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Abstract

In this work, we provide an asymptotic analysis of the solutions to an elliptic integro-differential
equation. This equation describes the evolutionary equilibria of a phenotypically structured population,
subject to selection, mutation, and both local and non-local dispersion in a spatially heterogeneous,
possibly patchy, environment. Considering small effects of mutations, we provide an asymptotic descrip-
tion of the equilibria of the phenotypic density. This asymptotic description involves a Hamilton-Jacobi
equation with constraint coupled with an eigenvalue problem. Based on such analysis, we characterize
some qualitative properties of the phenotypic density at equilibrium depending on the heterogeneity
of the environment. In particular, we show that when the heterogeneity of the environment is low,
the population concentrates around a single phenotypic trait leading to a unimodal phenotypic distri-
bution. On the contrary, a strong fragmentation of the environment leads to multi-modal phenotypic

distributions.
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1 Introduction

1.1 The model and motivations

We are interested in the study of evolutionary equilibria of phenotypically structured populations in
spatially heterogeneous and possibly patchy environments. Understanding the interplay between hetero-
geneous selection, migration and mutation is a major objective of evolutionary biology theory and could
lead to a better understanding of the speciation process and the evolutionary response to global change
[34]. Joint evolution and spatial dispersion have to be considered in the study of species that need to
adapt to climatic change, or in epidemiology, where pathogenic viruses or bacteria may propagate in a
population that has been partially vaccinated or treated with antibiotics [22, 21]. The mathematical prob-
lem then amounts to describing both phenotypic and spatial structure of the population, and connects to
key questions in evolutionary ecology about the evolution of species ranges (where are the individuals?)
and niches (which phenotypes are observed within the species?).

We investigate particularly the effect of fragmented environment, considering non-local dispersion.
The non-local dispersion may have antagonistic effects on the population dynamics. On the one hand, it
may allow the population to reach new favorable geographic regions which are not accessible by a local
diffusion. On the other hand, it may also impede local adaptation by bringing individuals with locally
maladapted traits from other regions. While the role of the nonlocal dispersion and the fragmentation
of the environment is significant in many situations, as in the adaptation of forest trees to the climate
change because of the effect of the wind on the seeds or the pollens, very few theoretical works take it into
account [23].

More precisely, we provide in this work an asymptotic analysis of the equilibria of a non-local parabolic
Lotka-Volterra type equation, modeling the interplay between mutation, selection, local and non-local
dispersion in possibly fragmented environments. The equation under study is the following

— 09Oggn — 050zzn + 0z Ln = n (R(z,0) — kp(x)) in Qx| — A, Al
plx) = / n(x,0)do in Q,
el (1)
Ln(e,0) = | [n(a.) = nly, 0K (@ — y)dy in Qx] — 4, 4,
Q
(O, n(x,0) =0 on 0Qx] — A, A, Oypn(xz,£A) =0 on Q x {£A}.

with © a bounded subset of R, representing the spatial domain. Here, n(x,#) stands for the density of
a population at equilibrium at position x with a phenotypical trait 8. The term R(x,0) corresponds to
the intrinsic growth rate of individuals of phenotype 6 at position . The term p(x) corresponds to the
total size of the population at position x. Via the term kp in the right hand side of , we take into



account a mortality rate due to the uniform competition between the individuals at the same position,
with intensity x. The trait of the parent is transmitted to the offspring. However the trait can be modified
due to the mutations that we model by a Laplace term with respect to 6. We also consider that the species
is subject to a local and a non-local dispersion in the space variable z. Indeed, in addition to a classical
local dispersion term modeled by a Laplace term with respect to x, we also take into account a non-local
dispersion modeled by the integral operator L, assuming that the individuals can jump from position z
to position y with a rate K(x —y). Finally, we have denoted by 0,,, 0,, the exterior derivatives with
respect to the variables x and 6. The Neumann boundary condition with respect to  models the fact that
the species cannot leave the domain. The Neumann boundary condition with respect to 8 means that the
mutants cannot be born with a trait in | — A, A[°.

We are in particular interested in a regime where the mutations have small effects. To study such a
situation, we set oy = 2, with € a small parameter. We also set 0, = k = 1 to reduce the amount of
notation. The equation on the population density, denoted now by n., is then written

[ — 209910 — Opene + Lne = no(R(x,0) — po(z)) in Ox] — A, A,
pe(x) = / ne(z,0)do in Q,
e (E)
Lne(,6) = [ [nee.0) = nely 01K (@ - y)dy in Qx] — A, A,
Oy, ne(x,0) :% on 00x| — A, A|, Oygne(x,£A) =0 on Q x {£A}.

Note that when the mutation rate gy is small compared to the dispersion rate o,, equation can be
brought to the equation above via a change of variables. Our objective is to provide an asymptotic analysis
of n. as the parameter € becomes vanishingly small.

Several questions motivate our analysis. Can we determine extinction and survival criteria for this
model? How would the population be spatially distributed at equilibrium? Would all the spatial domain
be exploited close to its local carrying capacity or would we observe formation of clusters in certain zones
of the environment? How the population would be distributed phenotypically? Would the population be
adapted locally everywhere, or would we observe emergence of dominant traits? More specifically, would
we observe emergence of generalist traits being adapted to an average environment, or specialist traits
being adapted to certain zones of the environment? What will be the impact of the the fragmentation
of the habitat on the phenotypical distribution of the population? Would it lead to the emergence of
specialist traits?

1.2 The state of the art

Related models and the questions of spatial distribution and ecological niches were studied from a numerical
point of view in the biological literature, considering local dispersion and a connected domain (see for
instance [15, B1]). In particular, in [3I] formation of clusters was observed in a closely related model.
While the authors suggested that the formation of such clusters would be a result of the bounded domain
or small mutational effects, they did not provide any analytical support for such hypothesis. Such type of
models, again in the context of local dispersion, was later derived from stochastic individual based models
by Champagnat and Méléard in [13] where further numerical studies were provided (see also [3] for a
preliminary analysis of this model by Arnold, Desvilettes and Prévost). More recently, Alfaro, Coville and
Raoul [2] studied a closely related model, considering again local dispersion but in unbounded domains.
They proved propagation phenomena and existence of traveling front solutions for parabolic equations
close to (see also the related works [10} [I]). In the context of their study with unbounded domain, one
expects indeed that the population would propagate and get adapted locally in every position in space
attaining its local carrying capacity, which is in contrast with what we observe in bounded domains, in



particular with what we obtain in the present work. However, in such model to our knowledge, yet there
is no result characterizing rigorously the population distribution at the back of the front (see however the
work of Berestycki, Jin and Silvestre in [6] in a particular case with spatially homogeneous growth rate).

A wide number of articles have also studied a closely related equation known as the "cane-toads"
model where the growth rate is independent of the trait, but the trait influences the ability of dispersal
leading to a 6 coefficient in front of the diffusion term in space (see for instance [33] [7, 9, [8]). This
equation is motivated by the propagation of the cane toads in Australia by taking into account the role
of a phenotypical trait: the size of the legs of the toads. More closely to our work, the steady states of a
"cane-toads" type model, in the regime of small mutations, were studied by Perthame and Souganidis in
[30] and by Lam and Lou in [24]. In another related project, a model where similarly to the growth
rate, and not the dispersion rate, depends on the phenotype, but considering a discrete spatial structure,
was studied by Mirrahimi and Gandon [28, 29]. In these works an asymptotic analysis of the steady states
in the regime of small mutations was provided. In particular, it was shown that the presence of spatial
heterogeneity can lead to polymorphic situations, that is the emergence of several dominant traits in the
population.

In this work, we will use an approach based on Hamilton-Jacobi equations, which is adapted to study
the small mutation regime (¢ small). A closely related approach was first introduced in [19, [I8], by
Friedlin using probabilistic techniques and by Evans and Souganidis using deterministic tools, to study
the propagation phenomena in reaction-diffusion equations. In the context of models from evolutionary
biology and in the regime of small mutations, this method was suggested by Dieckmann, Jabin, Mishler
and Perthame [14]. In [5], Barles and Perthame provide the first rigorous results within this approach
and obtain a concentration phenomena considering homogeneous environments: as the mutational effects
become small, the solution converges to a Dirac mass. In this case, the population at equilibrium is
monomorphic (there is a single dominant trait in the population). We quote [4] which extends the main
results of [5]. This approach was then widely extended to study more general models with heterogeneity.
In particular, in the context of the space heterogeneous environments, the works [10] [33] 30} 28] are within
this framework. However, the analysis provided in these previous works do not allow to study problem
. The closest work is the one in [I0] which studies the propagation phenomenon in an unbounded
domain, considering a different rescaling. Note also that none of the previous works considered a non-local
dispersion operator, which adds significant difficulties to the analysis.

In an ecological context, fragmented environments and non-local spatial dispersion phenomena were
studied by Léculier, Mirrahimi and Roquejoffre [25] and by Léculier and Roquejofire [26]. Both mentioned
works do not take into account any phenotypical structure. In [25], the authors study invasion phenomena
in a Fisher-KPP equation involving a fractional Laplacian arising in a fragmented periodic environment
with Dirichlet exterior conditions. In [26], the authors study the existence and uniqueness of bounded
positive steady-states in a Fisher-KPP equation involving a fractional Laplacian in general fragmented
environment with Dirichlet exterior conditions. One of the perspectives of the present work is to study
models with other operators of dispersion, as the fractional Laplacian (—0,,)%, instead of —0,, + L, and
considering Dirichlet exterior conditions.

1.3 The assumptions and the notations

The domain ©Q C R is assumed to be bounded and composed of one or several connected components :

0=

Tt

Il
N

](Li, bl[ with a1 <by < a9 < ... < am < by, (Hl)

()

We assume that the growth rate verifies

ReC'{(Qx[-A A}) and |R|wie@x-aap < Cr. (H2)



Example 1. A typical example of growth rate is written
R(x,0) = r — g(bx — 0)2.

In this example, r is the mazimal growth rate. The above quadratic term indicates that the optimal trait
at position x is given by 0, = bx. The term b is the gradient of the environment: it indicates how fast the
optimal trait varies as a function of a position in space. Moreover, g corresponds to the selection pressure.
If g increases, the habitats becomes more hostile for unsuitable individuals.

