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Abstract

This document is a companion paper to Ferraty et al. (2013) in which an
exploratory tool has been developed for detecting structural changes in some
functional dataset. Its aim is to develop asymptotic theory for the method
described in the previous paper. However, it is written in some self-contained
way in order to be used for people who are only interested with technical aspects
linked with cross-validation theopry with functional variables. The proofs are
presented with all details, with main hope to overpass the specific problem of the
paper (structural change detection) in order to be helpful for the future in any
situation involving cross-validation and infinite dimensional random variables.
Key Words: Functional data; Asymptotics; Cross-validation; Hidden struc-

ture detection.



1 INTRODUCTION

In recent literature, many works have focused on the functional regression model with
scalar response from both parametric viewpoint (Ramsay and Silverman 2005) and
nonparametric one (Ferraty and Vieu 2006). In this paper, the general nonparametric

framework has been chosen and the regression model given by

Y =r(X)+e,

has been studied, where Y is a real random variable, X is a random variable valued
in a separable Hilbert space (H, (-,-)), r : H — R is the regression operator, and € is
a real random variable such that E(e|X) = 0 and E(e?|X) = 0%(X) < oo. Sometimes,
one is confronted with complex regression structures, which are unlikely detectable
using standard graphical or descriptive techniques, such as the existence of different
subsamples of functional covariates or different regression models in the sample. In
Ferraty et al. (2013) an exploratory tool, based on cross-validation ideas, has been
developed and its nice behaviour on finite curve datasets (simulated or real) have
been highlighted. The aim of this report is to complete the understanding of this
method by studying its asymptotic behaviour.

Section 2 recalls the methodology while some specific notations are staetd in Sec-
tion 3. The method is based on the behaviour of some specific nonparametric estimate
constructed by taking in consideration some structural change. So, the main theoreti-
cal advances are divided into two parts. Firstly, in Section 4, one states as preliminary
results some asymptotic theorems (with rates) for this new estimate. Then, in Sec-
tion 5, we will validate the exploratory structural analysis tool given in Ferraty et al.

(2013). The end of the paper contains the proofs.



2 RECALLING THE METHODOLOGY

2.1 Kernel nonparametric estimates

From now on, let {(X;, Y;)}, be a sample of independent and identically distributed
(i.i.d.) pairs as (X,Y). The key of the procedure is to rewrite the regression operator
given by r(z) = E(Y|X = z) as a finite sum of operators as follows. First of all, let
U be a function such that ¥ : H x R — &, being £ a beforehand fixed space, and let
{(&7; .., &R, ) Juer be an indexed family of sets such that Ng is a fixed integer such

that 1 < Ne < oo and, for all v € T,

5;} Cc€& Vse S, 8:1 ﬂé’;’z = (Z) V81,82 € S such that S1 §£ Sa,
PU(X,Y)e &) >0 Vses, and PU(X,Y)eU,s&) =1,

where S = {1,..., Ng}. From now on such a function ¥ will be called structural
function.

For each s € S, the next definitions can be introduced Y,” = Yl y(xy)ecev} being
I the indicator function, r}(z) = E(Y,"|X = z), and €. = elfy(x,v)ecv}. Thus, one
gets that Y = > Y r(x) = Y  ori(z), and € = > o €v. Consequently, the

regression model can be expressed as

ZY;’ :Zr;’(X)—l—Zeg.

seS seS seS

Once the regression operator r(-) is written as the sum of the operators r¥, each

component rY can be estimated separately, using the sample {(X;, Y;%,)}",, where

1y T 1,8

Y = Yiltw(x, vieevy for i = 1,...,n. Thus, an indexed family of estimates can be



built by means of

M) =) (), YweT.

ses

Specifically, for each s € S, the following kernel-type estimator

Ez 1 zs (hS_IHXl_':EH)
> iy K (R X — z])

r(x) =

has been taken, where || - || = (-,-)!/? is the induced norm of H, K(-) is a kernel
function, and hs = hg(n) is a sequence of strictly positive real bandwidths such that
hs € H, C RT for all s € S. Hence, the estimator 7V previously introduced can be

expressed as
Z z 1 zs ( 1“X—LL’||)
> iy K(hH| X —zf])

seS

(2.1)

Note that, when the same bandwidth is selected for all the components 7{ in the
estimator 7Y, that is, when exists h € H,, such that hy, = h for all s € S, the proposed
estimator (2.1) is just the standard kernel-type estimator given by

) — ke V(X — al)
S KB X =)

(2.2)

which has been studied in detail during the last few years (see, for instance, Ferraty

and Vieu 2006; Ferraty et al. 2007, 2010).

