) on V' such that for all ¢ € G (gz, gy) =

(z,9).
Starting from an arbitrary Hermitian positive nondegenerate form (z,y)" and
setting

(z,y) = /G (9, gy)'dyg,

one gets an invariant inner product.

Theorem. Let (m,V') be a rep. equipped with an invariant inner product; let
W C V be a subrep. Then there exists a complement: a subrep W' C V' such
that

WaeWw = V.

One says that Rep(G) is semisimple.
Corollary. FEach representation V' is a finite direct sum of irreducibles.
Exercise. Show that if G is abelian then every irrep of G is one-dimensional.

2.4. Schur lemma. Theorem. Let f: V — V' be an intertwining operator
between irreps. Then f is either 0 or an isomorphism.

2.5. Matrix elements. Definition. A matriz element of a rep (V,7) is a
finite sum of functions f € C(G) of the form

f(g) = (gv,w)
where v € V,w € VV.

Equivalent definition. Fix an invariant hermitian inner product on V. A
matrix element of 7 is a finite sum of functions of the form

flg) = (w(g)v,w), v,w V.
It is clear that matrix elements of 7 form a linear subspace M, C C(G) of
dimension

dim M, < (dim V)2
If f; is a matrix element of V;, 7 = 1,2, f1 + f2 (vesp. fif2) is a matrix element
of V1 ® Vs, (resp. of V; ® V5).
If f(g) is a matrix element of V', fY(g) := f(g™') is a matrix element of V.

It follows that matrix elements of all finite dimensional reps form a commuta-
tive subalgebra (with unit)

Crmat(G) C C(G).
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It is clear that M, C Cpu(G).

Exercice. Let (m,V) be a rep. Show that its character x, € M,.
Theorem. (i) If G is finite, Cput(G) = C(G).

(ii) (Peter - Weyl). For an arbitrary compact G Crot(G) is dense in G.
For a proof of the (ii) see [B], Chapter 3.

2.6. Regular representation. The group G acts on C'(G) in two ways: for
f € C(G) we set

(M) ) (@) = flg~"2), (p(g9)f)(z) = f(zg)
Exercise. Show that the following conditions on a function f € C(G) are

equivalent:

(i) The functions A(g)f, g € G, span a finite dimensional subspace of C(G).
(ii) The functions p(g)f, g € G, span a finite dimensional subspace of C(G). (iii)
[ € Crna(G).

2.7. Schur orthogonality. Theorem. (i) Let V;,i = 1,2 be two irreps. If V;
are non-isomorphic then every matrix element of Vi is orthogonal to every matrix
element of Vs.

(ii) Let V' be an irrep with an invariant inner product (z,y), n = dimV. Then

- 1
/G(giUbyl)(giUzayﬁdg = E(ﬂflaﬁz)(yhyz)-

for all x;;y; € V.

Proof. (i) Fix invariant inner products on V;. Let f;(g9) = (mi(g)vi, w;),i =
1,2. Suppose that (f1, f2) # 0.
Define a linear operator T : V; — V5 by

70) = [ (malg)o. v)ma(g)vads
a
It is an intertwining operator (check it!). On the other hand,

(wa, T(wr)) = (f1, f2) # 0
(check it!). Hence T" # 0 hence T is an isomorphism since V; are irreducible.
2.8. Characters.
2.8.1. Exercise. Show that

Xnv = Xr-



2.8.2. Proposition. If (7, V) is an irrep,
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0 otherwise

/Xw(g)dgz {1 yr=1,
G

Proof. We have

/ X (9)dg = (X, X1) = 0
G

if t# 1 by Thm. 2.7. [
2.8.3. Corollary. If (m,V) € Rep(G),

/ Xr(g) = dim Ve,
G

Proof. Decompose V' into a sum of irreducibles. [J

2.9. Schur orthogonality for characters.
Rep(G), i =1,2.

(i)

Theorem. Let (m;,V;) €

(Xma X7T2) = dim HOm(;(VL ‘/2)

(i) If m;, i = 1,2 are irreducible,

0 otherwise

1 ifm=mn
(X7r17X7r2):{ f ! 2

Proof. (i) Apply 2.8.3 to V.= Hom¢(V1, Vs). O
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Chapter 3. Complex semisimple Lie algebras:

structure and representations.

