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Abstract

We consider a stochastic model for the evolution of a discrete popula-
tion structured by a trait with values on a finite grid of the torus, and with
mutation and selection. Traits are vertically inherited unless a mutation
occurs, and influence the birth and death rates. We focus on a parameter
scaling where population is large, individual mutations are small but not
rare, and the grid mesh for the trait values is much smaller than the size
of mutation steps. When considering the evolution of the population on
a long time scale, the contribution of small sub-populations may strongly
influence the dynamics. Our main result quantifies the asymptotic dy-
namics of sub-population sizes on a logarithmic scale. We establish that
under the parameter scaling the logarithm of the stochastic population
size process, conveniently normalized, converges to the unique viscosity
solution of a Hamilton-Jacobi equation. Such Hamilton-Jacobi equations
have already been derived from parabolic integro-differential equations
and have been widely developed in the study of adaptation of quantita-
tive traits. Our work provides a justification of this framework directly
from a stochastic individual based model, leading to a better understand-
ing of the results obtained within this approach. The proof makes use
of almost sure maximum principles and careful control of the martingale
parts.
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1 Introduction and presentation of the model

Long-term evolutionary dynamics of biological populations may be strongly
influenced by small populations and local extinction in some areas of the phe-
notypical trait space. Survival of small populations in very large populations
is crucial when evolution proceeds by selective sweeps [24] or for the evolu-
tion of antibiotic resistance for bacteria [30, 33]. For example, in bacterial
populations involving horizontal transfer, it was shown in [6, 10] that the
individual-based long-term dynamics is very sensitive to random survival of
very small populations, which may either drive the population to evolutionary
suicide or to cyclic dynamics. In such context, the bacterial population is very
large making the tracking of small populations very challenging.

From a point of view of mathematical modeling, one wishes to consider
large population scalings allowing for survival of much smaller populations.
Two approaches emerged: a purely deterministic one, based on partial dif-
ferential equations (PDE), and a stochastic one, based on birth and death
processes (so-called individual-based models in biology). Both approaches de-
scribe exponentially small populations sizes and characterize the dynamics of
the exponents.

An analytical approach allowing to deal with negligible but non-extinct pop-
ulations was proposed in [I7] and then widely developed (see for instance [31],
3, 25]) for the asymptotic study of parabolic integro-differential selection-
mutation models. Let us present it in a setting close to [3]. We consider
a population whose individuals are differentiated by a trait € T, the torus
of dimension 1, identified below with the interval [0,1). The trait can vary
from an individual to the other. The evolution of the population is driven
by two effects: mutation of the traits, and selection as the reproductive and
survival abilities of an individual depend on its trait z. For an individual of
trait x € T, let us denote by b(x) (resp. d(z) and p(z)) the clonal birth rate
(resp. the death rate and the birth rate with mutation), and by G(h) the
mutation kernel. Assuming that the population density solves the PDE

educ(t,x) = u(t, z) (b(x) — d(x))
+ 2 G () p(y)us(t,y)dy, (tz) eRy xT  (11)
ue(t,0) = exp (@) , zeT

in the limit € — 0 of small mutations and large time, and applying the Hopf-
Cole transformation

Be(t,x) = eloguc(t,z), or wuc(t,z)=-exp (55(75,:3)) , (1.2)
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it is proved in [3] (in a slightly different setting, considering x € R and taking
into account a competition term) that . converges to the unique viscosity
solution § of the Hamilton-Jacobi equation

{gtﬁ(t,a:) = b(z) — d(x) + p(x) [ G(h)eh=FE)dh, () € Ry x T 13)

B(0,r) = Bo(x), xz eT.

Scaling limits of individual-based models on a discrete trait space with rare
mutations and large population via a scaling parameter K that will tend to
infinity, and allowing to deal with negligible populations and local extinction,
were proposed in [I8 &), [14, [I5] [7]. These references focus on population sizes
of the order of K, and characterize the asymptotic dynamics of the exponent
5. In particular, local extinction is possible when the exponent g hits 0. The
fact that the trait space is discrete allows to describe separately the dynamics
of each small sub-population. However, this makes the detailed description of
the asymptotic dynamics very complicated (see [14}15]). Note that mutations
are assumed individually rare in these references, but they are more frequent
than in the scaling limits of adaptive dynamics (see e.g. [28] 16} 1T} 13]), where
negligible populations either fixate or go extinct fast, due to the fact that the
populational mutation rate vanishes here. Scaling limits with non-vanishing
populational mutation rates partly solve the criticisms raised by biologists [34]
concerning the too slow evolutionary speed in adaptive dynamics, particularly
in microorganism populations. Biological criticisms were also raised for the
analytical approach [32], because of the so-called tail problem: exponentially
small populations, which may actually be extinct, can have a strong influence
on the future evolutionary dynamics of the population. In particular, evolu-
tionary branching is too fast. Modifications of the Hamilton-Jacobi equation
were proposed in [32], 29, 20] to solve this problem, but we believe that an
individual-based approach is crucial to provide a more realistic and biologi-
cally relevant solution to the tail problem.

The purpose of our work is to provide a stochastic individual-based jus-
tification of Hamilton-Jacobi equations. To our knowledge, this is the first
proof of this kind in the literature. Note however that there are many ex-
amples of spatial branching processes with space-, time- or type-dependent
branching rate, for which the exponential growth can be expressed using vari-
ational formulae over paths (see e.g. [5], 14, [O 26, 27]). These can be seen
as Hopf-Lax variational formulae of certain Hamilton-Jacobi equations. Note
also that the Hopf-Cole transformation is reminiscent of large deviations
scalings. Our scaling is more of a law of large numbers type. As far as we
know, the large deviations interpretation of the Hamilton-Jacobi equation can
be done through a Feynman-Kac interpretation of the PDE (1.1) [12]. How-
ever, the stochastic process involved in the Feynman-Kac formula does not
seem to be directly related to the biological population process, even though
some works suggest that it may be related to the ancestral trait process of



living individuals [I9]. None of the references above use a direct approach
from individual-based models to Hamilton-Jacobi equations.

We follow an individual-based approach, assuming a continuous trait space
with a vanishing discretization step dx, where K is a scaling parameter such
that the population is of the order of K BK(W), assuming frequent and small
mutations. In the individual-based model, individuals with trait x € T give
birth to a clone at rate b(x), die at rate d(x) or give birth to a mutant at rate
p(z). Mutant traits are drawn according to a discretization of the distribu-
tion log(K)G(log(K)-). Mutation steps are of the order of 1/log(K) and the
discretization step dx is assumed much smaller than 1/log(K). In this first
work, we focus on the understanding of the relevant scales allowing to cap-
ture the limiting Hamilton-Jacobi dynamics. Thus, we consider a simplified
model where the birth rate b is assumed larger than the death rate d, mak-
ing the stochastic process super-critical, and the trait space has no boundary.
Generalization is a work in progress.

The proof of our main result makes use of uniform Lipschitz bounds on the
finite variation part of 5%, obtained using an almost sure maximum principle
and careful bounds for the martingale part. The identification of the limit is
done by checking that it is almost surely a viscosity solution of . We
describe the model and state our main result in Section[2] The proof is divided
into two main steps—proof of tightness and identification of the limit—which
are detailed in Sections [3] and [4] respectively.

2 Model and main result

2.1 The model

We consider a super-critical stochastic birth-death-mutation model describing
an asexual population of individuals characterized by a quantitative pheno-
typic or genetic trait € T. Starting from a finite population whose initial
size is parameterized by K € N, our goal is to recover, in the limit K — +oo,
an evolutionary dynamics described by the Hamilton-Jacobi partial differen-
tial equation . For this, we consider a discretization of the trait space T
with step dx — 0. For the sake of simplicity, we will consider in what follows
that 1/0x € N. Then, the population is composed of individuals with traits
belonging to the discrete space

1
X = {iéKiiE{O,l,'-',—l}},
0K

embedded with the torus distance: Vz,y € [0,1),

p(z,y) =min {|z’ — ¢/|, 2’ =2 mod 1, ¥ = y mod 1}
= min (Jz — y|,1 - [z — y]).