We make the following assumptions on K
KeC'(Q), K>0, K(@)=K(-2), 0<cgk<K<Cg and [0,K|<Ck. (H3)

We introduce here two eigenvalue problems associated to the equation : let A(6, p) be the principal
eigenvalue of the operator —9,, — L — [R(+,0) — p]Id and pu. be the principal eigenvalue of the operator
—0Opz — €2099 — L — R with Neumann boundary conditions:

. { — 0y’ + L(¥Y) — [R(-,0) — ply? = X0, p)y’ in Q,
. , (2)
81,11/) =0 in 90

and

{ — Oybe — 2pple + LE — RE. = pebe  in Qx| — A, A, )

81/3355 = yefg =0 on 8(QX] — A,AD

All along the article, we consider that the principal eigenfunctions (such as ¥? or &) are taken positive
with L? norms equal to 1. The existence and some properties of A are proved in Appendix A (the existence
of p follows similar arguments than the one of A, therefore we let it to the reader).

We make the following assumption:

360 €] — A, A, suchthat  min A(6,0) = A(6p,0) < 0. (H4)

oe]—AA|
Lemma 1. Under the assumptions (H1)-(H4)), we have
He —2 )‘(907 0)
e—0

It follows obviously that

)‘(907 0)

Jeg > 0, Ve €]0,e0[, pe < 5

< 0. (4)
We postpone the proof of Lemma |l| to the Appendix B and we make the hypothesis that holds true.

1.4 The results and the strategy

First, we prove the following theorem which provides conditions for existence or non-existence of a solution
of for all small value €.

Theorem 1. Under the assumptions (H1)-(H4), for all € €]0,e0[, there exists a non-trivial positive
bounded solution n. of , If Assumption (H4) does not hold and A(6p,0) > 0, then there exists g > 0
small enough such that for all € < g, there does not exist a positive solution ng to .



We expect indeed that in a dynamic version of (E|), the solution would converge in long time to a
nontrivial stationary solution, that is a solution to , when such non-trivial steady state exists and to
0 otherwise. Admitting such property, the theorem above provides us with conditions of survival and
extinction of the population. The survival condition means indeed that there exists at least one trait 6
such that A\(0,0) < 0, so that such trait is viable in absence of competition.

The proof of Theorem [I]follows the one of Theorem 2.1 by Lam and Lou in [24] which treats the case of
local diffusion. This proof relies on a topological degree argument. In section [4] we provide the additional
arguments which allow to adapt the proof of [24] to the non-local operator L.

Next, we perform the Hopf-Cole transformation

ue (z,0)

ne(x,0) =e = . (5)

This is the usual first step in the Hamilton-Jacobi approach (see [14], 5, 4]). The main idea in this approach
is to first study the limit of u. as € — 0, and next obtain from this limit, information on the limit of the
phenotypic density n.. The advantage of this transformation is that the limit of . is usually a continuous
function which solves a Hamilton-Jacobi equation, while the limit of n. is a measure. Performing such a
change of variable, we find that wu. is solution to

1 Opuc|?
- g xaxle — ’ 2;_26’ - 5899“5 - |89u€’2

ue (y) —ue (2) — Rz _ €T n —
+/Q [1_6 ‘ }K(x_y)dy_R( 0) = pel() x =44l (Euc)

pe(x) = / ne(x,0)do in |—A A
]_A7A[

Oy, us(x,0) =0 on 00x] — A, A[, 0Oyyuc(x,£A) =01in Q.

We prove the following
Theorem 2. Under the assumptions (H1)—(H4)), as e — 0 along subsequences, there holds

1. p. converges uniformly to a function p € C1(Q) with

0<c<p<C,

2. ue converges uniformly to a continuous function u with u a viscosity solution of

— |0pu(8)* = —X(8, p),
max u(f) =0, (6)
Oyyu(£A) =0,

where A(0, p) is the principal eigenvalue introduced in . Moreover, the limit u depends only on 0.

3. me converges to a measure n in the sense of measures. Moreover,
supp n C Q x {u(d) =0} C Q x {\(0,p) =0}. (7)
The theorem above allows us to characterize the phenotypic density n, at the limit as ¢ — 0, via the

Hamilton-Jacobi equation with constraint @ coupled with the eigenvalue problem and the inclusion
properties . We expect indeed that n would be a sum of Dirac masses in 6 as follows:

d
n(z,0) = pi(x)5(0 — ;).
=1



In section [2] we will use the information obtained above to characterize the phenotypic density n in some
particular situations. On the one hand, we will identify a situation where the phenotypic density at the
limit will be a single Dirac mass in 6 corresponding to a monomorphic population. On the other hand, we
will show that a strong fragmentation of the environment will lead to polymorphic situations.

Let us present briefly below the main ingredients to prove @ We first provide heuristic arguments to
understand how the Hamilton-Jacobi equation in @ can be recovered. To this end, we perform asymptotic
developments of u. and p. with respect to the powers of €

ie.  wug(x,0) =up(x,0) +eui(z,0) +o(e) and p(z) = po(x) + 0-(1).
Next, we implement such asymptotic developments into (Egc)), to obtain

1 Opup|? ug(v,0) —ug (x.0)
- <_amuO — 2|0, updpuy | — ‘Iu0|) + / 1-e 08700 +u1(yﬂ)*ul(wﬂ)‘i’os(l)]K(I —y)dy
g 3 Q

— OgppU1 — ]8Iu1|2 — |89U0|2 — [R — p[)] + 05(1) =0.
We then organize the equation by powers of €. Keeping the terms of order £ 2, we find
Opup(z,0) =0 = wug(z,0) =up(h).

Moreover, keeping the terms of order €°, we deduce that

—|0guo(0)* = [R(z,0) — po(x)] + Dpeur(x,0) + |Dpus (z,0)|* — /Q [1— enWOH=m@MNEK (z —y)dy. (8)

Setting J = exp(u1) and replacing in the equation above we obtain that
—0pst + L($) — [R(=,0) — po()] = |9guo(0)*).

Since —|0yuo(6)|? does not depend on z and IZ is a positive function, the equation above suggests that 1;
and —[0puo(0)|? are respectively the principal eigenfunction and eigenvalue introduced in (2). This leads
in particular to the Hamilton-Jacobi equation in @

From a technical point of view, the convergence of (uc)es¢ is proved using the Arzela-Ascoli Theorem
and a perturbed test function argument (see [16]). In order to apply the Arzela-Ascoli Theorem, we
provide first some regularity estimates on u.. We prove in particular, using the Bernstein’s method, that
the first derivatives are bounded. These bounds rely on the establishment of Harnack type inequalities.
More precisely, we prove the following regularity results on wu..

Theorem 3. Under assumptions (H1)—(H4), the following results hold true.

1. [Harnack inequality] — There exists a constant C' > 0 (independent of the choice of £) such that for
all intervals I C] — A, A[ with |I| = €, there holds

sup ne(z,0) <C inf n.(z,6). 9
(a:,@)EI;))XI ( ) (z,0)eQxI ( ) ( )

2. [Lipschitz bounds]  There exists C' > 0 such that for all € small enough,

|0zus| < Ce  and  |Opue| < C. (10)

3. [Bounds on p.] For all € small enough, p- is uniformly bounded in W?P(Q) for all p € [1,+o0].
Moreover, there exists ¢,C > 0 (independent of the choice of €) such that

c<p:.<C. (11)



4. [Bounds on u.] The following holds true

lim sup us <0 and —a<lim inf Ue, (12)

e20 (2,0)eQx]-A,A| e=0 (2,0)eQx]—AA|
with a > 0.

Remark. In item 1. of Theorem@ the interval I can be at the boundary of | — A, A]
ie. I=]—A—-A+e] or [=]|A-¢c Al

The combination of the local and the non-local diffusion terms makes the establishment of such reg-
ularity estimates non-standard (see for instance [4] and [27] where such types of estimates were obtained
for related models with a local diffusion term). Here, the Harnack inequality @ is used to obtain the
Lipschitz regularity estimate . However, the result is by itself interesting since it extends the classical
Harnack inequality to elliptic operators with joint local and nonlocal diffusion terms.

Note finally that the constraint maxgu(f) = 0 is a consequence of the Hopf-Cole transformation (5
and the fact that p. remains bounded away from 0, uniformly in €. For a detailed proof of Theorem [2] we
refer to Section [6

1.5 Outline of the paper

In section 2| we focus on the qualitative properties of the phenotypic density n and show which types
of qualitative conclusions we can obtain thanks to our theoretical results presented above. In section
we investigate, by some numerical simulations, the qualitative properties of n and confirm our theoretical
results. In section H] we provide the existence of n. by proving Theorem [I] Next, we prove the regularity
results given by Theorem [3]in section Bl Section [f]is devoted to the proof of Theorem 2

As mentioned above, Appendix A is devoted to the existence of the eigenvalues A(6, p). We also prove
some results in Appendix A that are stated and used in section [2] Lemma [l]is proved in Appendix B.
The constants ¢, C are positive constants independent of the choice of € and may change from line to line
when there is no confusion possible.

2 Qualitative properties of the population density n

The objective of this section is to show how the asymptotic results provided in Theorem [2/imply qualitative
results on the population density n, at the limit as € — 0. Recall from Theorem [2| that as ¢ — 0 and along
subsequences, n. tends weakly to a measure n and p. converges uniformly to a function p such that

suppn C Q x {0 | u(0) =0} C Q x {0 |\, p) = n%i/n)\(ﬂl,p) =0},

with u: [-A, A] — R the viscosity to

- ‘8911’(9)‘2 = _)‘(9710) 0 E] - A7A[7
Opyu(£A) =0,
max u(f) =0,

and A(0, p) the principal eigenvalue corresponding to the following problem:

— 052’ + L) — [R(-,0) — plv? = A0, )’ in Q,
Oy, b =0 in 9.



Moreover, from the first item of Theorem [3] we deduce that
if 6y € suppn(zo, ) for some xy € €, then 6y € suppn(z,-) for all x € Q.
Consequently, we have

suppn = Q x Ty, Iy C {Olu(f) =0} C {0 |0, p) = Hél/n (@', p) = 0}.

Note that it may happen that u(0) = 0 for some 6§ € [—A, A] but that 6 does not belong to I'g. Note also
that Theorem 2| guarantees convergence of (ng, pc) to (n, p), only along subsequences. It does not exclude
possibility of multiple limits (n, p) as € — 0.

We expect indeed that u would take its maximum at some distinct traits such that the phenotypic
density n would have the following form:

d d
n(x,0) = pi(x)(0—0:),  pla)=> pi(x),  pi(z) >0.
i=1 =1

This expectation motivates the following definitions.
Definition 1. o Any trait 0 € Uy is called an emergent trait.

o A population density is called monomorphic if the set of emergent traits, that is Iy, is reduced to a
single point.

e A population density is called polymorphic if it is not monomorphic.