Cf. [S], [Ber].

3.0. In this Chapter, unless specified otherwise, all Lie algebras will be over
C and finite dimensional.

The Killing form:
(x,y) =Tr(Adz Ady).

Exercice. Prove that (z,y) is g-invariant, i.e.

([z,y],2) + (y,[z,2]) = 0.
3.1. Definitions. A simple Lie algebra is a Lie algebra g which does not

contain proper ideals.

Examples: sl(n), so(n), sp(2n).
A semisimple Lie algebra: a finite direct sum of simple ones.
Other equivalent definitions of semisimple Lie algebras:
(i) g does not contain abelian ideals.
(i) (Killing - Cartan criterion) The Killing form is non-degenerate.

3.2. Cartan subalgebras. Root space decomposition. Let g be a Lie
algebra.

The lower central series: a series of ideals
Clg=gDC%g=1g,g/D...0CgD...
where
C*lg = [g,C"g].
g is called nilpotent if there exists ¢ such that C*g = 0.

If g C g be a subalgebra. Its normalizer N(g') = {z € g| [z, ¢'] C ¢']; It is the
largest ideal containg g'.

A Cartan subalgebra h C g is a subalgebra such that (i) b is nilpotent, and
(if) b = N(b).
Every Lie algebra contains a Cartan subalgebra.

If g is semisimple then all Cartan subalgebras are abelian and they are all
conjugated.
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Example. Let g = sl(n), h C g — the abelian Lie subalgebra of diagonal
matrices, it is a Cartan subalgebra; ny C g — the subalgebra of upper (resp.
lower) triangular matrices with zeros on the diagonal, they are nilpotent.

Then
g=n_Pdgedn,.
Moreover,
ny =®;C- Ey, n_ = 8;;C- Ejy.

From now on g will be semisimple. Fix a Cartan subalgebra h C g. For a
character

A€ h* = Home(h,C)
we denote
gy ={z € 9| Vh € b [h, 2] = x(h)z}
Obviously b C go.

An element « € h*, a # 0 such that g, # 0 is called a root, and g, is called
the root subspace.

All roots form a finite subset R C h*.

Theorem. gy =bh and
g= b D Dacr Ja-
All root subspaces g, are one-dimensional.

The finite subset R C b* is remarkable.

3.3. Root systems; Weyl group. Cf. [S], [Bour|, [H].

Let V' be a real or complex vector space equipped with a symmetric nondegen-
erate bilinear form (., .).

For a € V define s, : V =V by

(z, @)
(@, )

So(r) =2 —2

It is the orthogonal reflection wrt hyperplane at = {z € V| (z,a) = 0}.

A root system in V is a finite subset R C V'\ {0} which spans V' as a vector
space and such that

(a) for each o € R, s4(R) C R.

(b) for each «, 5 € R,
sa(f) — B = na
with n € Z.

Irreducible and reduced root systems.



18

Remark. Given a real root system R C V, R C V C V¢ is a complex root
system, and vice versa, any complex root system is a complexification of a unique
real root system.

The Weyl group W of R is the subgroup of O(W) generated by all s,, o € R.
Since R spans V', W is a subgroup of Aut(R), whence finite.

The bilinear form is W-invariant, i.e.

(wz,wy) = (z,y), we W.

Example. The root system of type A,, n > 1. W = §5,,.
Positive and negative roots. Bases.
Now suppose V' to be real, dim V' = r.
Let t € V* be such that for all @ € R t(«) # 0.
Set
R, ={a € R|t(a) >0}, R_-={a € R| t(a) > 0}.
Then R = R, [ R-. Since for all « € R —a = s,(a) € R, R_ = —R,.