It is enough to define p(z,y) for z,y € T by considering their representative
in [0,1).

The number of individuals with trait ¢dx is described by the stochastic
process (NX(t),t > 0). The total population size at time ¢ is then given by
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N¥@® = Y NF@).
=0

An individual with trait z € X
e gives birth to a new individual with the same trait x at rate b(z);
e dies at rate d(x);

e gives birth to a mutant individual with trait y € X'k at rate

p(x)dr log(K) G ((y — ) log(K)), (2.1)

where Z is the unique real number of [—1/2,1/2) that is equal to z
modulo 1, i.e. Z =z — |z + 1/2], where |-] is the integer part function.

Jumps of N¥ are thus of +1 or —1. In the rest of the paper, the following
assumptions are made:

Assumption 2.1. 1. We assume that b, d and p are nonnegative Lipschitz
continuous functions defined on T, such that for all x € T,

b(x) > d(z) and p(z) > 0. (2.2)

This means that the birth-death process for each trait is super-critical. In the
sequel, we denote by b, p and d the upper bounds of these functions on T, by
p > 0 the lower bound of p, and by ||bl|Lip, ||d||zip and ||p||Lip their Lipschitz
norm.

2. The function G defined on R is a nonnegative continuous density function
(satisfying [p G(y) dy = 1) and has finite exponential moments of any order.
Moreover, we assume that there exists R > 0 such that G is nonincreasing on
[R,+00) and nondecreasing on (—oo, —R)].

An example of function G satisfying Assumption 2 is given by the Gaussian

kernel G(h) = ﬁe‘h2/202,

3. There exists a constant a1 > 0 such that, for all K € N and all i €
{Oala"' 7$_1})

NE(0) > K. (2.3)
4. There exists as < ay such that
1
K™/t <« — K . 2.4
< K<<log(K) as — 400 (2.4)
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Point 4 above implies that
hi =0 10g<K) < 1. (2.5)
Thus, the interpretation of (2.1) is that the rate at which x gives birth to

a mutant individual is close to p(x). Indeed, for an individual with trait
T =iK0K with ix = |2/0x ] and = € T fixed,

S
K

olm plex) 3 G (T = )0 log(K))
]:

/65 —1—|1/265 ]
:Kl_ig_loop(xK) Z hKG (hKf)
e=— 11726 (2.6)

= p(z) /R Gy) dy = pla),

where we used Assumption [2.1]2 to control the tails of the Riemann sum.

Therefore, the individual mutation rate is order 1 and mutation steps are
small: conditionally on being a mutant, the trait y of the offspring has the
distribution G scaled by a factor 1/ log(K) representing the order of magnitude
of the mutation steps. Note also that means that the mesh size is much
smaller than the mutation step.

Our goal is to study the asymptotic behavior (when K tends to infin-
ity) of the population sizes N/ when N/(0) is of the order of K% for
some «a; > 0. Note that in the case where p(z) = 0 for all x € T, the
process NZ-K (t) is a super-critical one-dimensional branching process, hence
E(NX (1)) = E(N/(0))et@0x)=d@x))t  Therefore, if the initial condition is
of order K, then E[NJ (tlog(K))] ~ K®iT®0x)=d@x)t  This suggests to
study
55y _ JoBVIS (1 log )

! log(K) ’

(2.7)

with the convention that gX(t) = 0 if Nf(tlog(K)) = 0. So the sub-
population of trait idx at time tlog(K) has size N (tlog(K)) = KPP,

We make the following Lipschitz assumption on the initial condition 85 (0).

Assumption 2.2. Assume that there exists a constant A > 0 such that

( |6(0) — BF(0)]
sup

lim P - ;
i#;  PlidK,JOK)

A) =0. 2.
K—+o0 = ) 0 ( 8)



Notations: (i) We shall use the following Riemann approximation repeat-
edly in the proofs: for all L > 0,

16 —1—|1/25x |
= dm Y G0t = [ ehlG)dy, (29)
R

K—+
X =126k

and thus, there exists a constant G(L) depending only on o > 0 such that

L

sup Z hkG <(ZK — J)oK log(K )) el 108K p(30rindx) — . G(L) < +o0.
K>1
‘7:

(2.10)
(ii) In what follows and for any function f on {0,1,--- ,i — 1}, we will use
the notation

=
K

)

with the convention that fy/s,. = fo.

2.2 The main result - Sketch of the proof

Since we are interested in the convergence of the quantities BZK to a continuous
function defined on the trait space T, when K — +oo and dxg — 0, we
introduce the following affine interpolation of the ﬁiK ’s: for all x € T and
K>1letie{0,1,--- ,i — 1} be such that = € [idk, (i + 1)dk), and define

B @) =l (1- 5 +i) + 850 (5 i), (2.11)

with the convention that 65 5 (0) = BE(t). For T > 0, the sequence of pro-
cesses (BE,t € [0,T])x belongs to D([0, T],C(T,R)), where C(T, R) is endowed
with the topology of uniform convergence and D([0,T],C(T,R)) is the Skoro-
hod space of cadlag paths with the associated Skorokhod topology.

Let us state our main theorem.

Theorem 2.3. Let T > 0. Under the Assumptions[2.1 and[2.3, and assuming
that BE(-) converges in probability for the topology of uniform convergence
on C(T,R) to a deterministic function Bo(-) € C(T,R), the sequence (55)g
converges in probability in D([0,T],C(T,R)) to the unique Lipschitz viscosity
solution of the Hamilton-Jacobi equation

{gtﬁ(t,:r)zb(x) 2) [ G(h)ehOBEDdh, (1, z) € (0,T] x T

B(0,z) = Bo(), reT.
(2.12)



The proof of Theorem [2.3| will be classically obtained in two steps: tightness
and identification of the limiting values. Therefore we will prove the two next
results, respectively in Sections [3] and [4]

Theorem 2.4. The distributions of the processes (BE,t € [0,T))k form a
C-tight sequence in P(D([0,T],C(T,R))), the set of probability measures on
D([0,T],C(T,R)). In addition, for all T > 0, there ezists a constant L such
that, for any B distributed as a limiting value of the laws of (BtK,t €0,7))k,
we have almost surely

wp wp  1B2) =B

<L (2.13)
t€[0,T) z,y€T s.t. x#£y P(% y)

Theorem 2.5. The limiting values 3 of (3.t € [0,T])k are characterized as
the unique Lipschitz viscosity solution of the Hamilton-Jacobi equation (2.12)).

The proofs of these two results require to control the increments of the
functions 5/ (.). These functions can also be written as

BE(x) = (z — i) AR BE (1) + BE(2).

From this expression, we observe that two technical steps are required: to

K (1)K
estimate uniformly 85 (¢) and to control uniformly AgBX(t) = W

(the second estimate being the harder part, it is a major difficulty and consti-
tutes the technical interest of the paper). Such estimates are also obtained in
the deterministic derivation of Hamilton-Jacobi equations of type from
parabolic integro-differential equations using the maximum principle and the
Bernstein method which consists in applying again the maximum principle to
the equation satisfied by the increments (see [3]). Here, since we have stochas-
tic processes we cannot apply the Bernstein method directly. Using the Doob-
Meyer decomposition, the stochastic processes can be separated into a finite
variation part and a martingale part. We show indeed that the martingale
part remains small with our rescaling and we apply the maximum principle
almost surely on the finite variation part.