With these definitions, any monomorphic population density is a Dirac mass with respect to 6,

i.e. n(x,8) = p(x)i(0 — 0).

In subsection 2.1 we will show that, for a particular choice of R, there is at most one possible monomor-
phic limit (n, p). In particular under symmetry conditions on the set €, the only possible monomorphic
outcome at the limit would be n(z,8) = p(z)d(0). We next identify a situation in subsection where
the phenotypic density n is indeed monomorphic. Finally we show in subsection that a strong frag-
mentation of the environment may lead to polymorphic situations.

Before providing our qualitative results, we state the following technical result on the principal eigen-
value A that will help us in the next subsections to obtain our qualitative results. This result is proved in
Appendix A.

Proposition 1. Under the assumptions (H1)—(H3|), the following identity holds true:
QA 6.9) =~ [ QR 0)0" (@)’ (13)
Q
Corollary 1. Assume (HI)-(H4) and let € Ty be an emergent trait. We have

/ OpR(z,0)0° (z)%dx = 0.
Q



Next, we consider some examples with explicit expressions of R. We illustrate how Proposition [I| can
be useful to characterize the emergent traits.

Example A. We fix 0y €] — A, A[, and we define
R(x,0) = — g(6 — 0p)>.

We assume that r is large enough such that (H4) holds true for = 6. From Corollary , we deduce that
at any emergent trait 6, we have

29(0 — 6o) /Q WP (z)2dz = 0.

We deduce that the unique emergent trait is § = . Therefore, the limit population is monomorphic. Of
course, this example is a toy-model and does not involve any spatial structure.

Example B. We define
R(z,0) =1 — g(0 — bx)?. (14)

From Corollary |1} we deduce that for any emergent trait 6, we have
0= b/ xd)g(m)Qd:U.
Q

This is not enough to conclude that the number of emergent traits is finite. However, we can still remark
that the emergent traits are fixed points of the application

X:0— b/ a? (x)2da. (15)
Q

2.1 At most one possible monomorphic outcome

In this subsection, we restrict our study to monomorphic limits. We will prove that, when R is given by
, the problem admits at most one monomorphic limit.

Proposition 2. Assume (HI)-(H4) and let ni(z,0) = p1(2)6(0 — 61) and no(x,0) = pa(x)5(0 — 62) be
two monomorphic limits of the problem. Then, p1 = ps.

Additionally, if R is given by , then 01 = 05.

Furthermore, if the domain §2 is symmetric with respect to x = 0, then the only possible emergent trait
corresponding to a monomorphic population is = 0.

To prove Proposition 2] we will use the following Rayleigh quotient:

R(O.p.6) = fQ |8x¢’2dl‘ + fs2xsz[¢(x)*¢(y2)} K(z—y)dedy fQ[R($79) . p(x)]<b2d$ "
) Py fQ O ’

We recall the classical link between \ and R:

A6, p) = min R(6,p, ).
(0.p) S (0. p,¢)

We will also use the following lemma.

Lemma 2. Assume (HI)-(H4)and that (n.) converges in L™ (wx(0,00); M (R?)) to p(x)5(6 —60g). Then
p(+) is the principal eigenfunction corresponding to the operator —A, + L — [R(-,00) — p).

10



Proof. By passing weakly to the limit in the equation , we obtain that

—0zap + Lp = p(R(z,600) — p),
which implies that p is the principal eigenfunction corresponding to the operator —A,+L—[R(-,00)—p]. O
Proof of Proposition[3 Let ni(z,0) = p1(z)d(0 —61) and na(z,8) = p2(x)d(0 — O2) be two possible limits.

Our objective is to prove that
p1 = p2 for generic R satistying (H2)),
and 6; = 0, if, furthermore, R is of the form of (14).

From Theorem Pl we obtain that
m@in A0, pi) = A5, pi) = 0.

Let 1; be the positive eigenfunction associated to the operator —A, + L — [R(-,6;) — p;] by Proposition [f]
with |[¢s]|z2 = 1 (i.e 1 = %). Notice that since the limit is monomorphic and thanks to Lemma [2| we
have for each case p; = ¢;9; with ¢; > 0. Using the Rayleigh quotient introduced in , we deduce that

0= / by (z)?de x R(01, c1ab1, c1aby)
Q

1
- cf/Q |01 | dae + 2 Joxolr(z) = ;yﬂzK(x —y)drdy c /Q[R(a:, 01) — e |ide, .
and
0 < / i () da X R(61, caha, c1¢n)
’ . (18)
_ C%/Q\axwﬂzdx _i_c%foQWl(x) - ¢1(23/)} K(z —y)dedy 2 /Q[R(x,91) — etalde.
The last inequality holds since thanks to Theorem [2| we have
0 < A0, c2tp2) < R(b1, catha, c19hn).
By substracting to (1§)), we deduce that
/Q (c11(2))? dz < /Q (11 (2))? eatpa()dz. (19)
Following similar computations, we obtain that
| (exva@n® o < [ (earn(e))? v (a)da. (20)

By combining and (20), we deduce that
/[011/11 (z) — cotha ()2 (cripr (z) 4 copo(x))dx < 0.
Q

Since c1291,2 > 0, we deduce that c11)1 = c21)2, and hence p1 = pa.
We next assume that R is given by and conclude thanks to Corollary [} Indeed, since dpR(z,6;) =
—2g(0; — bx), we deduce that

—b —b
91:/56011/)2 T d$:/$02¢2 z)dxr = 05.
o [ serterts = 32 [ acavdo
Finally, note that under symmetry conditions, if n(x,0) = p(x)d(#) is a possible monomorphic limit,

then n(z,0) = n(—=z,—0) is also a possible monomorphic outcome. We hence deduce in this case that
6 =0. O
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2.2 A small selection pressure leads to a monomorphic population

First, we state a technical result about the dependance of (6, p) with respect to g. This proposition is
proved at the end of Appendix A.

Proposition 3. Assume that R is given by . Under the hypothesis (H1))-(H3)), there holds:

A0, p) is non-decreasing with respect to g, (21)
and
/ |0p1)? () [2dz — 0. (22)
QO g%O

Moreover, the above limit is uniform with respect to 6.

Next, we use Proposition [3] to provide a condition which ensures the existence of a set of parameters
such that the limit is monomorphic.

Proposition 4. Assume that R is given by (14). Under the hypothesis (HI)—(H4), there exists go > 0
such that if g €]0, go[ then there exists a unique emergent trait.

Proof. First, we differentiate y (defined by ) with respect to 6, to obtain that

X(6) =2 [ 20 ()00 ()d.
Q
Thanks to the Cauchy-Schwarz inequality and Proposition [3] we deduce that

X' ()| < 2bsup |z wg(x)de/ Do’ (z)%dz = 2b sup |z 9’ (z)%dz — 0.
z€Q Q Q z€Q Q 90

Since the last inequality does not depend on the choice of 8, we deduce the existence of a uniform gg > 0
such that for all g €]0, go[ we have

X'(0)] < 1.
Thanks to Theorem [2] there exists at least one fixed point 0 to x. Moreover since Y is a contraction
mapping, we recover that the fixed point 6 is unique. O

2.3 A strong fragmentation of the environment leads to polymorphism

In this subsection we consider the growth rate given by and spatial domains of the following type:
Qy=(—d—a,—-d)U(d,d+ a).

Proposition 5. Under the assumptions (H1))-(H4), for d > do, with do a large enough constant, the trait
0 2s not included in the support of the phenotypic density n. As a consequence, the population density is
not monomorphic.

Proof. We first note that, for fixed d, there always exists r(d) such that for all » > r(d), is satisfied so
that thanks to Theorem [I| the population persists. We thus can assume that, up to adjusting the constant
r, we are in a situation where the population persists.

We prove that 8 = 0 is not an emergent trait. Let’s suppose by contradiction that 8 = 0 is included in
the support of n(z,-). Then, the Rayleigh quotient implies that

A0,p) = inf R(0,p,6) =0<A(B,p), forall dec[—A,A.
(0, p) el (0, p, ) (6,p), fora [ ]

12



Let ¢g € H'(2) be such that

nf R(0 =R(0 =0 =1 > 0.
d)E}IIll(Q) ( s Py ¢) ( 7P7¢0) 5 ”(Z)OHLZ(Q) , (;50

We choose
01:—d—a/2, 92:(1—1—&/2.

We also define
O =[-d—a,—d], Q=Idd (N — go1 @) — go1
1 [ a, ]7 2 = [ + ] gb() ¢0 Qs ¢0 ¢0 Qo
We will prove that when d is large enough,
166”112 701, p) + 1667 12A(02. p) < A0, p) = 0. (23)
Since Hqﬁél)HLQ + H¢(()2)HL2 =1, the inequality would imply
min(A(61, p), A(62,p)) <0

which is in contradiction with the positiveness of the eigenvalues A(6, p) established in 2. of Theorem
We consider the positive function ¢;, for ¢ = 1,2, which minimizes R(0, p, -) restricted to the set ;,
that is the following operator

Jo. xa, [9(@)—¢W)]2 K (x—y)dady
fQi ‘6x¢|2d$ 4 X 3 - fQ p(:v)]¢2d:€

16122 0 ’

R(Ov P in ¢) =

and such that
il z2(0,) = 1.

Note that here ¢; has its support in €;, while ¢¢ has its support in Q4. To prove , it is enough to
prove that

H¢(()1)H%273(91,P, ¢1) + \\055)2)“%273(92707 $2) < R(0, p, ¢o)-
We compute

1667 12RO, 0, 66) - = 1657 122 [R (63, p, i, 60) + 3 o vy, $2(@) K (2 — y)daedy]

i#]

< H¢ )H 2[R(8i, p, Qi;%l )+ 5 fQ,-ij ¢ () K (z — y)dzdy]
i

= o 10:05Pdz + L [ 0. [05) () — 68 W)PK (x — y)dady

— Jou [R(2,0:) — p(@))6 > (@) + 116522 fo, gy, #2(2) K (& — y)dardy.

i#]

Combining the inequality above, for ¢ = 1 and ¢ = 2, we obtain that

165V 1122R (01, p, d1) + 1657122 R (G2, p, d2) < RO, p, o)
+ fo, [R(2,0) — R, 01)|63(x)dz + [, [R(w,0) — R(x, 05)]¢3(x)dx

2
31168122 fo, o, (@)K (@ — y)dady + 21651122 fo, o, $3@)K ( — y)dady.