2.2 A special case

To fix the idea let us consider the simple situation when H = L?[a,b] and when the

hidden structure is just acting as a splitting of the data into two subsamples. This



can be modelled by means of strutural function ¥ in which:
E=R,T CRand Ng =2.

In this case the indexed family of pairs {(€},E) }oer is given by £ = (—oo, v] and

&Y = (v,400) for each v € T.

2.3 The Cross-validation structural detection method

. From now on, the following notation is going to be used: ({hs}ses) = (h1,. .., hn,),

Ng

(0, {hs}ses) = (0, R, i), HN = Hox 25 xH,, and T x HYe =T x H,x -
x H,. The idea is to look at the predictive performance of the estimator 7¥. At this
end, one of the most widespread techniques in the literature is a cross-the validation
method. This technique has been firstly investigated (and theoretically motivated)
by Hardle and Marron 1985 for bandwidth selection in multivariate problems and
extended to functional data in Benhenni et al. 2007 and to other parameters than

bandwidths in Ait-Saidi et al. 2008. In this case, the aim is to find (v, {hs}ses) €

YT x HM¢ minimizing the criterion

n

CV (0, {ho}ses) = = 3 (¥ = D), (23

j=1
where 77 (2) =3¢ 729 () being

iz Vi K (W1 X = x])

AU7(_j) _
7 x) = ~
) = = RO, )

s




Minimizing the CV criterion defined in (2.3), the model parameters (v, {hs}ses) in

the estimator (2.1) will be estimated by

(Ucw {hs,cv}ses) = alr'g min CV(M {hs}ses)-

(v{hs}ses)ETXHpE

This criterion serves as exploratory tool for dtecting (or not) some possible changes
in the structure in the data, as illustrated in Ferraty et al. (2013). The main aim our

paper is to study its assymptotic optimality property (see Section 5).

3 SOME NOTATIONS

3.1 The general setting.

Let K,; be K, (z) = K(h;'||X; — ||), and introduce the following terms

Hence, the estimator 7Y can be expressed as

P (z) = Z Z?:l }/;Usksz(x> _ Z T
ses Z?Zl Ks’i(l') seS /f?g,D(l’)

Analogously, adopting the following notation




then #*(=7) can be built by means of the next expression

. YUK, (a e
) = YRy
D it K,i(x) 2

seS SES s, D [L’

In the following C' will denote a generic positive constant which may take on different

values even in the same formula.

3.2 A particular scenario

Suppose that
(H.1) there exists a compact set C of H such that P(X € C) = 1.

Moreover, assume that £ is a metric space, provided with a metric pg(-,-), and ¥ is

only related to the covariate X such that

(H2) ¥ :H xR — & with U(x,y) = ¥U(z) for all (z,y) € H x R, where U : H — &

is continuous on C.

Note that when the change only depends on X

Yy = YH{@(X)egg} and rJ(X) =E(Y/]X) = (Y|X)H{\p X)egv} — T(X)H{\i/(X)eg;a}-
(3.1)
Given that W is continuous on a compact set C, ¥ is uniformly continuous on C by

Heine—Cantor theorem. Thus, for any € > 0, there is a 0 > 0 such that

Vi, xy € C satisfying |1 — 25| < J, the inequality pg(¥(z1), ¥(z2)) < € holds.
(3.2)



On the other hand, let {(£7,...,&X, )} ver be an indexed family of sets such that