Let us detail now the semimartingale Doob-Meyer decomposition of the
processes 35, i € {0,---,1/8) — 1}. Using standard arguments [I],

NE@) - NE©) ~ [ 0lisi) — )V (s)as
0

1/8—1-1/20k| 4
— > /th((i+£)5K)G(hK€)N£€(s)ds (2.14)
t=—(1/26c) 70



is a square integrable martingale with quadratic variation

[ 00 + s N sy

1/0k—1—|1/26K|
+ / hiep((i + £)3r )G (hi ) NE 1 (5)ds.
t=—|1/20k) 7O

It then follows from It&’s formula for jump processes that
B = M (8) + AR (¢) (2.15)

with

1 tlog(K) ) 1
AK@t) = BiK(O)%—log(K) /0 (b(sz)NiK(s) log <1 + Nf(s)) (2.16)

+ d(i6x )N (s) log (1 - N.I:(l(s) )ds

1/ —1—|1/20K |

> hie p((i + £)0k )G (hxl)
(=1/25x|

tlog(K) X 1
X /0 NiJrg(S) log <1 + ]VZK(S)> dS,

with the conventions that, when the index j ¢ {0,...,1/6x — 1},

1
log(K)

_l’_

NF=NE s and p(iok) = p((j — [idk | /0x)0K),
when j > 1/dk,
NjK = Nﬁm(sﬂ/a}( and  p(jox) = p((J + [1J]0x /0K )dK),

when j < 0. (2.17)
The process MiK is a local martingale with predictable quadratic variation

1

<MiK>t = logQ(K)

/0 s (b(iéK)NZ.K (s)log? (1 + N; ($)> (2.18)

+ d(i6 )N (5) log? <1 — ]V;(S)>>d8

1/0r—1—[1/26K |
> hicp((i + 0)8x )G (hil)
t=—[1/26]

tlog(K) , 1
X N3 (s)log <1 + ) ds.
/0 “ N (s)

1

1
log?(K)

+




In Section we will prove technical uniform estimates on the martin-
gale part Ay MK (t) and the finite variation part Ax AX(¢) of the processes
AK@K (t). In that aim, let us introduce sequences of stopping times playing
an important role in the proofs.

Let a € (ag,a1) be fixed during the rest of the proof, a; being defined in
(2.3) and a2 in. For any K, we define

Tl = inf {t >0,3i € {0,1,-- % —1}; NX(tlog(K)) < Ka}. (2.19)
K

Note that B () > 0 for all ¢ < 77
For all L > 0, we also define

TK(L) :inf{t>0:3i S {0,1,'-- ,%—1}, | {il(t)_BZK(tN >L(5K},
K
(2.20)

with the usual convention that 55 i = Bé< . It is easy to check that
i (L) :inf{tzozaz',j {01, , — —1},
0K
B (t) = B (0] > Lolidic, 0x) |
and also
mic(L) =inf {¢ > 0: 30,y € T, |3 (@) - BE )| > L p(w )} (221)
We will study the processes until the stopping time
Ok (L) :TK(L)/\T;(. (2.22)

Before the stopping time 0 (L), the functions B;K are Lipschitz and the popu-
lation size of each trait is bounded from below by K*®, by definition. For each
L fixed, we will provide uniform estimates on the martingale parts M (¢) and
AxMHX(t) and the finite variation parts AX(¢) and Ax AKX (¢) of the processes
BE(t) and AgBXE(t), before the stopping time 6k (L). This will allow us to
prove that for all T, 6 (L) is larger than T for L large enough (see Proposition

3.6).

3 Proof of the Theorem 2.4

We will use the criterion of Theorem 3.1 in Jakubowski [22]. To prove the
tightness of the sequence (8%) x>1 in D([0, T],C(T,R)), it is sufficient to prove:
(i) For each ¢ > 0, there exists a compact set C. C C(T,R) such that

VK, P (BK c ]D)([O,T],CE)> >1-e.
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(ii) For each f € C(T,R), the sequence of laws of real-valued processes

XF() = [ B o) fa)da (3.1)

is tight.

Point (i) is the hard part of the proof. Using Ascoli’s characterization
of compact subsets of C(T,R), we need to obtain estimates related to equi-
boundedness and to equi-continuity for the processes B (.). The proof relies
on Lipschitz estimates (in x) of the functions SX. In Section we show
that the martingale part of BX(t A 05 (L)) remains small with our rescaling
and in Section [3.2], we apply the maximum principle almost surely on the finite
variation part of B (t A 0 (L)). This allows us to prove that 6 (L) is large
enough in Section The proof of the tightness is ended in Section

3.1 Control of the martingale part

Our first estimate will be useful to prove the tightness of the laws of BK In
the sequel, C' denotes a constant not depending on any parameter and that
may change from line to line.

The following estimate will be used repeatedly: by (2.21)), for all ¢ < 7 (L)
and all 7,5 < 1/0x — 1,

N (tlog(K))

NE (flog(K)) exp(log(K)(B;(t) — Bi(t)) < el Pl idi) oK) (3 9)

Lemma 3.1. For all T > 0, L > 0, K > 0 and a € (a2,a1), there erists
a constant C' independent of K, T, L and ¢ such that, almost surely, for all
t<Tandalliec{0,...,1/6x — 1},

CG(L)
K
(M )inog(r) < (K“ log(K)> t. (3.3)
Further, for all A > 0,
CG(L)T
P(  sup sup|ME(@t)]>A) < . 3.4
(thAGI;(L) ip’ ) ) A25 K*log(K) (3-4)
Proof. Tt follows from ([2.18]) that
Clb+d) [0x(L)log(K) g
<MiK>t/\9K(L) < (2)/ NET
log“(K) Jo N;*(s)
5 (tAOxc (L) log(K)  1/0x—1=11/20x] NE (
p ive(s)
+ / hgG(hgt)———— ds.
log?(K) Jo e——[zl/:%m (N (s))?
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Therefore, using and (| . . ) follows. Then

1/65—1

IP’( sup sup\MK )| > A) Z P sup \MZ-K(t)| > A)
t<TAOk (L) i t<TAOk (L)
) 1/6K71
<5 > E( _sw [MF@P),
A? lz; <TAOK (L)
so we obtain (3.4]) using Doob’s inequality and (3.3)). O

The second lemma gives controls on the martingale increments.

Lemma 3.2. For all T > 0, K > 0 and a € (ag,a1), let us set eg =
5 (K log(K))~Y/4. For L > 0, we define the event

Qr(L) = { sup A ME#)| < aK} . (3.5)
0<i<1/6x—1, t<TAOk (L)
Then there exists a constant C' > 0 such that

Cy\/G(L)T
P(Q% (L)) ) (3.6)

< :
~ Ox(K“log(K))/*

In addition,

P( N sup | M () — M ()] > eK) < C\/G(L)Tek. (3.7)

0<i,j<1/6x—1, t<TAOx (L)

Proof. We first prove that, for all ¢ > 0 and any ¢ € {0,...,1/0x — 1}, for
some constant C' independent of ¢, K, € and L,

C G(L)t
P( sup |AgME(s)|>e) < 2yttt 3.8
(swgm| KM ()] > €) < R g () (3.8)

where the constant G(L) is defined in (2.10)).
By the submartingale maximal lemma, we have that

1 1
P(Sup|AKMiK(s)] > s) < EE(’AKMZK(t)D < EEGAKMZK(WZ)UQ-

s<t
Now, Lemma [3.1] yields

2 4CG(L)t
6T(<Mz{(|—1>t/\9}( + <M1K>t/\9K) < ( )
K

A ME < i St A—
(AR M )inos < - 5%(K“ log(K)

Hence (3.8) is proved.