We next note that

/Q 1R(,0) = G, 0)]68(x)dr = ~o0, /Q (20— 0)68(x)r < ~g(d* —a?/1) / Hia

13



We also have

G 2)K (@ — y)dedy < a| K| =) / 2(2)dz = al| K | g ).
QiXQj Qi

We deduce that
1 2 a
106712 R 01, p,61) + 1957 3R 62, p,62) < RO, ps60) = 9(d? — 2/4) + 5| K| 1.
Therefore, for d large enough, we obtain that

16512 R (61, p, 1) + |85 122R (B2, p, b2) < R(O, p, bo).-

We conclude that § = 0 is not an emergent trait.

It remains to show that the population density cannot be monomorphic. Indeed, if we assume that n
is monomorphic with @ as the only emergent trait, then since the domain €2 is symmetric and according to
Proposition , it follows that § = 0. This is in contradiction with the fact that # = 0 is not an emergent
trait. O

3 Some numerical illustrations

In this section, we illustrate the numerical solutions of , for some particular examples, considering the
following type of growth rate
R(x,0) = r — g(bx — 0)2.

We recall from Example [1| that in this case, r is a maximal growth rate and —g(br — #)? models the
selection. The parameter g is the selection pressure whereas b is the gradient of the environment. We
provide numerical examples where we vary this set of parameters.

To find a numerical solution of (E]), we solve numerically the following parabolic equation:

Oine — Opene — e20pgne + L(n:) = [R— pJne  in RT x Qx| — A, A],

A
pgt,x:/ ne(t, z,0)do in Rt x Q,
o= [ netn?) ()

Oy, ne = Oyyne =0,
n(t=0,z,0) = no(zx,0).

We implement equation (Ey)) by a semi-implicit finite difference method. We stop the algorithm when we
find a numerical steady state of (E): a numerical solution of .

First, we underline that in all the numerical resolutions, the density of the population concentrates
around one or several distinct trait(s). Moreover, these emergent traits are present everywhere in space
thanks to the local and the non-local migration. However, the density of the population at the position x
with a emergent trait 6, depends on whether this trait 6, is adapted or not to the position z.

Figure [1] illustrates the convergence of n. to a Dirac mass as € goes to 0. The only variation is with
respect to the parameter € = 0.1, 0.01 and 0.001.

Next, we focus on the qualitative properties established in Section P] Figures P] and [3] are numerical
illustrations of Proposition[2 We fix Q as a single connected component and we investigate the dependence
on the parameter g. We recover numerically that as ¢ — 0 the limit density is monomorphic with an
emergent trait at § = 0. For larger values of g, the phenotypic density concentrates around several distinct
traits. For each simulations, we also provide the numerical distributions of p. (Figure , this density

14



e =0.01 e = 0.001

Figure 1: Variation of the numerical solutions of with respect to €. The others parameters are fixed as
follow : r=1,b=1¢=0.1, 2 =] — 2,2[ and A = 2. We observe that the distribution of the population
concentrates around the emergent trait 6 = 0.

g =0.01 g =

Figure 2: Variation of the numerical solutions n. of with respect to g. The other parameters are fixed
as follow: 7 =5,b=1,e=0.01, Q2 =] —2,2[ and A = 3. We recover that if g is small then the population
is monomorphic. For large values of g, there exist several distinct emergent traits.

4.99 3.6
4.1 341
4.98+
3.2
497 4 3
o o [e]
© © @
4.96 391 2.8
2.6
4.95
3.81 24
4,94 ; ; ; ; ; ; ; T T i i i i i 22 T T T T T i "
2 15 -1 05 0 05 1 15 2 2 <15 -1 056 0 05 1 15 2 2 15 1 05 0 05 1 156 2
Space Space Space

Figure 3: Variation of the numerical density p. of with respect to g. The other parameters are fixed
as follow: r=5,b=1,e=0.01, Q=] —2,2[ and A = 3.
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2 2
Trait O 02
0 1 0.1
Trait_4 0
2 -1 0 25 2 1
Space Space Space
Q=]-1.1,-0.1[U]0.1,1.1] Q=] —2.5,—1.5[U]1.5,2.5]

Figure 4: Variation of the numerical solutions n. of with respect to the distance between the two
connected components of ). The other parameters are fixed as follow: r=1,b=1,g=1¢ = 0.01 and
A = 2. We observe that for this set of parameters, increasing the distance induces a polymorphic density
population.

seems to be centered around the point which maximizes R(-,0) (where @ is any emergent trait). Therefore,
when the emergent trait is unique, p. is increasing on | — 2,0[ and then decreasing on ]0, 2[ whereas the
spatial distribution can be more involved whenever there exist several distinct emergent traits.

To conclude, we present in Figure [ a numerical illustration of Proposition [f] Here, the free parameter
is the distance between the two connected components of 2. We recover that increasing the distance
between the two connected components may lead to multiple emergent traits.

4 Existence of a non-trivial solution of ([

As mentioned in the introduction, we recall that the proof of existence of a non-trivial solution is an
adaptation of the proof of Theorem 2.1 by Lam and Lou in [24]. The major difference is the presence of
the integral operator L. Therefore, we only provide the main elements dealing with the integral operator
L. We also skip the proof of non-existence of a non-trivial solution, when does not hold, which follows
from classical arguments.

Proof of Theorem[1, We fix ¢ €]0,eo[ (where ¢ is given by (). Let 7 € [0,1] and n, be a solution of
— Openty — 20pgnr + Ly = (R —7pr — (1 — T)02y) in Ox] — A, Al
pr(x) = / n-(x,6)do in Q, (E;)
]—A,A[
Op,nr(x,0) =0 on 00x]| — A, A, 0Oy,n.(x,£A) =0o0n Q x {£A}.

It is well known that for 7 = 0, according to , there exists a non-trivial steady solution ng. As in [24],
we prove that there exists a constant Ce > 1 (which may depend on ¢) such that we have for any 7 € [0, 1]

A
oot g/ /andeSC’a.
—AJQ

Then one can conclude using a topological degree arguments.
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The lower bound. Let v, be such that n, = v, (where & is provided by ) First, we remark
that

L(v:€e) = v L(&) + & L(vr) + Avr, &)
and  A(vr, &)(z) = /Q[(UT@) — v (y))(§:(y) — & ()] K (z — y)dy.

Then v, is solution of

_gaaacmvfr - 28&7568331)7' - 52558091}7' - 26289§689UT + geL(UT)"i_A(Uﬂ 68) + MaerT
= _'Urga[TpT + (1 - T)nT]'

If we multiply it by , we obtain

_893@52617}7) - 5280(53891)7) + §E2L(v7') + A (vr, &)

Uy

= 552(—#5 —7pr — (1= 7)ns).
Next, we integrate over all the domain

/ / Eea UT — 5289(658907') + 55 (UT) + 55/\(1)77 ga)dxdé?

Ur

20,0, ) — £209(£20gv,) EL(v,) +§a (vr, &)
/ / ) dwdo + / / duvdo

T

=1 + I

We next prove that I; and I are negative. For I;, by an integration by part, we have

2 2
I = / / 20zvr) — €209 (E200vr) 5 g _ _/ i (10072 + €200+ |?) dzd6 < 0.
Ur -AJQ YUr

For I, using that K is even and the Fubini Theorem, we obtain

/ /55 )+ E@ALL Q@)

vr(x)

:/ (‘T) / [(0:(2) = v ()& WK (x — y)dyddd

QUT

B /i /Q /Q [W(UT@ - ”T@’))Q] K (¢ — y)dydadd < 0.

Therefore, we have that

We deduce that

A
/ / €f[—ua —7pr — (1 = 7)n;]dzdd < 0.
-aAJa

Thanks to , we conclude that for € small enough

A A
|)\(¢9;70) S e = —fhe /A/Qfgdwde < SUP(&?)[T + (1 —1)] /A/Qande.
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The upper bound. First, we remark that thanks to the Neumann boundary conditions and the
parity of K, we have that

A
/ / —0py (Nr — Oggnr + L(n;)) dxdh = 0.
—AJQ

Therefore, if we integrate with respect to z and €, we obtain
2
(1—71) 7') 9 T (/ )2 (1—7)(/‘4/
4+ — n, = — p_,.dx + n,dxdl
(ot + ) vt = g (] 24100 \J-a Jo
A
< 7'/ p2dr + (1 — T)/ / n2dxdf
Q —AJQ

A A
i//ﬁmmw<%/ /mww:%wwu
—AJQ —-AJQ

Conclusion. It follows that there exists a bounded non trivial solution n. of . Moreover, we have
indeed proved that there exists constants ¢, C' > 0 such that

c A
S/ /ngdxdﬂ < C.
sup &z —alJa

5 Regularity results

In this section we prove Theorem [3] The sub-sections correspond respectively to the proof of the item 1.
2. 8. and 4. of Theorem [3] But, we need an intermediate result: p. is uniformly bounded.

Lemma 3. Under the assumptions (H1|) — (H4)), we have that for all ¢ < g
0<p:< CRr,
(where Cg is introduced in (H2)). Moreover, there exists C > 0 such that for all £ small enough

| pellw2p () < C.

Proof. The L*°-bounds. It is obvious that p. > 0. If we integrate with respect to 6, we obtain

A

— Ogape + Lpe = / R(-,0)ne(-,0)df — P? in 0,
—-A (Ep)

Oy, pe = 0 in 0N
Recalling the L> bounds on R (H2)), it follows:
—Opzpe + Lp: < Crpe — pg'

We conclude thanks to the maximum principle that p. < Cg.