Ng is finite and

(11.3) EYCE VseS, E2NEL =10 Vsi,s,€ S such that s; # s,
' P(U(X)€E) > >0 Vse S, and P(VU(X) €, &) =1,

which also satisfies the following condition

(H.4) there exists D > 0 such that

D= 51782r£,21#82 Pe (8;}1’ g;jz)’ where pg(g;jl’ 8;}2) - e1€5§ilr}£2€5§2 pg(el’ 62).
It is important to highlight that, since ¥ is uniformly continuous (see (3.2)) and
D > 0, there exists dp > 0 such that for all x1, 2y € C verifying ||z; — x5|| < dp,
pe(U(x1),U(xy)) < D, and as result, ¥(z;) and ¥(z5) belongs to the same subset of
{(51}7 s 7811\115)}U€T- Hencev

Vxl,l’g c C Satlsfylng ||£L’1 - .:CQH < 5D, H{@(m)é&;‘} - I[{\I/($2)€g;‘}7 VS c S (33)

Therefore, in the situation that has just been described, if the bandwidth hg

satisfies hy < 0p, (3.1) and (3.3) imply that 7¥(x) is indeed

_ Z?:l )/;]I{\i/(Xl)esg}K87l(z) Z?:l }/;Ks,l($) - A
> i (@) > i Hsi(@)

7 (x)



where 7, is the standard kernel estimator with bandwidth A (recall that the standard

kernel estimator is defined as

S VKX~ )
S KX, —all)

7n(x) (3.5)

where h is the smoothing parameter or bandwidth). In addition, since there is only
a s, € S such that U(z) € &Y, 7Y () is the only non-null component of 7#(x) and,
consequently, #(z) = > o7 (x) =77 (x) = 75, ().

Remark 3.1. In a certain sense, 7¥(x) can be seen as a kernel-type estimate with
“local” bandwith which depends on the value W(z): for all 2 € C such that ¥(z) € £,
the kernel estimate is computed using the bandwidth hq; for all z € C such that

U(z) € £, the kernel estimate is computed using the bandwidth hs,. . .

4 Mean square convergence of kernel estimate

In the following, let x € C be a fixed element, such that s, denotes the only s, € S
such that ¥(z) € &, . Expectation and variance of each component 7 of the proposed
estimator 7V are given in this section for the scenario described above. Hence, the
expectation and the variance of 7V can be obtained as a corollary.

Next, before formulating the theoretical results of this section, the following func-

tions are introduced
Vo (t) =E((r(X) —r(2) || X —z| =¢), VteR,

and
‘Pw(ht>
@z(h)’

Ton(t) = vt € [0,1],



where @, is the small ball probability given by ¢.(h) = P(||X — z|| < h). Moreover,

the following assumptions are also required for stating the results below:

(H.5) ¢.(0) =0, and 7, 4(t) = 7,0(t) as h — 0 for all ¢ € [0, 1].
(H.6) r(-) and o2(-) are continuous in a neighborhood of z.
(H.7) ¢.(0) exists.

(H.8) For all s € S, the sequence of bandwiths hg verifies that lim, .. hs = 0,

lim,,_, o N, (hs) = +00, and hy < dp (with dp defined as in (3.3)).

(H.9) K(-) is a kernel supported on [0, 1] with a continuous derivative on [0, 1) such

that K(1) > 0 and K'(t) < 0.

Theorem 4.1. Under (H.1)-(H.4), if (H.5)-(H.9) are satisfied, then for all s € S

B(2(0) = (1) + 0372+ 0 () + o)) Ty

v M, 1 1
Var(fg(r)) = (Uez(l") ng s (hy) +o (W)) ]I{\i/(x)eggp

Cou(ry (x), 7y, (x))

? 7 89

0,

with My = K(1) — [i (¢K (8))'uo(t)dt, M,y = K(1) — [ K'(t)7,0(t)dt and M, 5 =
K2(1) — [ (K2 (t)70(t)dt.