12



Now, we choose ¢ = i and obtain

P(QR(L) < Y IF’( sup \AKMZ-K(t)DSK)

0<i<1/6x—1 t<TNO0k (L)

_ojowr
T Oker O/ K@ log(K)

This ends the proof of (3.6)).

To complete the proof of Lemma it is sufficient to notice that, since
|7 —i|dx < 1forall 0 <i,j <1/0x — 1, we have that

Qk (L) C sup |MF () — M ()] < ek ¢ O
0<i,j<1/0x—1, t<TANOk (L)

Note that, by ([2.4), 63 K%log(K) tends to infinity as K goes to infinity, so
P(Qx (L)) tends to 1 and the probability of Qg (L) converges to 1. From now
on, we will work on the probability subspace Qg (L).

3.2 Control of the finite variation part

Let us now focus on the finite variation part Al-K . We will prove that

Proposition 3.3. Let T' > 0. Then, there exists a constant Cy such that
for K large enough, for allt < T and all i € {0,...,1/5x — 1} the following
inequality holds almost surely on Qg (L):

K < K . )
|A;* (AN Ok (L))| < Ogj;nl%(_lﬁj (0) + Crt (3.9)

Proof. We first provide the proof of the upper bound on AX (¢t A 0 (L)). For
simplicity we will omit the dependency in L of 0k (L) when there is no ambi-

guity.
Let t and s be less than T such that s < ¢t. Using that log(1 4+ z) < x and

13



(3.2), and neglecting the non positive death term, we have

AF(ENOK) — A (s A Or)

1 (tA0x) log () P 1
= o /( ( (165 )N (u) log (1 + NE@) (U)>

sA\O ) log(K)

+ d(id5 ) NX (u) log (1 - N.Kl(u)> )du

1/0x—1—1/26k]
> hiep((i + 0)dx)G(hgl)

t=—|1/26x
(tA0x) log(K) 1
X /( NE ,(u)log (1 + ) du

SNk ) log(K) NzK (u)

1

" log(K)

< Cb(t — s)
1/0k =12 [1/20k] (tn01) og(K) N (y)

Y. k(i +00K)G(hit) / Nigw)

t=—|1/26k | (5705 log(K) IV, z‘K(U)

1

+ 710g(K) du

< Cb(t — s)
1/6x—1—[1/20K |
+ > hicp((i 4+ 055 )G(hil)
t=—[1/25x]

tAO K
[ expliog(R) (3 ) ~ 65 (w)du.

NO g

Recall that on Qg (L),

K K\ — aAK K K K K K
B85 (w) = 6" (u) = A7 (u) = Aj" (u) + MG (u) = Mi* (u) < Af (u) — A7 (u) +ek.
Thus we obtain that, on the event Qg (L),

1/65—1—|1/26K |
AK(tNO) — AK (s N0k < Cb(t—s) + > hiep((i+0)0x )G (hgcl)
(=—|1/25k]
tAO
[ 10809 explog () (AS () — AN ()

NO g

We deduce that, almost surely on Qg (L) and for all ¢ < (L),

1/6k—1—1/20k]
< Cb+ > hip((i + 0)dk)G(hil)
=172 ]
x K108 exp(log (K) (Af5 (1) — AF (1)) (3.10)

A (1)
dt

14



Defining AKX (t) = AK(t) — Obt — 2pt, we deduce that for any t < O (L),

1/6x—1—[1/26K |
< ﬁeaK log(K) Z hKG(hKf)
o=—1/26x |
x exp(log(K)(AfL () — AF (1)) — 2p. (3.11)

dAf (1)
dt

Let us introduce
(ig,tr) = (ix(w), tx(w)) = argmaxi€{07.._7$_1}7t6[076K(w)AT]Af<(t).

We can prove that tx = 0. Indeed, if conversely we assume that tx > 0,
then the right term of , for K large enough, is negative for ¢ = ix and
t = tx and then the left term is negative, contradicting the fact that Afi (t) is
maximal for ¢ = tx. Hence, we have proved that for K large enough, almost
surely on the event Qg for all ¢t < O (L) AT and for all i € {0,...,1/0x — 1},

A = AKX+ Cbt +2pt < m AK(0) + Obt + 2pt
i (1) ;) + +p_0Sj§a1>/<5K i (0) +Cbt +2p
K 7 _

Ogmj;}%K B8;(0) + Cbt + 2pt

For the lower bound, we observe that, for t < 0 (L) AT, N (t) > K% and
hence, for K large enough,

1 (1 + ! > >0 d 1 (1 ! ) > 2
o < an o — — .
& NE@) )~ & NE@)) = NE@)

The proof then follows from the same argument as above. O

The last result has a consequence that will be useful to prove the tightness
of 8% in Section

Corollary 3.4. For all T > 0, there exists C(T) such that,
lim P sup sup gE@t) >c(m) ) =o.
K=o\ 0<i<1/65—1t€[0,TA0k (L)]

Proof. We use the semimartingale decomposition (2.15) of ﬁiK , the result of
Proposition 3.3} (3.4) with A = 1 and Lemma 3.2} to deduce that, for all t <T'
and K large enough and i € {0,1,- - ,i — 1},

BE@EAOK) < sup  |BE(O)+CiT+1

0<j<1/55—1
with probability at least 1 — 5K€<é“(lﬁ§K) — 5 (f(a Eg((%)l 77 Since B;K (0) con-

verges in probability to By, P(sup; 8X(0) > ||Bollec + 1) converges to 0 when
K goes to +00. Hence the result follows with C(T') = ||5o]|lec + C1T +2. O

15



3.3 Estimates on 0 (L)
Lemma 3.5. Under Assumption[2.1.1 and[2.1].3, for all T > 0,

>T)=1.
KgrilooP(TK )

Proof of Lemmal3.5 By , neglecting incoming mutations, it is easy to
prove using standard coupling arguments that for each i, the process (N (t));
is pathwisely bounded below by a branching process (Z(¢)); with birth rate
b(idk), death rate d(idx) and initial condition K**€ for e = a3 —a > 0. In
addition, the processes (ZX(t)); for 0 < i < i — 1 are independent. Let us
define

1
07 =infJt>0,3i € {0,1,--- ,— — 1}; ZK (t1log(K)) < K*}.
K 6K 9

In order to prove that limg_ o P(7; > T) = 1, it is enough to prove that
lim P(0} = +oo) = 1.
K—oo

We have

1

P(), = +00) = P(Vie{0,1,~--,—
0K

— 1}, Vt > 0 ZK(tlog(K)) > K“)
i—l

— ; K a

- 11 P(;gng (tlog(K)) > K )

Fix i€ {0,..., i — 1}. It is usual to prove (by time change) that the prob-
ability P(inftzo ZE(tlog(K)) > K“) is equal to the probability that a ran-

b(id d(i . . .-
dom Walk M (b(i5K()l+I§()i5K)’ G (SK():_{;()i 6K)) on Z, (adding +1 with probability
% and —1 with probability b(ﬂg}((% ) with initial value K¢

never attains K“. This quantity is well known an(f equal to

-y

Since o = maxger d(z)/b(z) < 1, it follows from (2.4) that

1 a-T+¢& a
P(0% = +o0) > exp (5log (1—-af oK ))
K

1 a+e a

> 11— Ka2/4OéKa+57Ka
which tends to 1 when K tends to infinity. O

16



Proposition 3.6. Under the Assumptions and [2.3, for all T > 0, there
exists Ly in the definition (2.22) of Ok (L) such that

K1—1>I—Ii-loo P(QK(LT) > T) =1.

Proof of Proposition[3.6, In view of Lemma it is enough to prove that there
exists Ly such that limg oo P(7x(Ly) > T) = 1. Fori € {0,...,1/0x — 1},
let us consider the increments

BRI N OKk) — Bt A OK)
0K
=AgME#NOg) + Ag AR (t A Ok).