The W2P(Q) bounds. Thanks to the L™ bounds on R, K, p. (assumptions (H2)), (H3)) and the previous
inequality), we may write (£, on the following form

—Ozzpe = [e
with f. € L®°(£2) uniformly bounded. The result follows from the standard elliptic estimates.
O
Corollary 2. There exists a constant C' > 0 such that for all € small enough
|0upe| < C. (24)
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5.1 A Harnack inequality
The first step to prove the first item of Theorem [3|is to prove the result in the interior of Qx| — A, A[.
Theorem 4. For all (zo,00) € Qx| — A, A[, and Ry > 0 such that

BgRO(.TQ) X B35R0(90) C QX] — A,A[
there exists C(Rg) > 0 such that

sup ne(x,0) < C(R inf ne(x, 0). 25
(z,0)€ Bry (w0) X Be Ry (60) A0 ( 0>($79)€BRO(xO)XBERo(90) «(@,9) (25)

Next, we prove that we can extend the solution thanks to a reflective argument(see Remark 9 p.275 in

[11y).
We perform the following change of variable: n(x,0) = n.(z,e60). Therefore, we consider the following
scaled equation

{ — Opeli — Ogoni + Lt = A[R — p]  in Qx] —e 'A4,eA], ()

Dy, = Oyt =0 in 9(Qx] —e 1A Al
We have denoted by R the function R(z,6) = R(x,=0). Remark that R still verifies (H2).
Proof of Theorem[]) Let (z0,6p) € Ox] —e 1A 5*114[ and a radius Ry > 0 be such that Bsg,(xo,6y) C
Ox] — e tA,e 1Al If we denote by f(z,0) = [, n( K(y — x)dy, according to (H3]) it follows that

f € L>®(Bag,(70,00)). From the classical Harnack 1nequahty, the Theorem 9.20 and 9.22 pp. 244-246 in
[20], and using (H2) we deduce the existence of C; > 0 (depending on Ry) such that

sup n(z,0) < Cy inf n(z,0") + Cy sup |f(z,07)]
(x,@)EBRO (z0,00) (x70/)eBR0 (w0,60) (a),@”)EBQRO (z0,60)
(26)
< inf n(z,0) + CiCx  sup / n(x,0”)dzx.
(x,0")€BRy (20,90) 0" €Bap, (00) J

The main element of the proof is to prove the following claim:

3C >0 such that sup / n(xz,0)dz < C inf n(x,6). (27)
0€Bar, (00) J (z,0)€BR (0,00)

It is clear that if holds true, the conclusion follows.

First, we integrate with respect to x. It follows thanks to the Neumann boundary conditions that
for all @ € Bsg,(0y) we have

—309/525(55’9)6155:]9 "0 (R( fg 2.0) d:{Q dy) dx/gn(a:,ﬁ)d:c
L JaJom(

—y)dydz [ _
f (ac H)dx /Qn(a:,é)dx.

Thanks to the L>®-bounds on K, R, p (assumptions (H2), (H3) and Lemma [3) and the Fubini Theorem,

we have

Jon(z,0) (ﬁ( - Jo K dy) dz

—C<
Cs< fQ (z,0)dx

<C
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Jo Jon(y, 0) K (xz — y)dydx
fQ n(x,f)dx

and < Ck|9|.

It follows
—C’/ n(x,0)dr < —899/ n(x,0)dr < C/ n(x,0)dz.
Q Q Q

Hence, we apply the Harnack inequality to 6 € Bsg,(6o) — [, 7(x,0)dz into the ball Bap,(fy) and we
deduce the existence of a constant Cy > 0 such that

sup /ﬁ(x,@)deCg inf /ﬁ(x,@)dw. (28)
0€B2r, (00) /9 0€Bar, (60) JQ

Next, thanks to the L®-bounds on K, R, p (assumptions (H2), (H3) and Lemma , it follows that in
Q) x B2RO ((90)

ek inf / iy, 0)dy < cx / iy, 0)dy < / 5y, 0)K (¢ — y)dy < (~Oue — Do) 71 + CF.
0€B2r, (0o) JO Q Q

From an inequality developed by Krylov (we refer to Theorem 7.1 p.565 in [I2] and the reference therein),
we deduce the existence of a constant C's > 0 such that

inf n(x,0)dzr < Cs inf n(x,0). 29
B2R0(90)/Q (.6) SBRO(xOﬁO) (.6) (29)

Combining the previous inequality with and yields to

sup /ﬁ(x,@)dmﬁ()’g inf /ﬁ(m,ﬁ)deCgCg inf n(x,0).
GEBQRO(Q()) Q GEBQRQ(HO) Q ($,9)€BRO(I0,90)

This concludes the proof. ]

5.2 Lipschitz estimates
We prove 2. of Theorem [3| by the Bernstein method.

Proof of 2. of Theorem[3. We recall the main equation satisfied by w.:

ue (y) —ue(x)

~ e — |Opusl’ + / 1K (2 — y)dy = R(x,0) —p.  (30)
Q

*amcus _ ’axu5’2

€ g2

with Neumann boundary conditions. The first step is to differentiate with respect to x and multiply
it by Onlie .

52
\8zu5|2
 OuaaeOpUe O ( = ) Orie +/ eus(y);ue@)K(x B y)dy&cug
g3 g2 Q g3

ue (y) —ue (x)
8x|89u5’28xu8 0r00Ue Oz Ue <fQ [e = —1]0:K(z — y)dy + 0. R — 8$p€> O Ue

g2 € g2

Remarking that

890:]0(‘8:1:“5’2)
2

Do (|0zucl?)

axzzusaxus = - (a:rxus)Q and aa:ﬁeusaxus =
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yields to

ue|?
3351(\31#) (Opwtic)? Oy (I&ZZ | ) Oy
B 2e + e g2
e (3) —ue () (Ozus)?  0p|Opuc|*Ozu
—i—/ge c K(x —y)dy 536 - ;2 £ (31)

ug(z

MRS c0po (1222 (fg 10K (@~ y)dy + 0. — Oup. ) Dy
€ 2 £2 :

In the second step, we differentiate with respect to 6 and multiply by Ogu.. With computations
similar to the ones presented above, we find

O (|Opue|? D tic ) Oz
- (‘22 ) + ( 95 o) ’ 6’ Doue — *899(|86U6| %) + (Bppuc)® — ol Dpuc|*Dpue
(32)
8 - a 8 Ug —ug(x
+/ Byt Z“a( 2)0pue W) e gy — oA,
Q
Next, we introduce
Opus(x,0
pel0) = 12O g (53)
If we combine and and we rewrite it in terms of p. , it follows
Oz €0, e (4,0) —ue (,0)
e e Lo / [p=(.0) = Opue(, 0)guc(y.O))e ™= K(x —y)dy
_ Qepelite Dgp<Ogue + Ougrie)” | (Goatie)” £(Dpoue)’ (34)
g2 5 g3
ue (y)—ue(x 8
_ </ 2 110, K (¢ — y)dy + 9, R — a%) e+ 9y Ropu..
Q

Let (z¢,0:) be such that

sup pa(x7 9) :pa(x570£)~
(2,0)€0x]—A,A|

Thanks to the Neumann boundaries conditions, we deduce that (z.,0;) ¢ 92 x 9 (] — A, A[). Therefore,
we distinguish three cases: either (x.,6.) € Qx]— A, A[ or (z.,0:) € 00x]|— A, Al or (z¢,0:) € Q x {+A}.
Case 1 : (z.,0.) € Qx| — A, A[. First, we bound the right-hand-side of (34). Indeed, thanks to
the Harnack inequality (first item of Theorem [3) and the L*°-bounds on the derivative of K, R and p.

(assumptions (H2), (H3) and in Corollary [2), it follows that
ue (y)—ue (@) 19) C
</ [e E — 10, K(z — y)dy + 0 R — (%cpg) zlle + Oy ROpue < ;/]3 (35)
Q

Next, we evaluate at (xe,0:). We claim that

- 8xxp€(1357 95) >0, _809175(1:57 95) >0, axpe(xzsy ‘95) = 89105(375’ 95) =0

1 uE( ,98)*’U«E<Z5’9£) (36)
and - /Q[ (22, 0:) — Ogue(xe, 0-)Opue(y, 0:)]e B K(xze —y)dy > 0.

Indeed, the first inequalities follow easily since p(z., 0:) = max p. and the last inequality holds true thanks
to the following computations

1 ue (y,0¢) —ue (ze,0¢)
R R 3 L.
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1 ue (y,0e) —ue (we,0¢)
> g |:/ pa(xa, 95)6 e K(xa - y)dy
Q

1 ue (y,0¢) —ue (ze,0¢)
- 2/ 59“?(9057 95)6 e K(x. — y)dy
Q
1 te (y,0) —ue (we ,0e)
—2/ BpuZ (y, 0c e : K(v: - y)dy]
Q
1 ue (y,0e) —ue (ve,0¢) ue (Y,0e) —ue (ze,0¢)
ol A L O ]
193 Q Q
> 0.

We deduce thanks to and (and noticing w > 0) that

1 axr 79 2 1 axw 70 2
. {m%eu&(%@g)] L1 [(m> +<5399u€<x5,9€))2]
€ € € €
< Gvpe(ze,0)
g

Hence, using the original equation (30), we deduce that

2
[—ps(:vs, 0.) + /Q (1 — "2 K (o — )y — Rie,02) + ,Og(xg)] < CVpo(a,0.).  (37)
Thanks to the L*°-bounds on K, R and p. (assumption and Lemma [3), it follows that pe(z-, 6:)
is uniformly bounded with respect to €. The conclusion follows.

Case 2: (x.,0.) € 0Qx]—A, A[. First remark that in this case, p-(z., ;) = |Opuc(z-,0:)|?>. We claim that
pe verifies also the Neumann boundary conditions at (z¢, 0¢). Indeed, according to the Neumann boundary
conditions satisfied by u., we can use a reflective argument and differentiate p. on the boundary. We obtain

20,u, (xm Ha)aa:xua («Taa 9&)

63:175(-%'57 08) = 22 + 20pu. (xé‘u 95)3359%(%, 95) =0

because
Optie(22,0:) =0  and  Oppuc(x.,0:) =0.

Since p(ze,0:) = maxp., we deduce that
_89090]75(5557 95) > 0.

We conclude that and hold also true in this case and the conclusion follows from the same
computations as in the previous case.
Case 3 : (z.,0:) € Q@ x {£A}. This case is treated in the same manner as the previous case. O

5.3 The bounds on p.
We recall the equation (E,) satisfied by pe:

A
— Ogape + Lp: = / R(z,0)n:(z,0)do — pg in Q,
A (Ep)

Ov,pe =0 on 0f2.
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Proof of 3. of Theorem[3. The uniform bound from above and the W?P bounds on p. are already provided
in Lemma [3] Here we prove the uniform lower bound. We start by proving that 0 < ¢ < sup p.. Next, we
prove that ¢ < p. holds true in the whole domain 2.