10



Corollary 4.1. Under the assumptions of Theorem 4.1, one gets

v s ooy Ma,
E(F (@) = r(e) + (0322 D hlacen

oseS

+) (O (W%(h)) + O(hs)) Lp@eery

M, 1 1
Var(7®(z)) = o2(z) ~—= L (myeevy T (0(7))H~x v
(@) = oc@) g 2o fween + 2o oy ) ) T

n
ses Pa seS

with Myo = K(1) — [ (K (8) reo(t)dt, Myy = K(1) — [ K'(#)rs0(t)dt and My =
K?(1) — fol (K?)(t)T,0(t)dt. In particular, if s, denotes the only s, € S such that

U(z) e £y, then

E(?"(z)) = r(x) + 1. (0) Mz hs, + O (

i i) olh)

nYy (hsz

AU Mx’ 1 1
Var(r*(z)) :a?(m)szingo ™ + 0 (7714,0 0 )) .

5 ASYMPTOTIC STUDY OF CV CRITERION

5.1 Introduction

Recall the CV criterion that was proposed in Section 2 in order to choose the param-
eters involved in the proposed estimator: (v, {hs}ses). The theoretical results below
are focused on showing the optimality of this data-driven selection regarding to the

mean integrated squared error given by

MISE(v, {hs}ses) = E((r(X) — #7(X))?),

which depends on the unknown regression operator and it is incalculable in practice.

The first optimality result ensures that (vov, {hscv}ses) approximates the optimal

11



choice in terms of MISE criterion, that is, (vov, {hscv}ses) approximates

(U*a {h:}SES) = arg min MISE(U> {h'S}SES)‘

N,
(v{hs}ses)EX X Hy €

5.2 Technical assumptions

First of all, it is necessary to introduce the definition of the Kolmogorov’s (—entropy
and certain assumptions. Given a subset S C H and ¢ > 0, the Kolmogorov’s (—
entropy of S is defined as Hg((¢) = log N¢(S), where N¢(S) is the minimal number of

open balls in H of radius ¢ such that S is covered, that is,
N
Ne(8) =min{N € N: 3(z,...,2y5) € Hx V. xH such that S C | ] B(ay, ()}
k=1

with B(zg, () = {z € H : ||z — zx|| < ¢}. Besides, the conditions which are required

are the following:

(H.10) ¢.(0) = 0 and 7, 4(t) — Tx0(t) as h — 0 for all t € [0,1], for all z € C.
Furthermore, for h > 0, 0 < ¢;0(h) < @.(h) < ca¢p(h) < 400 for all z € C,
being c1,co > 0 and ¢ a bijective increasing function satisfying that dcg > 0

and Jhy > 0 such that ¢'(h) < ¢z for all h < hy.

(H.11) For all s € S, there exist ¢4, c5 > 0 such that ¢yn™2 < ¢(hs) < czn™", with

0 < v <y <1 (thus, lim, . ng(hs) = +00).

(H.12) There exist cg > 0 and § > 0 such that |r(x;) — r(z2)| < cgl|1 — 22]|?, for all

X1, To € C

(H.13) Forallp > 1, E(JY]P|X =2) < ¢; < 400 for all x € C.

12



(H.14) There exists cg > 0 such that E(Y?|X = ) = o(z) > cg, with ¢ continuous on

C.

(H.15) K(-) is an asymmetric, bounded and Lipschitz kernel supported on [0, 1] with
a continuous derivative on [0,1) such that K (1) > 0 and K'(t) < 0 for all

te0,1).

(H.16) For all s € S, the sequence of bandwiths hg verifies that lim,,_,. . hs = 0 and

hs < 6p (with 0p defined as in (3.3)).

(H.17) For n large enough, (logn)?/(n¢(hs)) < He(logn/n) < (ng(hy))/logn, for all
s € S (note that this fact implies that lim,,—, . He(logn/n)/(n¢(hs)) = 0 and
limy, o0 logn/(n¢(hs)) = 0). Furthermore, the Kolmogorov’s entropy of C

verifies for some ¢g > 1 that

(H.18) card(Y x HNe) = n® with o > 0.

5.3 Asymptotic optimality of the cross-validated parameters

The first result is the main one of this paper since it states the asymptotic optimality,
with respect to Mean Square Error, of the parameters obtained by the cross-validation

procedure.

Theorem 5.1. Under (H.1)-(H.4) and (H.10)-(H.18), one gets

MISE(v*, {h*}ses)
MISE(vey, {hs,cv}ses)

—1 a.s.