ArBE(ENOK) =

We also introduce

gB(t) = AR AR (t A O) + ”p!“p AR (A OF). (3.12)

To prove the result we will show that we can control Ag 35 (t A 0k). To this
end, we will first control g,L»K (t) using an almost sure maximum principle. We
will then use the fact that Ax M (¢) is small in Qx (L) to obtain a control on
Ak BE(t A0k). We provide the proof in several steps.

Step 1. As a first step we prove that for all t < i (L) AT,

dgl (t)
dt

< C(K,L)

1/65—1—|1/20k |
p +
+ plog(K) Z hxG(hgt) [ge[ii(t) _ giK@)] Shr Ll
t=—|1/26k ]

17



Using ([2.16)), we obtain for K large enough and 0 < s <t < T,

gi (1) = 9i* (s)
1 (tNOK) log(K)

1
= b((i +1)6x)NE ulog(l—l—)
Ik J(sn0i) 10g(K) [ (« Jor )N () N (u)

1
. K
- b(Z(SK)Nl (u) 10g (1 + ]VZK(U)> }du
1 (tAOK ) log(K) 1

d((i +1)55 )N 1 (u) log (1 - NK(u))
i+1

— (i) NE (u) log (1 _ NKl(u)> [

i

_|_ -
Pk J(sn05) 10g(K)

1 (tA0x) log(K) 1/0x —1—11/26k ]
Z hG(hxl)

+h7
K J(snbx)log(K) g |7/26, |

[p((l + 1+ 0)0k)N5 1 40(u)log <1 + Nfill(u))

= p((i + 06 )N y(u) log (1 + NKl(u)) }du

K3

Hp”Li (tAOK ) log(K) 1
pllrip_ / [b((z’ 1)) N (u) log (1 + )
(

p log(K) sA0k ) log(K) Ni{f-l (u)
1
+ d((i + 1)0x )N (u) log <1 - )] du
T Nil-(;-l(u)
[[P]lLi /(Mf)x) log(K) 1/51(_12_:“/25“
ip .
———r hxG(hgl) p((i +14£)dk)
P10g(K) J(snox) 10g(K) Py Y

1
X NﬁlJré(u) IOg (1 + ]VI() du

’L+1(u)
bt d) [N0k)log(K) 1 1
< 70( i )/ [ Ve + =% }du
hx (sAOx) log(K) Ni+1(“) N; (u)

+ (C1(b+d) + [|bllLip + [|d]|Lip) (¢ A 0 — 5 A Ok)

1 (tN0x) log(K) 1/0x —1—11/26k ]

s L hiep((€+ )05 )G (hicl)
K J(snbx)log(K) g |1/26, |
1 1
X {N{iiﬂ(u) log (1 + w) - Nﬁ_i(u) log <1 + NZK(U)H du

Slplluy  [(EAR) 0 () /oK~ 1L1/20x]

107(}{1@)/ hp((£+ )0k )G (hgl)

plog (sAOx)log(K)  p—_|1/26x]

NE. . (u)log |1+ _r du (3.13)

i+l & Nﬁ_l (u) ’ .

where we used to prove the last inequality that, for all = such that |z| < 1/2,

18



we have

1
— log(1
‘:r; og(1l+ )

<, (3.14)

1 1
og(1 4 2) = L tog(1-+)] < el + o, (3.15
and the fact that (recalling the convention (2.17) and that p is periodic)

Ip((€ + i+ 1)dx) — p((£ + )0k )|

(e 4 1550 P8 = (4 i)

p((€ +1)dK)

(3.16)

ip0 .
e (N}

Note also that, to obtain the last inequality (3.13]), we have taken K large
enough such that ”I?HL%&K < 1, so that

p((£+i+1)0k) < 2p((£+14)dk).

Next, notice that for all 2/, 4/, z,y such that |z|, |y| < 1/2,

2 2

1 1 Y T Y T
?log(1+y)—glog(1+$)§?—?JrC(?Jr?). (3.17)

Using this inequality and (3.2]), we have

1 A0 log(k) 1/ Ox—1211/20k]

— > hip((€+ )0k )G (hi!)
K J(sN0k)log(K)

0=—1/26k]
x |NE, . (u)log 1—1—# —NK(u)log(l—i-l ) du
£+i+1 N’L{(’—l (U) {+i N,LK (U)
1 [(tA0x) log(K) 1/05—1—|1/20k] .
< > hiep((€ + )35 )G (hicl)
K J(sN0k)log(K) =—(1/26]

Nil-(H(U) NK(U)

% [Nﬁ-i-‘rl(u) NZI-(H(U)] du

_ (tAO) log(K) 10k —1—11/20K ]
op > hiG(hyct)e =1t

hic J(snor) tog(K) (=—[1/26k]

1 1 d
“ANE ) T NE@) |
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Therefore, using (2.10)) and the definition of 7, we have proved that

g () — g{(s)
CG(L)log(K
< <§{)£Ig{() + c) (t - s)
1 (tN0k ) log(K) 1/6x—1-[1/26k |

hrp((€+ )0k )G (hit)

_1_7
hi J(snox) log(K) I=—[1/26k]|

du

X [Nﬁiﬂ(m _ N
Nz{(i-l(u) NZK(’LL)
3|IplLip (tA05) log(K) 1/ 0k —1—[1/26k ] |
plog(K) /(sAaK) log(K) hrp((£+14)0x)G(hil)
- l=—[1/26K ]
Ni[-{&-l(u) '

20



Using that for any real numbers \, a, e* < e® + e*(\ — ), we have

- S hap((E+ )5K)Ghich)

1 /(meK)log(K) 1/0k—1-11/20x |
( t=—[1/26x]

sN\Bk) log(K)

NE () N (u)

log(K) [(tA0x)log(K) 1/6x—1-[1/20k] .
osl) / Z hrp((£ + 1)k )G (hil)
hix J(
(=—|1/26k |

[N{iiﬂ(u) Nmu)] ;

<

sAOk ) log(K)

X (54111'“(@) - Bﬁi(@)

K
. U K, U Nt (u)
— . P - 3 d
(BH_I(log(K)) Bz (log(K)))) leil(u) U
(tn0ic) Tog () /01— 1= 11/20xc]
. / ST hp((E+1)0K)G(hicl)
(sA0k)log(K) | 1/26,|
N{Li ()
A K L A K U l+i4+1 d
< KBZ—H(IOg(K)) KB; (log(K)) Nﬁ_l(u) !

(tA05) log(K) 1/ 0k —1—[1/26k ]
J

- hiep((€+ )35 )G (i)
sAOr)Log(K)  p |1 /26|
KUy -
X (AKMeJri(log(K)) AKMZ (log(K))
K
K (% KoY Nt ()
+AKA£+Z(lOg(K)) AKAfL (10g(K))) Nzl—(i-l(u) du?
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using (2.15)). Thus, using (2.4)) and (3.12)), we deduce that

gt (t) — g{(s)
(tAOx) log(K) 1/0x —1=[1/20k |
J

hiep((€ +9)3x )G (hil)
sAOk)1og(K) o _|1/25, ]

u u Nfia(u
X <9ﬁi(m(m) —al (log(K))> J@i?i))du

<Co(K,L)(t—s)
3 i (tAOx ) log(K) 1/0x —1—11/26k ] . NKi u
71”1’”3{" / th((£+z)5K)G(hKe)7J@(“( ) du
P1og(K) Jisnorxyon(i) ({75, i1 (w)

_ lplluip

p ) hip((€+1)0k )G (hil)