A lower bound on sup p.. Assume by contradiction that there exists a sequence e such that

e, — 0 and supp,, — O.
k—+o0 k—+o0

Next, if we multiply by &, (introduced in (3))) and we integrate by part, we obtain

A A
,ué-/ /ngké}kdwdﬂz —/ /pgkngk&kdxd&
—AJQ —AJQ

We deduce thanks to that for k large enough, it holds

A(60,0)] 24 Jo neye,dadd
9 < —Hey, < sup Per 72 .
J 74 Jq ney b ddf

It is in contradiction with the hypothesis sup p., k—> 0. Therefore, there exists a constant ¢ > 0 such
——+00

that

Ve €]0, e, ¢ < sup pe. (38)

The lower bound on p. in the whole domain 2. Let ¢ < gp and zg € €2 be such that

Pe(ﬂ?o) = Sup Pe-

We conclude thanks to and the Lipschitz estimates obtained in the second item of Theorem (3| that
for all x € Q

A A

ue (z,0) ug (z,0) —ue (2g,0)+ue(zg,0) _ _

pe(r) = / e < df = / € € df > pe(xo)e ¢ > ce “
—A —A

5.4 The bounds on u,

Proof of 4. of Theorem[3. First, we prove that there exists a > 0 such that —a < u.. Thanks to the third
item of Theorem [3| we know that there exists ¢ > 0 such that for all € small enough we have

A

c< / ne(x, 6)do.
—A

We deduce the existence of (zg,0p) € Qx] — A, A] such that

c
oA < ne(zo, 0o).

Hence, it follows
c

¢ log <2A> < ue(xo,0p).
We conclude thanks to the Lipschitz estimates established in the second item of Theorem [3| that

V(z,0) € Ox] — A, A, —a<-2CA+¢ [1og (i) - C|Q|] < ue(a, ). (39)
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Next, we prove that lim sup ue(x,0) <0
=0 (z.0)cQx]-A A[
We prove it by contradiction. Assume that there exists a > 0 and sequences ey, (xf, 0%) such that

e, — O and uak(a:k,@k) > a.
k—+o00 )

Using the Lipschitz estimates provided by the second item of Theorem it follows for all 6 € ( 2 (Be)N] = 4, A[)

uek(xka 0) = Ugy, (l‘k, 0) - uﬁk(x/w 0k> + Ugy, (l‘k, Hk) > _C|0 - 9k| +a>

N

where C corresponds to the Lipschitz estimate given by . We deduce that
pe,. () > min <2A, %) €%

We conclude that liminfp., (x;) = 4+o00. This is in contradiction with the L bounds on p. established in
k—-+o0

the third item of Theorem [Bl
O

6 Convergence to the Hamilton-Jacobi equation

Proof of Theorem[4 We prove here the 3 items of Theorem

Proof of 1. Convergence of p.. Thanks to the third item of Theorem [3] it follows that for & small
enough 0 < ¢ < p. < C and ||pe|lw2r) < C. We deduce from the classical Sobolev injection (see [11])
that p. converges, along subsequences, strongly in W1P() and in particular uniformly to p and p verifies

0<c<<p<C.

Proof of 2. (i) Convergence to the Hamilton-Jacobi equation. The convergence of u. to
a viscosity solution of the Hamilton-Jacobi equation @ can be obtained thanks to the regularity results
given in Theorem [3]and a perturbed test function argument, following the heuristic argument provided in
Section [.4] .

From the Lipschitz estimates and the bounds established in the second and the fourth items of Theorem
, we deduce thanks to the Arzela-Ascoli Theorem that up to a subsequence, (u).>o converges locally
uniformly to some continuous function u. Moreover, the limit function u does not depend on zx.
We prove that u is a viscosity solution of

- ‘69’&‘2 - _)‘(97p)7
Oyyu(£A) =0,

with A(6, p) the principal eigenvalue of . First, we focus on the equation in the interior of the domain
and then we treat the boundary conditions.

The interior equation. We recall that for a fixed value 6, Proposition [6] provides the existence of
a sequence of principal eigenvalues A(6, p-) associated with a sequence of positive eigenfunctions (1/13 )e>0
of the operator —0,, + L — (R(z,0) — p-) with Neumann boundary conditions:

. { — Opathl + L(Y2) — (R(x,0) — po)yl = M6, po)y!  in Q,
1.€e.

40
A, Y =0 on O0f. (40)
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Since ¢ > 0, we introduce

e = In(y7).
Let ¢ be a test function such that u — ¢ has a strict maximum at ¢ €] — A, A[. Then, there exists
(xe,0:) € Qx] — A, Al such that

0. — 6 and max ue(x,0) — ¢(6) — s\I/ﬁs () = ue(xe, 0:) — P(0:) — f-:\I/gS (x¢).
e—0 (x,0)eQx]—A,A[
We distinguish two cases: either z. € Q or . € ).
Case 1: z. € Q. Since u. is a classical solution of (Erc]), we deduce that it is also a viscosity solution,
therefore

B O (P(0c) + Ve (2.)) _ [0:(0(6e) + eWE (w))]? + / [1— oV (y)—‘I’gs(ws)]K(xE —y)dy
Q

5 g2
— €09o(9(0:) + 5\1125 (ze)) — [On(#(0:) + E\I/gs (wemz — R(wc,0:) + pe(x:) < 0.

Remarking that ¢ does not depend on z and the 8 value is fixed in \Ilgf, we deduce that
- 896&:\1135 (ze) — [axxpga (376)]2 + / [1- elpge(y)iwga(%)]f((% —y)dy — R(z:,0c) + p=(z:) (41)
Q
- 5809¢(9€) - [69¢(9€)]2 <0.
Next, we observe that implies

0 () — 0 (1
—89533\1/25 (zc) — [az‘llgs (335)]2 + /Q[l — Ve WY E)]K(xs —y)dy — R(zc,0:) + pe(we) = A0, pe).

Therefore, passing to the limit & — 0, thanks to the continuity of \(6, p) with respect to 6 and p (Propo-
sition [6]), it follows that

—[0p9(0)]* < =A(0, ).
Case 2 : z. € 0. First, we remark that in this case,
_8xua(xaa 08) = _827\1/?8 (‘TE) =0.
Therefore, we deduce that
—0p[uc(ze,0:) — 4(0) — eW¥ (z.)] = 0.

Moreover, since (u: — ¢ — eW%)(x.,0.) = max(u. — ¢ — e¥%), we have firstly by a reflective argument
that
_amx(us - Qb - 5\IISE)(-T67 95) Z 07 (42)

and secondly, we have
Ue (Y, 0c) — ue (e, 0:) < e[Ve(y) — Ve(ze)]. (43)
The inequalities and lead to

— sz‘I’SE (355) < —3mus(ﬂfs,9€)

ue (y,0¢) —ue (ze,0¢)

and / 1- Ve (W) —ver @K (2. — y)dy < / 1—e c |K (2 — y)dy.
Q Q
Therefore, the conclusion follows from similar computation as above.

The boundary conditions. Let ¢ be a test function such that u — ¢ has a strict maximum at A
(the proof works the same for —A). Then, there exists (z,0.) € Q x [~ A, A] such that

0. - A and max Ue — ¢ = (ue — ¢)(xc, 0e).
e—=0 (x,0)eQx[—A,A]

We distinguish two cases: (7, 0:) € Qx] — A, Al or (zc,0:) € Q x {A}.
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Case 1 : (z.,0.) € Qx| — A, A[. In this case, by a similar analysis as above, we deduce that
—[099(0)]* < =A(Be, p) + 0=(1).

Case 2 : (z.,0.) € Q x {A}. In this case, since the maximum is reached on the boundary, we deduce
thanks to the boundary conditions of u.

_6V0¢(0€) = al/e (UE - ¢)(£L‘5, 95) > 0.
Taking the inferior limit, we conclude that
min(—[0pp(A)]* + MA, p), 8y, d(£A)) <0,

which corresponds to the boundary condition in the viscosity sense.

Finally, u is a sub-solution of @ in a viscosity sense. With similar arguments, u is also a super-solution.
We conclude that u is a viscosity solution of @

(ii) The constraint. The constraint maxgu(f) = 0 in (6) is a consequence of the Hopf-Cole transfor-
mation and the fact that p. remains bounded away from 0, uniformly in €.

If the constraint does not hold true, it follows, thanks to , that sup wu(f) < —a < 0. Hence for &
oe[—A,A]

small enough and thanks to the uniform convergence of u. to u, we deduce that max ue(x,0) < —
(2,0)€Qx[—A,A]

which implies that p. < c for € sufficiently small. This is in contradiction with the third item of Theorem
. We conclude that max wu(6) = 0.
0e[—A, A

a
2

Proof of 3. The convergence of n. and the inclusion property. The first inclusion property in
can be obtained thanks to the Hopf-Cole transformation and the uniform convergence of u. to u.
The second inclusion property in is a consequence of the Hamilton-Jacobi equation @ and the fact
that the zero level set of u is also the set of the maximum points of u. We detail these arguments below.

Thanks to the L> bounds on p. (third point of Theorem , we deduce that

¢ < Inellprxg-a,ap < C-

It follows that n. converges up to a subsequence and in the sense of measures to a measure n. The measure
n is non-negative and not trivial. We next prove that

supp ne C Q2 x {0 €] — A, Al | u(f) =0} .
Indeed, let ¢ € C°(Qx] — A, A]) be any positive test function such that

supp ¢ C Q x {6 €] — A, A | u(f) = 0}°. (44)
We prove that [, fflA é(x,0)n(z,0)dzdf = 0.
To this end, we introduce —a = sup u. According to , it follows that a > 0. We deduce that for all

supp ¢
¢ small enough and all (z,0) € Q x supp ¢, we have

)

ue(z,0) < —5 (45)

We conclude that

A
/Q/A¢(a;,0)n(x,9)d0da::/Q/Sllpp s o(x,0)n(x,0)dodx
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= lim // o(x,0)ne(x,0)dOdz
e20 Ja Jsupp ¢(a,)

— lim / / oz, 0)e =" dfdz
e20.Ja Jsupp ¢(a,)

ghm// o(x,0)e 2 didx
e=0.Ja Jsupp ¢(z,)

=0.
We finally prove that
{u(6) = 0}  {A(6,p) = 0} (46)

To this end, note first that since w is a Lipschitz continuous function, it is a.e. differentiable. Therefore,
@ implies that
AO,p) >0, forae. 6.

Moreover, since A is continuous with respect to 6 the above inequality holds indeed for all 8. To prove
, it is therefore enough to prove that for any 6y such that u(6y) = 0, we have

This property can be derived by testing the equation in @ against the test function p(#) = 0 at the point
0y for a viscosity subsolution criterion.
This concludes the proof of 3. O

Appendix A- Existence and properties of \(6, p)

In this section, we first establish a Hopf Lemma. It is obtained by a classical argument but for the sake of
completeness and because of the presence of the less classical non-local operator L, we provide the proof.
Next, we verify the existence of A(6, p). To finish, we provide the proof of some properties of A already
stated in the article (namely Propositions [1] and [3)).