There exists a unique subset {aq,...,a,} C Ry, a base of R such that every
a € R is equal to a linear combination

T
o= g n;a;, n; € N.
i=1

Dual roots. For o € R set

The Cartan matrix A = (a;5),

a;; = (ai,a;).
We have
A;jQj; = 4 cos? Gij = byj,
where ¢;; is the angle between «o; and «;.
Since a;; € Z, b;; € {0,1,2,3,4}.
We have a;; = 2 and a;; < 0 for 7 # j.

Possible cases for i # j:
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aij i by My

o 0 0 2
-1 -1 1 3
-2 -1 2 4
-3 -1 3 6

1

Here m,; is the order of s;s; where s; = s,,.
Theorem. The Weyl group is defined by generators s;, 1 <1 < r, and relations
(sis;)™ = 1.
Dynkin diagram. Vertices: in bijection with the sipmle roots.
Two vertices are joined by b;; intervals.

If the lengths of a; and «; are different, (which is equivalent to b;; > 1), one
draws the direction of the arrows from o; to a; if |oy| < |oyl.

List of irreducible reduced root systems:
Ana Bna Cna Dna E67 E77 E87 F47 GQ

Example. A,

3.4. The structure of a simple Lie algebra. Let g be a simple Lie algebra.
Choose a Cartan subalgebra h C g, whence the root decomposition

g= h D Dacr Ga-

We have the Killing form on g which gives by restriction a symmetric nondegen-
erate bilinear form on b, and as a consequence, on h*.

Theorem. R is an irreducible reduced (complex) root system in h*.

Choose a base {aq,...,a,} C R, whence the set of positive roots R, C R.
Set
Ny =1 = ODu>000;, - = Da<08a;
these are nilpotent subalgebras of g and
g=n_0OHhdn,
Denote
b=bHhdncCg

It is a Borel subalgebra.

Example. g = sly = Lie(SL,,), b = Lie(B) where B C SL, is the subgroup
of upper triangular matrices, the same with b.

Set
Bo = [8as 9-al, a0 > 0.
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The subspace
§-a®ha®ga C g
is a Lie subalgebra isomorphic to sls.
Let H, € b, denote the unique element such that a(H,) = 2.
Set H; = H,,, © = 1,...r. Choose any nonzero E; € g,, and then define
F; € g_,, by the condition [E;, F;] = H;.

Theorem (Serre). The Lie algebra g may be defined by generators E;, H;, F;, 1 <
i < r and relations
[Hiv Hj] =0,
[Ei, F}] = Hidyj,
ad(E;) =" (Ey) = 0, i # j,
ad(F) "t () =0, i # j.

The last relations are called the Serre relations.

3.4. Center of the enveloping algebra. Harish-Chandra theorem. Cf.
[D], Chapitre 7, §7.4.

We fix a semisimple Lie algebra g and a Cartan subalgebra h C g; let Z(Ug)
be the center of Ug.

The Lie algebra g acts by the adjoint representation on Ug. Let
Ugo = {x € Ug| ¥h € b ad(h)(z) = 0};

it is a subalgebra of Ug containing Z(Ug).

Fix a base A C R, whence ny. C g.

Lemma. (i) The subspace

L=UgyNn,Ug=UgyNn_Ug

15 a two-sided ideal in Ugy.

(i)

Ugo=Uha L.
This lemme is an easy corollary of the PBW theorem, cf. [D], Lemma 7.4.2.

Let
j : Ug(] — Ub
denote the projection.

We can identify
Ubh = S5h
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with the algebra C[h*] of polynomial functions on h*.
Let
d: C[h*] — C[b"]
("décalage”, or shift) denote the homomorphism which takes p(\) to p(A — p).