(tA0x ) log(K) 1/0 —1—11/26k |
/(s/\é‘K)log(K) 0=——|1/26x |

NE.
U U > €+z+1(u) du

(/Bé+i+1(10g(]{)) - 6i+1(10g(K)) T
(K) 1/0—1=11/20x]
(

» hip((€+1)0k )G (hil)

sAOk ) log(K) l=—|1/26k |

u U Nﬁﬂ»l(u)
Meipr () = Mi d
( i (fogmy) “(loguo)) NE ()
(tA0x) log(K) 1/0x —1—11/26k ]
+)
(

hiep((€+9)3x )G (hicl)
sAOr)log(K) . _|1/25, |

(%

og(K ))

) Né[ii-‘r (u)

1
du,
Nij—(&-l (u)

u
(AKMeﬁi(log(K)) = AR M (5
where -
CG(L)
SpKa '

Now, using (3.2)), we have on the event Qx (L) (recall (3.5)) whose probability
tends to 1 (by Lemma[3.2) that

Co(K,L)=C+

> hip((£+ )0k )G (hil)

(tA0x ) log(K) 1/ 0r —1—11/20k ]
/(s/\HK)log(K) = [1/26x|

oy K(_ U N (u)
(e ~ 2 (iog(w@)) | N E )
< 2plog(K)(t — s)ek Z hicG(hipl)e" 51 < 2plog(K)e g G(L)(t — s),

ez

using (2.10]) again. Similarly, using (3.7)), we have that on the event Qg (L),

du

‘AK MKI—(H
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with a probability tending to 1,

> hip((€+1)0x)G(hil)

(tAOx ) log(K) 1/0r—1—11/20Kk]
/(SAGK)lOg(K) Z:_I_I/QCSKJ

Miyir (e ) = Migr () Nissna )
£+it1 log(K) ol log(K) Nz{f»l ()
<

plog(K)exG(L)(t — s).

X du

To conclude, we use the inequality e*(3 —z) < e? for all z € R to deduce that

NKz‘ (u) U U
N [3 1088 (B ) ~ B gey)) | <

Combining the four previous inequalities, we deduce that on the event Qg (L),

gi (t) = gi* (s) < C(K, L)(t — 5)

(tn0x) 1/ —1-11/20k ] N
1 plog(K) / S haGlhct) [gE () — g ()] ehaebilay,
(sA0) o= (1726 |

where [z]T = 2 V 0 is the positive part of 2 and

~r i i
C(K,L)=C+ CG(L) + 2plog(K)exgG(L) + mﬁe?
o Ka p

Thus, for all ¢ <0k (L) AT, and on the event Qg (L),

dgl (t)
dt

< C(K,L)
1/65—1—[1/20k

+plog(K) Y. hxGlhit) [gFi(t) — oK ()] el
(=—[1/26x |

Step 2. We next provide an upper bound on giK (t). To this end, we will use the
maximum principle for w € Qg (L) fixed. Defining g% (t) = gX(t) —2C(K, L)t,
we deduce that for any ¢t < 0x (L) AT,

gl (t)
dt

< plog(K)

1/6k—1—|1/265 |
~ ~ +
X > hiG(hit) [8:(t) — K @)] " ehwHi. (3.18)
t=—[1/26]
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Let us introduce

(ix, tr) = (ig (W), tx(w)) = argmax;c gy . 113 oo @int] 9 (1)

1
76K
and let us prove that

tx = 0.

By contradiction, if we assume that tx > 0, then the right term of is
non-positive for i = ix and then the left term is negative, contradicting the
fact that @II{{ (t) is maximal for ¢ = tx. Hence, we have proved that, almost
surely on the event Qg (L), for all t <O (L) AT and 0 < i <1/ — 1,

gi (t) =g{ (t) +2C(K, L)t

< 75(0) + 20 (K, L)t
S (0) +2C(K, L)

K
0<j<1/6Kflg] (0) ( )

Step 3. We next provide an upper bound on |A K@-K | which will allow us to
conclude the proof. By Proposition fort <T,

(2

ABEtNOK) = gE(t) — HPLLL“’ AB (N Ok) + A ME(t A Ok)

< max  gf(0)+2C(K, L)t
K

+H29||L1F’< max ﬁz‘K(O)-i-Clt) tEeK-
P \0<j<1/x—1

A similar argument applied to (85 (tA0k)—BE | (tA0K)) /5K gives the converse
inequality, so, recalling that AX(0) = 85 (0), we finally obtain that there exists
a constant C independent of K, ¢, t and L such that, almost surely on the
event Qi (L), for alli € {0,...,1/6g —1} and t < T,

MBI A0l < C| _max (A8 O)]+ B (0) +1+7

Finally, defining Qx as the event of probability converging to 1 where

AgBE (0 Koy< A o + 1
Ogjgll%(x—l‘ Kﬁz ( )‘J’_Bz ( )— +H50” + 1,

where the constant A comes from Assumption on the event Qg (L) N Q K
we have for t < T,

_ 1
IARBEANOK) < C A+ |Bolloe +2+ T + G(L)T <W +€Klog(K)>} )
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To conclude the proof of Proposition [3.6] we first fix 7' > 0, set
Ly = C(A+|Bollc +3+T) (3.19)

and choose K large enough such that CT G(L) (ﬁ +ex log(K)) < 1
Then B
P(TK(LT) > T) > P(QK(LT) N QK) — 1.
K—o0

Combining the last estimate with Lemma 3.5|ends the proof of Proposition (3.6
O

3.4 Proof of Theorem [2.4]

In a first step, we prove that the sequence of laws of (8/,t € [0,T])x is tight
in P(D([0,T],C(T,R))). We will then check that it is actually C-tight.

Let us recall that the random functions 5% € D([0,T],C(T,R)) are defined
in as follows. For all z € T, let i € {0,...,1/dx — 1} be such that
x € [0k, (1 + 1)dk), and set

B (@) = B () = BE () (1= = ) + B0 (= — 1),
K K
where, by convention, ijaK (t) = BE ().

Let us recall that the proof of Theorem [2.4] is based on the criterion of
Jakubovski [22] recalled in Section Our goal is to prove Conditions (i)
and (ii) therein.

Let us first prove (i). By Ascoli’s Theorem, we know that a compact set K.
is a set of equi-continuous and equi-bounded functions. By Corollary [3.4 and
Proposition [3.6] we have, on the event {6 (Lr) > T'} of probability converging
to 1 when K tends to infinity, that, for all z € T and all ¢ € [0, T7,

BE(x) = (x — i0k) AR BE () + BE(t) < Lok + O(T),
so the sequence (EtK ,t € [0,T])k is equi-bounded. Furthermore, recall that,

by (221, for z,y € T,

Bl @) = BEW)| = p@y)  swp [ARBF()] < Lrp(e,y).
0<j<1/dx—1

We deduce that the sequence is equi-continuous and (i) is proved.
Let us now prove (ii), i.e. that for all f € C(T,R), the sequence of laws of
the real-valued processes

XE(f) = /T BE (1, 2) f (x)da

1/6x—1 i+1)5k
_ z; [ﬂf(t) /i::)a (Hi—%)f(w)dx
0 /:HW (5. - z’)f(sc)dx}
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is tight. Recalling that 8 (t) = AK(t) + M[(t), the process X;( is a local
semi-martingale with Doob-Meyer decomposition X ;( = A;{ + M ;( , where

A () §jﬂﬂ%>/ﬁHﬁK1 “ ) f(@)d

t) = ;i (t +i——)f(xr)dx

7 i . ( 5K)f
(i+1)0x o,

+Aﬁaw/‘ (Z — i) f(a)da

oK oK
and M ]f( is defined similarly using M<(¢) instead of AX(2).