A.1- A Hopf Lemma

In this section we prove the following Hopf Lemma

Lemma 4 (Hopf Lemma). Let u be a smooth function defined on Q such that

=0zt + L(u) 4+ c(x)u > 0, (47)
with ¢ a non-negative bounded smooth function. If there exists xo € 02 such that migrzl u(z) = u(zg) <0
xe
then either u is constant or
Oy, u(x) < 0. (48)

The proof is in the spirit of the classical proof of the Hopf Lemma (see [17] p.250).

Proof. Up to a scaling, there is no loss of generality if we assume that B(0,1) C Q and zyp = 1. Next, we
define

[6_%)\ _ e_)\maX(Ov‘xF_%) 13(071) (.’,1:'),
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for X\ a positive constant. We underline that v(x) = e~ —1in B0, %) Next, we claim that by taking A
large enough, for all z € B(0,1)\B(0, 2) there holds

— Opev(z) = 20 A maxOleP =D (2N |z2 — 1) > 0

and  Lv(x) 2/

B(0,1)

e*/\maX(Oy‘yP*%)K(w _ y)dy _ / e*)\maX(O,\me%)K(x _ y)dy > 0. (49)
Q

The first inequality of follows from a straightforward computation. For the second inequality, accord-
ing to the assumption (H3)), we have

jint [ O HR gty = [ O -y 2 el B0 )| > 0
B(0,1) Q 2

A—~+00

Therefore, if A is large enough, holds true.

Next, we claim that if w is not constant, the minimum can not be reached in the interior of 2.

Otherwise, we deduce the existence of x; € Q such that u(x;) = miél u < 0. Since c is nonnegative, we
xre

have
—0Ogzu(z1) <0, Lu(x1) <0 and e(z)u(z) <O0.

Therefore, we deduce that
—Opgu(z1) + Lu(z1) + c(z1)u(zr) < 0.

This is in contradiction with the assumption (47)).

We deduce that ~ min u(zg) — u(x) < 0. Next, taking e small enough, there holds that
z€0B(0,7)

3
Vz € 0B(0, Z)’ u(zo) — u(z) —ev(z) < 0.
Since v = 0 on 9B(0,1) and by definition of xg, it follows
Vz € 0B(0,1), wu(zg) —u(z)—ev(z) <0.

Moreover, according to , and remarking that u(xo) — ev(x) > 0 for € small enough, we deduce
that for all z € B(0,1)\B(0, 2)

— 0z (u(z0) — u(z) —ev(x)) + L(u(xo) — u — ev)(x) + c(z)(u(xo) — u(z) — ev(x)) < 0.

We deduce thanks to the maximum principle that u(zg) — u(z) — ev(z) < 0, for all 2 € B(0,1)\B(0, 2).
We conclude that

By, u(z0) < —By,ev(xo) = —e2X e T < 0.

A.2- Existence of a principal eigenpair

Proposition 6. Under the hypothesis (H1)—(H3)), for a fized bounded smooth function p and a fized value
0 €] — A, A[ there exists a principal eigenvalue X\(6,p) of the operator —0z, 0 + L(v) — (R(-,0) — p)y with
Neumann boundary conditions

i.e. { — Oz’ + L(¢0) —(R(,0) - P)¢9 = A(0, P)we in Q,

(50)
0y, =0 on 0N.

The associated eigenfunction ¥° has a constant sign and is unique up to multiplication by a constant.
Moreover, the function (0, p) and Y0 are C1 with respect to @ and p € HY(Q).
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In the following, we will consider that ¢ is positive and of L? norm equal to 1.

Proof. First, we prove the existence of the principal eigenpair by verifying that we can apply the Krein
Rutman Theorem (see [32] p 122). Since it is classical, we do not provide all the details. The cone of
functions where we apply the Krein-Rutmann Theorem is

K={ueC" Q)| u>0 and 9,,u=0}.

We define L£(v) as the unique solution of

— OpaL(v) + /Q[C(v)(ff) — L)W (z —y)dy — (R(,0) — p— C)L(v) = v in O,

0y, L(v) =0 on 0N
where C' > sup(R(z,0) — p(x)) and v € K. The operator £ is linear, compact thanks to the elliptic
estimates. V\;:eeglrllave to prove that
Vo e K\{0}, L(v)€ int(K).

Let v be in K with v not trivial. By elliptic regularity, it follows £(v) € C**® and 9,,L(v) = 0. It remains
to prove that L£(v) > 0.

First we prove that if £(v) is constant then it is necessarily a positive constant. Next we prove that if
L(v) varies then £(v) > 0.

Assume that £(v) = c. Let T € Q be such that v(Z) > 0. Moreover, the choice of C gives —(R(Z,0) —
p(xT) — C) > 0 and since —0,,L(v) = L(L(v)) = 0, we deduce that

o (@)
LW == g =) > O

Next, we suppose that £(v) is not constant. Assume by contradiction that there exists = such that
L(v)(xz) <0. Let T’ € Q be such that

inf L(v)(z) = L(v)(@).

e

Then either 7 € Q or ' € 9. In the first case, we deduce that
—0pL(0)(Z) <0 and L(L(v))(@) <0,
which leads to the following contradiction
0 <0(@) = =0nL(v)(@) + L(L(0))(@) — (R@',0) — p(z') — C)L(v)(Z') < 0.

If 7 € 99, since L(v) is not constant, we deduce from Lemma]that 8,, £(v)(Z') < 0. It is in contradiction
with the Neumann boundary condition.
We conclude that we can apply the Krein Rutman theorem and the conclusion follows.

Next, we focus on the regularity of X and ¢? with respect to 6 and p. The result follows directly from
the implicit function theorem applied to

G: (4, \0,p) e H(Q) xR xR x H(Q) — <—am¢ + Lo —[R(-,0) — p+ No, /Q o(x)?dx — 1) .

The interested reader may refer to Theorem 2 of Chapter 11 of [I7] for technical details in a finite
dimensional setting.

O]

The existence of the solution of is also due to the Krein-Rutman Theorem, therefore we do not
provide the proof of existence.
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A.3- Some properties of \

We prove in this subsection two propositions that are stated in section 2} Propositions [I] and [3|

Proof of Proposition[]. First recall from Proposition @ that A and ¢ are C' functions with respect to 6.
Differentiating with respect to 8 leads to

O (0, p)0? + N0, p)0pt)? = —0520p0° + L(9p0?) — [R(-,0) — p|0g)? — Do R(-, 0)0°. (51)

We multiply by 4% and integrate by parts, recalling Jo Y?(x)%dx = 1, to obtain that
(0. p) / Dp R, )1’ ()’ da + / 0,090 0,0 + L") 090" — [R(x,0) — p— M0, p)| 9’ der. (52)
We remark that multiplying by 0yt and integrating by part leads to

/ 0s°0,000° + L")y — [R(z,0) — p— A8, )¢ Optsdax = 0.
Q

The conclusion follows. O

Proof of Proposition[3 We focus on the proof of since the proof of follows straightforward
computations.

Since the function R is C? with respect to 6 and g, according to the implicit function theorem, the
eigenfunction ¢ is C? with respect to its parameters g and 6. In this proof, we will take into account in
the notations this dependence with respect to the parameters: we will denote ¢ by ¥%9, A(9) by A(8, g)
and R by R,.

. . 2 :
First, we establish that [, (Opy"9(2))" dx gj 0 for a fixed value 6 €] — A, A[. Since ||1/19’9||%2(Q) =1,

we deduce that fQ ¢9’9(x)691/1979(x)dx = 0. If we differentiate with respect to 6, we have that 91?9
is solution in € of

— 00z 0g0™9 + L(9g?9) — [Ry (-, 0) — plOgp® — OpRy (-, 0)1b"9 = (0, 9)0p00%9 + Op (6, g1

We then multiply the above equation by %9 and integrate over Q to obtain that

p0?9 () — ph?9 ()2 K (x — x
/ (833(89'¢9’g)>2d.%' N fQXQ[ i) ( ) G'QZ; (y)] K( y)dyd _ / [Rg(.%',e) . p(x)]89¢9’g($)2d1'
Q Q

= 0.9) [ (00%7) o+ [ 00Ry(,0)0"9(2)0p" )dx + 0(0.9) | 49(a)00" )

Remarking that dpRo = 0 and recalling that [ ?0(2)092p? 0 (z)dz = 0, we deduce that dpyp?° belongs to
the eigenspace associated to the principal eigenvalue A\(,0) of the operator —0,, + L — [Ry — p]. Since
this space is one dimensional, engendered by 1?° and using again that ¥?9 is orthogonal to 9y, we

conclude that )
/ (8@¢9’g(x)) dz — 0.
QO gHO

Next, we prove that this convergence is uniform with respect to . By compactness of [— A, A]x |0, g| (for
some g > 0), we deduce that there exists a uniform constant C' > 0 such that for all (6, g) € [-A, A] x [0, g]
we have

’899¢9’g| < C.
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It follows that for any 61,6, €] — A, A[, we have

/Q (g 9()) " de < /Q (39(2)) dr + 20Pmes(2)101 — 6

(where mes(Q2) stands for the Lebesgue mesure of ). Next, we fix 1 > 0 and we prove that for g < go
(for some gy > 0) we have (independtly of the choice of )

/Q (891,!)6’9(3:))2 dx < p.

By compactness of [—A, A], there exists an integer i9 > 0 and 0; €] — A, A] with i € {1, ..., } such that

[—A, A] C QB (92‘, m> :

Next, we define g; = sup {g’ €l0,9] : Vg<d, Jq (8@9179(35))2 dr < %} (notice that g; > 0). By setting

go = {min }gi, for any 6 €] — A, A[, we conclude that for all g < gy we have
ie{1,...,io

/ (900%9(2)) " do < / (90 9(2)) d + 20 mes(Q)10 — 0,2 <
Q Q

with i € {1, ...,40} such that § € B <0¢, . /M). It concludes the proof of the uniform convergence.
O

Appendix B- Proof of Lemma

The proof of Lemma |I| follows essentially the steps of the proof of the convergence of u. (i.e. second item
of Theorem . Therefore, we will only emphasize the differences between the two proofs. We made the
choice to provide the proof of the convergence of u. rather than the convergence of u. because it is the
result that motivated the current study.