Consider the composition
HC: Z(Ug) C Ugo — Uh -5 Up

Theorem. The map HC' does not depend on a choice of a base A and induces
an algebra isomorphism

HC: Z(Ug) = Up".

Example. sl.

3.5. Verma modules. Irreducible representations.

Induced representations. Let a C b be a Lie algebra and a Lie subalgebra,
and M a representation of a.

Ind! M = Ub ®p, M

Verma modules. We fix h C b C g, with g semisimple, b a Borel, h a Cartan.
Let A : h — C be a character. It gives rise to a one-dimensional h-module
1)\, with
h-1=A(h)-1
and hence, by restriction, using the projection b — b, a b-module 1,. By
definition,

M()\) = Indg 1>\—p'
We shall denote 1, the highest vector of M (A). The map z +— x - 1, idnuces an
ismorphism
Un_ —= M()\).
3.5.1. Example. g = sly, F, F, H the standard basis. R = {a, —a}, o(H) =
2, w=a/2=p. Let \(H) =a € N. Thus, H1y =a — 1.
A base of M(X): {F'1,,i > 0}, and F'1\ € M(A\)r—@it1)w-

EF'1, =i(?7?) - F"7'1,
Suppose a € N*, thus A = ap. The only nontrivial element of the Weil group
s(a) = —a, s(A) = =\
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The vector
r=F"1\ € M\ -w
is singular, which means by definition £z = 0. Thus we can define an embedding
[ M(sA) — M(N), f(ls) = =.
The quotient
L(A) := M(A)/f(M(s))
is the irreducible representation of dimension a.
So we have an exact sequence of reps
0 — M(s)\) -5 M()\) — L(\) — 0.
If a ¢ N, M()\) does not contain singular vectors; it is irreducible. [
Let us pass to the general case.
Weight lattice:
P(R)={)ebh*Vae R (\a") € Z},
it is a free abelian group of rank r.
Fix a base B = {aq,...,a,} C R}, denote s; = s,, (the simple reflections).
The base of P: {w1,...,w;},
(wi,a;-/) = 0ij.
w; are called the fundamental weights.

Remark. Let Q(R) C b* (the root lattice) be the abelian generated by R. Tt
is also a free abelian group of rank r, and Q(R) C P(R).

The cone of dominant weights:
P, . ={\eP|Vi(a,\) € N} = ®_ Nuw;.
P % S a=Yw
a€ Ry i=1
Let A€ P, + p. For each 1 <1 < r there is an inclusion
fi: M(s;\) = M(N),
where

Fi(1uy) = FOSOCHECKY

)

We define
LX) = M)/ Z fF(M(siN)),
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so that we have an exact sequence
®;_ M (s;\) — M(N\) — L(A) — 0 (3.5.1)

Theorem. L(\) is a finite dimensional irreducible representation (of highest
weight X — p).
All irreducible finite dimensional representations are of the form L(\) for some

A € Pyy + p; they are pairwise nonisomorphic.

Any finite dimensional representation of g is a direct sum of irreducibles.

3.6. BGG resolution.

Length on the Weyl group. For w € W we write ¢(w) for the minimal
number of simple reflections in a decomposition

W = S ... S,

The sign:
e(w) = (=1)"™ = det w.

The maximal length is

N := &%{ﬁ(w)} =dimn = |R|/2.
Denote

W; ={w e W| l(w) =i}, n; = |Wy,
so that ng = 1, ny = r. We have the symmetry property

n; = NN—;-
Theorem (Chevalley)
N T
4 th —1
itz - .
2ot =115
=0 j=1
The numbers dy, ..., d, are called exposants.