We use Aldous and Rebolledo criteria (see for example Joffe-Métivier [23])
to prove the tightnes of the sequence (XJ{() Let S be a stopping time for the
filtration of the underlying Poisson point measures, a.s. in [0, 7]. We need to
estimate for a > 0, the quantity ]P’(\A?((S +a)AT) — A?(S)\ >n) for n > 0.
From (2.16)), we deduce
AF((S+a)AT) — AF(S) =

(i+1)05 .
Z{(/ (1+i—)f(x)dx)

Sx 0K

1 /((S+a)/\T) log(K) b( 5 )NK< ) | (1 1 )
— 1 i (s)log |1+
lOg(K) Slog(K) K NK(S)

+ d(id g )N (5) log (1 — N;(s)> )ds

]

1/6—1—[1/26k |

1 .
 Tog(K) > hiep((£+ )0k )G (hicl)
. b=—|1/20K |
% i\s)1og +> S
Slog(K) s NZK(S)

1 /((S+a)AT) log(K) b(( 1)5 )NK ( ) | . 1
X | —— i+ iri1(s)log | 1+ ———
log(K) S'log(K) K i N£1(5)

+d((i 4+ 1)dx )N} 1 (s) log (1 — NK1(3)> )ds

i+1
1/0x—1—|1/26K |

1
+ i > hiep((€+ i+ 1)x)G(hit)
/((S+a)/\T)10g(K)NK (5)1 1 d
X ir1(s)log [ 1+ sl p.
Slog(K) it Nz'l—l(—l(s)
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Using (3.14]) and the definition of 0 (L), proceeding as in the proof of Propo-
sition we have

E(|AF ((S 4 a) A0k (Lr) AT) — AF(S A0k (Lr))|)
1/6—1

C
log(K)
1/0x—1—]1/20k |
+ > hicp((€+ )05 )G (hil)
(=—[1/26]

<

OK

(1+1)0xk L
/ | f(x)]dx{2(b + ) alog(K)

(S+a)N0k (L1 )AT) log(K) NK
(SAOk (L7)) log(K) Ni*(s)
1/0k—1—1/26K |
+ > hicp((€+ i+ 1)8x )G (hicl)
e=—[1/26]

(SA0x (L1)) log(K) N[ (s)

< aC [2(b+d) + 2pG(L)] || f]loo-

By Proposition Ok (Lr) > T with probability converging to 1, so we
deduce from Markov’s inequality that, for all € > 0 and 1 > 0, there exists «
such that,

limsupsupIP’(]Aff((S +a)ANT) — A?(S)\ >1n) <e¢,

K—400 S
where the supremum is taken over all stopping times S < T'. This is Aldous
criterion for Aff (t).

It remains to prove a similar property replacing AJ{( by (M J{( ). This can be
done similarly using (2.18). Computations are actually simpler by Lemma

Hence we have proved that the sequence of laws of (35t € [0,T))k is
relatively compact in P(ID([0, T],C(T,R))). We prove below that this sequence
is actually C-tight and that the Lipschitz estimate is satisfied with the
value of Lt of Proposition [3.6

Since |85 (t) — BE(t—)| < C/log(K) for any K, i and t, we have

lim P(sup IBE = B Jlso > €) = 0.
t<T

Then, we deduce from Proposition 3.26 in Jacod-Shiryaev [21) p.315] that, for
all f € C(T,R), the sequence of laws of X}{ defined in (3.1)) is C-tight. We

proceed by contradiction to deduce that (ﬁK ) is also C-tight: if this is not
true, there exists an event (2; of positive probability such that, for all w € €,
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there exists top(w), a(w) and a ball B(w) C T of positive radius such that, for
allz € B, B B

11 (2) = By (2)] > v (3.20)
Therefore, there exists non-random « > 0 and € > 0 and i € {0,1,...,[1/e] —
1} and an event Qo C Q of positive probability such that (3.20)) holds true for

all x € [ie, (i + 1)e] and for this non-random «. Now, we define f; € C(T,R)
with support in [ie, (i+1)e] and positive on (ig, (i+1)e). Then, for all w € g,
lim inf | X £ (tg) — XK (to—)| > > 0.

fggféo‘ 7. (to) 5 (=) = awe[(z-ﬁ-l/S) (i4+2/3)e] [ fi(@)]
This is a contradiction with the C-tightness of (X Jff )
We now prove the Lipschitz estimate fO}" B. Using the ASkorohod represen-
tation theorem, we can construct copies X of 5% and 8 of § in the Polish

space ([0, T],C(T,R)), such that (5%) converges (up to a subsequence) al-
most surely for the L*> norm on [0,7] to 8. We then define

AK . 7AK .
2K _ inf inf{tZO:w (t,i0x) — 3 (t’]‘SK)‘>LT}.

i#j€{0,....1/65 1} p(id5, jOK)

Then 7 is distributed as 7x in (2.20]). It then follows from Propostion
that 7x > T with probability converging to 1. Hence, for all  # y € T,
almost surely
B(t,x) = B(t,y)| = lim |35 (t,x) — B¥(t,y)| < Lt p(a,y).
K—+o0

By continuity of B we deduce that this property holds, almost surely, for all
z,y € T.

4 Identification of the limit as a viscosity solution
of a Hamilton-Jacobi equation

Theorem [2.3] will be deduced from Theorems 2.4 and 2.5l In the previous
section, we proved Theorem [2.4] i.e. the C-tightness of the laws of (ﬁt ,t €
[0,T])k for all T > 0. Hence, the sequence of laws of (35t € [0,T])x admits
at least one limiting value. Our aim is now to prove Theorem i.e. to
identify the limiting path as the unique viscosity solution of the Hamilton-
Jacobi equation .

Let § be distributed as a limiting value of the laws of (3/,t € [0,T])k. By
Theorem [2.4, 8 belongs to C([0,T] x T, [0, +oc)). In the sequel and with an
abuse of notation, we denote again by (5tK ,t € [0,T])x the subsequence that
converges in distribution to 5.

We define AX as the piecewise affine interpolation of the AZ-K as we did

for EK in (2.11). It follows from Lemma that AKX — BK converges in
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law, and thus in probability, to 0. Therefore (EK BK BK ) converges in
law to (0,3) and thus (AKX, 3%) converges in law to (3, 5). We apply the
Skorokhod’s representation theorem to the random variables (5%, AK , ) on
the Polish space D([0,T],C(T)) x C([0,T] x T)2 there exist a new probability
space (Q A, IP’) and random processes BK AK B and MK BK AK on this
space such that (AK , ﬁK ) has the same distribution as (AK , BK ) and converges
almost surely to (3 B), where ﬁ has the same distribution as 3. Let us denote
by QO the event where the convergence holds.
We also define for the value Ly introduced in Proposition

O ={weQ : sup sup \]\/I\K(t,wﬂ < ek,
z€T t€[0,T

1% lip < L, (tym)ei%fT]XTﬁK(t,iﬁ) > a},
where €} = 0 12 fg—a/2 converges to ( by . It follows from Lemma
Proposition and Lemma |3.5| that ]P’(QK) — 1 when K — +o0.

Notice that for K fixed, both AK and BK are cadlag functions almost surely
with values in the set of piecewise affine functions of x between the grid points
10k (this set of cadlag functions is a measurable subset of D([0,77],C(T))). We
set AK(t) = AK(t,idk), BE(t) = BE(t,idk) and NX(t) = KB (t/10s(F) for
alli € {0,...,1/dx —1}. In addition, the processes XK and ]VZK satisfy almost
surely the relatlon (2.16) for all t € - [0, 77, because involves measurable
functions of the processes AK and IV; NE. We define Ql as the event where these
almost-sure properties hold true and we notice that the set

Qo = @0 N @1 N limsup@K
K—+o0
has probability 1.
To prove that ( is a viscosity sub-solution of Equation (2.12)), we work w by
w in Qg. Let w € Qp and T" > 0 and consider a smooth function ¢ : [0,7] x T

(depending on w) such that B(w) — ¢ attains a strict global maximum on
[0,7] x T at the point (t(w), Z(w)) such that #(w) > 0. We will prove that

o
P4

i~2|

) < b(z) — d(z) + p(z) /R G(h)e" =) g,

Since AK (w) is continuous and converges in L*>([0,7] x T) to (3, there exists
for K large enough a local maximum of A% (w) — ¢ on [0,7] x T at a point
(ti (W), zx (w)) such that (tg(w),zx(w)) = (t(w),Z(w)) as K — oco. Assume
K is large enough so that tx(w) > 0.