Proof of Lemma [l We recall the equation satisfied by p. and &

{ — Opule — 20ppbe + LE — RE. = p&e in QOx] — A, Al

3
8V1-€€ - 8V9€€ =0 on 8(Q><] — A, AD ‘I'

The existence of & is ensured by the Krein-Rutman Theorem. Moreover, according to the Krein-Rutman
Theorem, the sign of & is constant. Therefore, we consider that & > 0, |||z = 1 and we define

ve = e1n(&).

Next, we prove that pe is bounded from below and above respectively by —sup R and — inf R.
First, we focus on the upper bound. Let (%, 0) € Q x [~ A, A] be such that sup &(z,0) = £.(z,0).

(2,0)€Qx[~A,A]
If (z,0) € Qx] — A, A], it follows
(—a'mgs - 5289955 + L(&s))(fv g) <0.
From , we deduce that
pe < —R(7,0) < —inf R.
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If (7, 0) belongs to 9 (2x] — A, A[), we conclude with a reflective argument and the same computations
as in the previous case. In any case, for all € > 0 we have
pe < —inf R.

Next, we focus on the lower bound. Let (x,0) € Q x [—A, A] be such that inf & =& (z,0). With
(z,0)eQx[—A,A]

similar arguments as for the upper bound, we deduce that
—sup R < —R(z,0) < pe.

Therefore, p. is uniformly bounded from below and above thus . converges along subsequences to u.
Next, as we have established Lipschitz and uniform bounds on u., we can prove that there exists a constant
C > 0 such that

|0zve| < Ce, |Ogve| < C, —C <lim inf o, and lim sup v, <0.
e—0 Qx]—A,A[ =0 Ox]—A,A

Therefore, we deduce that v. converges along subsequences to v. Moreover, with similar computations as
in the proof of the second item of Theorem [2| we deduce that v is a viscosity solution of

— [0pv(0)]* = =0, —p),

max v(#) = 0. (53)
0c[—A,A]

Next, we claim that
We postpone the proof of this claim to the end of this paragraph. Thanks to and we deduce that
= [Bov(O)]* = =A(6,0) + p,

max v(f) =0.
fe[—A,A]

Remark that —A(6,0) + ¢ < 0 for all § € [—A, A]. Next, we introduce 6, € [-A, A] such that

v(Om) = GEI[IEX:A}U(Q).

It follows that dpv(0,,) = 0 and —A(6;,,0) + = 0 = max (—A(0,0) + ). We deduce thanks to (H4) that
0 = max(—A(6,0) + ) = —min (\(0,0)) + u = —\(00,0) + p.
We conclude that
A(6p,0) = p.
We finish the proof by remarking that the previous convergence result holds for any subsequence of u..

Therefore, we conclude that
lim pe = A(6p,0).
e—0

It remains to prove . Let ¢z be the principal eigenfunction associated to the principal eigenvalue
of (0, —p) with p a constant

= Oaatly, + Liby — [R(0) + iy, = (0, )i, in 2,
8,,11112 =0 on 0f.
It follows that
~ Oty + Liby, = R(, 00y, = (M0, —p1) + 1) Y-
Since p is constant, wz > 0 and by the uniqueness of the positive eigenfunction of —0,, + L — R(-,0) (up
to a multiplication by a scalar), we deduce that (6, —u) + = A(6,0). O

32



Acknowledgements

Both authors are grateful to Robin Aguilée for fruitful discussions on the biological motivations. S.M.
thanks also Denis Roze for valuable discussions and references. S.M. has recieved partial funding from the
ANR project DEEV ANR-20-CE40-0011-01 and the chaire Modélisation Mathématique et Biodiversité of
Véolia Environment - Ecole Polytechnique - Museum National d’Histoire Naturelle - Fondation X.

References
[1] M. Alfaro, H. Berestycki, and G. Raoul. The effect of climate shift on a species submitted to dispersion, evolution,
growth, and nonlocal competition. SIAM J. Math. Anal., 49(1):562-596, 2017.
[2] M. Alfaro, J. Coville, and G. Raoul. Travelling waves in a nonlocal reaction-diffusion equation as a model for a population
structured by a space variable and a phenotypic trait. Comm. Partial Differential Equations, 38(12):2126-2154, 2013.
[3] A. Arnold, L. Desvillettes, and C. Prévost. Existence of nontrivial steady states for populations structured with respect
to space and a continuous trait. Commun. Pure Appl. Anal., 11(1):83-96, 2012.
[4] G. Barles, S. Mirrahimi, and B. Perthame. Concentration in Lotka-Volterra parabolic or integral equations: a general
convergence result. Methods Appl. Anal., 16(3):321-340, 2009.
[5] G. Barles and B. Perthame. Dirac concentrations in Lotka-Volterra parabolic PDEs. Indiana Univ. Math. J., 57(7):3275—
3301, 2008.
[6] H. Berestycki, T. Jin, and L. Silvestre. Propagation in a non local reaction diffusion equation with spatial and genetic
trait structure. Nonlinearity, 29(4):1434-1466, 2016.
[7] E. Bouin and V. Calvez. Travelling waves for the cane toads equation with bounded traits. Nonlinearity, 27(9):2233-2253,
2014.
[8] E. Bouin, C. Henderson, and L. Ryzhik. The Bramson logarithmic delay in the cane toads equations. Quart. Appl.
Math., 75(4):599-634, 2017.
[9] E. Bouin, C. Henderson, and L. Ryzhik. Super-linear spreading in local and non-local cane toads equations. J. Math.
Pures Appl. (9), 108(5):724-750, 2017.
[10] E. Bouin and S. Mirrahimi. A Hamilton-Jacobi approach for a model of population structured by space and trait.
Commun. Math. Sci., 13(6):1431-1452, 2015.
[11] H. Brezis. Functional Analysis, Sobolev Spaces and Partial Differential Equations. Universitext. Springer New York,
2010.
[12] J. Busca and B. Sirakov. Harnack type estimates for nonlinear elliptic systems and applications. Annales de UInstitut
Henri Poincare (C) Non Linear Analysis, 21(5):543 — 590, 2004.
[13] N. Champagnat and S. Méléard. Invasion and adaptive evolution for individual-based spatially structured populations.
J. Math. Biol., 55(2):147-188, 2007.
[14] O. Diekmann, P.-E. Jabin, S. Mischler, and B. Perthame. The dynamics of adaptation: An illuminating example and
a hamilton—jacobi approach. Theoretical Population Biology, 67(4):257 — 271, 2005.
[15] M. Doebeli and U. Dieckmann. Speciation along environmental gradients. Nature, 421:259-264, 01 2003.
[16] L. C. Evans. The perturbed test function method for viscosity solutions of nonlinear PDE. Proc. Roy. Soc. Edinburgh
Sect. A, 111(3-4):359-375, 1989.
[17] L. C. Evans. Partial differential equations, volume 19 of Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, second edition, 2010.
[18] L. C. Evans and P. E. Souganidis. A PDE approach to geometric optics for certain semilinear parabolic equations.
Indiana Univ. Math. J., 38(1):141-172, 1989.
[19] M. Freidlin. Limit theorems for large deviations and reaction-diffusion equations. Ann. Probab., 13(3):639-675, 1985.
[20] D. Gilbarg and N.S. Trudinger. Elliptic Partial Differential Equations of Second Order. Classics in Mathematics.
Springer Berlin Heidelberg, 2001.
[21] R. Hermsen, J. B. Deris, and T. Hwa. On the rapidity of antibiotic resistance evolution facilitated by a concentration
gradient. Proc. Nat. Acad. Sci. USA, 109:10775— 10780, 2012.
[22] H. Kokko and A. Loépez-Sepulcre. From individual dispersal to species ranges: Perspectives for a changing world.

313(5788):789-791, 2006.

33



23]

[24]
23]
126]
[27]
28]
129]
130]

[31]
32]

[33]

[34]

A. Kremer, O. Ronce, J. J. Robledo-Arnuncio, F. Guillaume, G. Bohrer, R. Nathan, J. R. Bridle, R. Gomulkiewicz,
E. K. Klein, K. Ritland, A. Kuparinen, S. Gerber, and S. Schueler. Long-distance gene flow and adaptation of forest
trees to rapid climate change. Ecology Letters, 15(4):378-392, 2012.

K.-Y. Lam and Y. Lou. An integro-PDE model for evolution of random dispersal. J. Funct. Anal., 272(5):1755-1790,
2017.

A. Léculier, S. Mirrahimi, and J.-M. Roquejoffre. Propagation in a fractional reaction—diffusion equation in a periodically
hostile environment. Journal of Dynamics and Differential Equations, pages 1-28, 2020.

A. Léculier and J.-M. Roquejoffre. Properties of steady states for a class of non-local fisher kpp equations in general
domains. preprint, 2020.

S. Mirrahimi. Adaptation and migration of a population between patches. Discrete Contin. Dyn. Syst. Ser. B, 18(3):753—
768, 2013.

S. Mirrahimi. A hamilton-jacobi approach to characterize the evolutionary equilibria in heterogeneous environments.
Mathematical Models and Methods in Applied Sciences, 27(13):2425-2460, 2017.

S. Mirrahimi and S. Gandon. Evolution of specialization in heterogeneous environments: Equilibrium between selection,
mutation and migration. Genetics, 214(2):479-491, 2020.

B. Perthame and P. E. Souganidis. Rare mutations limit of a steady state dispersal evolution model. Math. Model. Nat.
Phenom., 11(4):154-166, 2016.

J. Polechova and N. H. Barton. Speciation through competition: a critical review. Evolution, 59(6):1194-210, 2005.

J. Smoller. Shock waves and reaction-diffusion equations, volume 258 of Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Science]. Springer-Verlag, New York-Berlin, 1983.

O. Turanova. On a model of a population with variable motility. Math. Models Methods Appl. Sci., 25(10):1961-2014,
2015.

M. C. Whitlock. Modern approaches to local adaptation. The American Naturalist, 186(S1):S1-S4, 2015. PMID:
26098334.

34



	Introduction
	The model and motivations
	The state of the art
	The assumptions and the notations
	The results and the strategy
	Outline of the paper

	Qualitative properties of the population density n 
	At most one possible monomorphic outcome
	A small selection pressure leads to a monomorphic population
	A strong fragmentation of the environment leads to polymorphism

	Some numerical illustrations
	Existence of a non-trivial solution of (E)
	Regularity results
	A Harnack inequality
	Lipschitz estimates
	The bounds on 
	The bounds on u

	Convergence to the Hamilton-Jacobi equation
	Appendix A- Existence and properties of (, )
	Appendix B- Proof of Lemma 1