13



5.4 Additional asymptotics

In addition, if ({h%(v)}ses) is defined as

({hi(v)}ses) = arg min MISE(v, {hs}ses),

({hs}ses)EHRE

then Theorem 5.2 indicates that ({h%(v)}ses) can be approximated by ({hs cv(v) }ses),

whereas Theorem 5.3 shows that both CV and MISE criteria have similar profile.

Theorem 5.2. Under hypotheses of Theorem 5.1, one has

MISE(v,{h*(v)}ses)
MISE(v,{hs,cv(v)}ses)

—1 a.s.

for each v e Y.

Theorem 5.3. Under hypotheses of Theorem 5.1, one has

CV(v, {hs,cv(v) }ses) — MISE(v, {h;(v)}ses) — 62 —0 a.s.

Ssu
er MISE(v, {h:(0) }ses)

22 _ 1N 2
where 67 =n"" Y €.

e —

6 PROOFS OF RESULTS OF SECTION 4

6.1 Proof of Theorem 4.1

As commented in (3.4), 7J(z) = 4, (2)§,eevy, Where 7y, is the standard kernel
estimator (2.2). The required assumptions in this theorem guarantee that Theorem 1

by Ferraty et al. (2007) can be applied, which stated the following asymptotics for

14



the standard kernel estimator

B, (2) = ) + 4057200+ 0 (s ) voln). (6
and
vm@m@»:ag@i%;wim)+o<m;@9), (6.2)

for all s € S, with My = K(1) = [, (K (1)) 70(t)dt, My = K (1) — [ K'(t)7,0(t)dt
and M, = K*(1) — fol (K?)'(t)7.0(t)dt. Therefore, the expectation of #Y(z) comes

from (6.1) as follows

E(r(x)) =E <fhs (SC)H{\i/(m)egg}) = E(fs, (x)>H{\il(m)€5§‘}

M, 1
= <7‘($) + w;<0>M ? hs + 0O (W) + O(hs)) La@yeery

whereas the expression for variance is obtained using (6.2)

2
Var (7 (2)) = Var(in, (2) g eery) = Var(n, (2)) (Liggoreesy )

= (02(93)M:‘”2 L, (é)) I,.
CIMZ e (hs) 1z (hs) {w(z)eey}

Furthermore, for all s, ss € S such that s; # sg, one has

Cov (7, (2), 72, (1)) = Cov (i, (g mrees ) Py () garces, )

= COV(’f’ml (SL’), ’f’hs2 (x))l[{\i’(m)éfé‘l}I[{\i/(w)ec‘f;’z} = COV(fhsl (LL’), thQ (x>>H{\i/(x)€6;’1 06;’2} = O,

since £ N EY = () for all s; # 55 due to (H.3).

15



6.2 Proof of Corollary 4.1

Given that 7V(z) = Y .o 75 (), one has that E(rV(z)) = > ¢ E(7Y(x)) and

Var(r ZV&I +Z Z Cov(ry (), 75, (x)).

sES 81€S8 s17#52

Hence, applying Theorem 4.1, one has that

- SR )
:ZQ(U+w<>w%+«(ajzﬁ+dMO%mww

and for its variance one gets

Var(r ZVar +Z Z Cov(ry (x), 7, (x))

s€S§ $1€S s1#£s2
M 1 1
2 x,2
- ———to|— | | Lgwee
SEZS <U @ )M21 npz(hs) o (mpw(hs))) {¥(z)eer}
M.
20-62(:(:> x2 I[ ZB s + < ( ))I[~;p v
v e + 2 (o () Bovoeen

Furthermore, if s, denotes the only s, € S such that ¥(z) € &Y, then

B o)) = rlo) + 02030, + O (s ) + olh)

.CB

and

16



7 PROOFS OF RESULTS OF SECTION 5

7.1 Proof of Theorem 5.1

The theorem will be proven by showing that

MISE(vey, {hs,cv}ses) — MISE(v*, {hl}ses)

—0 a.s.
MISE(vey, {hs,cv}ses)