From now on, we will omit the dependencies with respect to w € €y to avoid
heavy notation.
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Defining ix € {0,...,1/dx — 1} such that ixdx < xx < (ix + 1)dx, we
have

0 ~ rg . d~ rg .\ d ek
A i) = (1= 52 i) AL (t1) + (5= = i) AT (tc)
TK . SK . 1
(1= 5o i) NI (11 o () (i) og ( R i oa(E))
1
+ d(iK5K) log (1 — =<
( NE (tx IOg(K))))

(GO 3o Yog(E) (bl + 1)) og (1+ <

5K K N£+1(tK log(K))

1
i dr) lo - =
+d((ix + 1)) log (1 NE , (tr log(K)) )

1/ —1—|1/20x |

+(1- :§7K +iK) > hicp((£ + ik )0k ) G (hict)
K t=—[1/26x]
R 1
x N, (tx log(K))log (1 + NE (tx log(K))
1378 K
- 1/0x—1—|1/26K |
+(5o—in) D, hap((C ik +1)0K)Glhct)
K (=—|1/26K]
~ 1
X N{igei (b Jog(K)) log (1 + NE . (tx log(K)))'
1K

Using that for all z > —1/2,
blog(1+ x) + dlog(l —z) < (b— d)x. (4.1)

and using K (t,z) > a for K large enough (by definition of €y), we deduce
that

0 C

&ﬁK(tK, rr) < (1 - %j + i) (b(igdx) — d(igdx)) (1 + =)
+ G5 = i) (bl + 0)6x0) = (i + Dox)) (14 9

. /65 —1—|1/265]
+ (1=~ +ix) > hxp(( + ik )0k )G(hil)
K (=—[1/26]

OB INBE  (0)=Bl, () 1 KQ )

X

. 1/6—1—[1/26k |
+ (55 —ig) > hp((€+ ik +1)0k)G(hil)
(=—11/26]
OB BE e i) =Bl ) 1 Oy

Ka

X
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We next use the fact that u, b and d are C! functions in T to obtain, modifying
the constant C' if necessary,

gthK(tK, rx) < (b(zr) — d(zr) + Cox) (1 + %)
1/0k—1—]1/26K]
-y S hkplek) + Cok(1¢] +1))G (ko)

0K 0=—|1/26x )

« BB ) =Bl () gy C

1+ 2=
. 1/6k—1—|1/26k |
+ (2K —ig) Yo hi(plrk) + Cox (1€ + 1) G(hil)

oK (=—[1/26x]

% elog(K)(B\ﬁiK-H(tK)*Bz‘I;Jrl(tK))(1 + g) (42)

Ka

Since (tx,Tr) is a maximum point of AK — v, we deduce that

)

(1) = Bl (tc)
B (e, o) = B (e, wrc) — (B (i) = B (ko))
< @(ti, j0x) — lti, wx) + MS (i, jorc) — M¥ (i, zx)
— (B (txe) = B¥ (b 7))

=@

and similarly for Bfil(t;() - Bff(ﬂ(t;(). In addition,

o(tr,jor) — o(tx, TK)
< (j — i)k Oup(ti, vi) + Oz — ixdx|) + O(f — ix|*0%).

Therefore, since w € lim sup Q K, there exists a subsequence in K (still denoted
K) along which

BE(tk) — BE. (tx)
< (j—ig)ogOzo(tr,zK) +C (|{L‘K —igOK|+1|j — Z'K|25%< + EK)
< (j — ix)0xOup(ti, ox) + C(|j — ix[*0% + 0k +€k)

and
BE (i) — BE |1(tk) < (j — ik )k Oup(tc, ax) + C|j — i 0% + 0 +ex).
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Combining these inequalities with (4.2)), we obtain

(tK,l‘K) < %AK(tK,xK) < (b(xK) — d($K) + C(SK)(l + g)

Ka
1/65—1—[1/20x |

+ Y he(pek) + Cx (| +1)G(hict)
t=—|1/26K |

875

Note that the first inequality above comes from the fact that (tx,zx) €
(0,7] x T is a maximum point of AK — o in [0, 7] x T, with the maximum
being attained possibly on {T'} x T. Since p(xx) — p(Z) when K — +o0, to
prove the convergence of the sum in the right-hand side of , it is sufficient
to study the convergence of

1/65—1—[1/25x | ey
S = Z hKG(hKﬁ)ethM(tK’zKHC log(K)
(=172

Recall from Assumption that G'is continuous and that there exists R > 0
such that G is nonincreasing on [R,+o00) and nondecreasing on (—oo, —R)].
We first notice that

[R/hic) et
So = Z hKG(th) i Oz (tic i)+ O 5,17y
Ty

is a Riemann sum which converges to f_RR G(y)eyalg"(ﬂ“_”)dy. Hence we only
have to deal with the remainder S — Sy. We detail the analysis for

1/5K*1*L1/26KJ (hK£)2
Se= > hiGhgl)e OO
= I_R/hKJ +1

A similar computation applies to the lower tail.

For all & > 0, there exists Ky such that for K > Ky, |O.¢(tk,zx) —
Or0(t,Z)| < e. Hence, setting ¢ = 9,p(t,Z) and recalling that G is nonin-
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creasing on [R, +00), for K large enough,

1/0x—1—|1/26K]

Sy < Z hiG(hkl)e th“Cﬁoﬁfﬁ) +ehle|
¢=|R/hk|+1
1/6k—1— L1/25
< K= K /hKf G h E th£+C(loé(( )) Tehgle| d
(= |_R/h J+1 hg(£—1)

hi /26K v2+hg Clyl+hg))
hp+CYL T YT K h
< / G (y)etHalhae+ ORI e i) g

~Jr

log(K)
§/ G(y)eqerCy ;g;?llg)lyl+5\y|(1+€) dy.
R

Observing that, for |y| < (log(K))Y/3,

y? + 2hk|y|
log(K)

when K — 400 and that, for |y| < log(K),
decompose the domain integration as

[R,log(K)] = [R, (log(K))'/?) U [(log(£))"/?, log (k)]

to deduce that, for K large enough,

< (log(K)) '3 4 26 (log(K))Y/3 = 0

y3+2hi |yl

Tog(K) < y + 2hg, we can

(log(K))/#

S <1+ 25)/ G(y)e+elvl gy
R

log(K)
+(1+ 26)/ G(y)elatOv+ell gy
(log(K))!/*

I qy+elyl 1+ 2e )elatC+2)ly]
< (1 + 26) - G(y)e dy + W G dy

For the second inequality, we used that, for ¢ < 1, el < e2Iyl=(log(K))'/? g
all y > (log(K))'/3. Now, by dominated convergence,

“+o00 “+00
/ G(y)e+ellgy — G(y)eWdy.
R e—0 R

To conclude, recalling that ¢ = 9,¢(t, T), we have proved that

limsup S < / G(y)ev2= 2t gy
K—+o00 R

Therefore,



We conclude that § is a viscosity sub-solution of in (0,77 x T.
Following similar arguments, we can prove that [ is a viscosity super-

solution, and hence a viscosity solution of in (0,7] x T. The result

then follows from uniqueness of a Lipschitz viscosity solution of 2].
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