Example. For W = 5,41, d; =j + 1.
The exact sequence (3.5.1) may be prolonged.
Theorem, [BGG]. Let A € P, + p. There is an exact sequence
00— Cnv(A) — ... — C1(A) — Co(A) — L(A) — 0 (3.6.1)
with
Ci(N) = Bwew, M (w).
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Let us explain the differentials in this sequence. Let us write w — w’ if
l(w') = (w) + 1 and w' = sw for some simple reflection s = s;. In this case we
have a natural inclusion

Jww = fs: M(swA) — M(w)
as in 3.5. If w — w’ — w” then
S fut o = fuour-
Lemma 1. If {(w") = {(w) + 2 then the number of w' such w — w' — w"
is either 0 or 2.

In the last case let w — w, — w”, i = 1,2 be the two chains, let us call
such a situation a square. Then

fw,w'lfw’l,w” = fw,wéfwé,w”-

Lemma 2. We can find signs
b(w,w') =+1, w— '
in such a way that for each square as above

b(w, wy)b(wy, w") = —b(w, wy)b(wsy, w").

We define the differentials
d; : C;(A\) — Ci1(N)
to have nonzero components
i = (W, W) frpr = M(wW'N) — M(w)
for each w — w’. Lemma 2 implies that d? = 0.
3.7. Hermann Weyl character formula. Cf. [Bour|, Ch. VIII, §9.

Laurent series wrt positive weights. We consider the group ring Z[P]
with the base e*, \ € P,
AN = AN
The elements of Z[P] are finite sums } pa(u)e” functions a : P — Z with
finite support, so
Z[P) c 7t c 7
where XY = {f: X — Y}, if X is an abelian group then XY is an abelian.

Let P_(h*) denote the set of subsets S C h* contained in a finite union of
subsets of the form y — P, u € h*.

Let
Z[[P]] c Z"
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denote the subgroup of functions a whose support Supp(a) € P_(h*).
Define the multiplication in Z[[P]] as the convolution

(ab)(p) =Y a()b(p —v),

14

the sum being finite due to the condition on the support; this multiplication
extends the multiplication in Z[P].

We can regard elements a € Z[[P]] as formal series
a= Z a(\)e;
Aebh*

they are ”Laurent series” with finitely many positive terms but possibly infinitely
many egative ones.

Discrminant, or Weyl denominator.

D= 1_[(6"/2 —e ) = ¢ H(l —e ).

a>0 a>0

Theorem.

D = Z e(w)e””.

weW
For R = A,, this is the Vandermonde determinant.

Kostant partition function.

Let
Q4+ = Py NQ = &j_Nay.
For A\ € @), define

K(X) = Card{(na)asol A=Y _nea}
and set
K=Y KXe™*ez[]P]
AEQ+
Category O. Characters.
We define the category O as the category of g-modules M which are

(a) h-diagonalizable, so
M = @)\eh* M)\
where

My = {x € M| Vh € b hx = \(h)z}.
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(b)
YA € b* dim M, < oo

Thus we get a function
ch(M): b* — N, ch(M)(\) = dim M,.

The characters X such that dim M, # 0 are called the weights of M, and dim M)
- the multiplicity of A.

Example. The adjoint representation g, its weights = the roots, all multiplic-
ities = 1.

(c)
Supp ch(M) € P_(h.).

Thus we can consider chy, as an element of Z[[P]],
ch(M) = Z dim M, e?.
A€b*
Examples: Verma modules, irreducible modules.

Examples. Let g = sly, L(m) - the irreducible g-module with highest weight
mw, m € N. We have dim L(m) = m + 1 its nonzero weights are
mw, (m—2)w, ..., —muw,
each weight has multiplicity 1. Thus
m ) (m+1)a/2 _ —(m+1)a/2
ch(L(m)) = Ze(—m—i—Zz)a/Z _¢ e
=0

e/2 _ g—a/2

Theorem (Hermann Weyl character formula).

ZwEW E(w)BW(A)
> wew €(w)e )’

Attention: the highest weight of L()) is A — p.

ch(L(N)) =

Theorem

dim(L(V) =[] )

a>0 <p7 O{)
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