Let 67 be defined as 67 = n~' 37 | €, and note that MISE(voy, {hscv}ses) >

MISE(v*, {h}}ses) and CV(v*, {hi}ses) > CV(vey, {hscv}ses). Thus, one has that

IMISE(vey, {hs,cv}ses) — MISE(v*, {h}}ses)| < | — CV(vey, {hscv}ses)

+ MISE(vav, {hs.cov}ses) + 62 + CV(v*, {h:}ses) — MISE(v*, {h%}ses) — 67

As a result, one gets

‘MISE(Ucv, {hscov}ses) — MISE(v*, {h}}ses)
MISE(vey, {hs,cv}ses)
CV(vev, {hs.cvtses) — MISE(vay, {hs.cv}ses) — 62
MISE(vey, {hs.cv}ses)

S ‘

N 'CV(U*, {ht}ses) — MISE(v*, {h!}ses) — 62 MISE(v*, {h%}ses)
MISE(v*, {h?}ses) MISE(vay, {hs,cv}ses)
_ )
S 92 sup CV(U> {hs}seS) MISE(Ua {hs}seS) O, ’
(v,{hs}sgs)ETXHi\r‘g MISE(Ua {hS}SES)

where the last inequality is true since MISE(v*, {h}}ses) < MISE(vevy, {hscv}ses)-

Hence, the convergence is deduced from Lemma 7.1.

Remark 7.1. Ait-Saidi et al. (2008) showed the asymptotic optimality of the cross—
validation techniques in the single-functional index model. The procedure and rea-
sonings which they proposed in their paper were mimicked in the proof of the technical

lemmas which are necessary to get Theorem 5.1 and obtain the theoretical properties

17



of the cross—validation method.

7.2 Proof of Theorem 5.2

This theorem can be proven mimicking the proof of Theorem 5.1 as follows. Given that
MISE(v, {hs cv(v)}ses) = MISE(v, {h%(v) }ses) and CV (v, {h%(v)}ses) > CV (v, {hscv(v)}ses),

it can be shown that

IMISE(v, {hs cv(v) }ses) — MISE(v, {h{(v)}ses)| < | = CV(v, {hscv(v) }aes)

+ MISE (v, {hs.cv(v) }ses) + 62 + CV (v, {h3(v) }ses) — MISE(v, {h%(v) }ses) — 67

RS B S
with 67 = n~' 37, €} as usual. Then

‘MISE(U, {hs,cv(v)}ses) — MISE(v, {hj(v)}ses)
MISE(v, {hs cv(v)}ses)
< ‘CV(% {hs,cv(v)}ses) — MISE(v, {hs,ov(v) }ses) — 62
S MISE(v, {hs.cv(v)}ses)
N )CV(U, {P2(v)}ses) — MISE(v, {hi(v)}ses) — 02 || MISE(v, {h;(v)}ses)
MISE(v, {h%(v) }ses) MISE(v, {hscv(v) }ses)
CV(v, {hs}ses) — MISE(v, {hs}ses) — 62
MISE(0, {h; Foes) '

<2 sup
(v, {hs}ses)ETXHn €

Consequently, the theorem is proven due to Lemma 7.1.

7.3 Proof of Theorem 5.3

In this case, one has that

|CV(U7 {hs,CV(U>}SES) - MISE(Uv {h:(v)}SGS) - Ae2| = ‘MISE(Uv {hs,CV(U)}SGS)

— MISE(v, {h;(v) }ses) + CV(v, {hs,cv(v) }ses) — MISE(v, {hs.cv(v) }ses) — 67

18



Therefore,

— MISE(v, {h*(v) }ses) — 62

€

‘ CV (v, {hs,cv(v)}ses)
MISE (v, {h*(v)}ses)
MISE(v, {hs cv(v)}ses)
= | MISE(v, {h*(v)}ses)
—+ ‘ CV(U? {hs,CV(U)}SES) - MISE(U> {h'S,CV(U)}SES) - 6-52
MISE(v, {hs cv(v) }ses)
| MISE(v, {hscv(v)}ses)
MISE (v, {h*(v) }ses)
MISE(v, {hs cv(v) }ses)
= | MISE(v, {h*(v)}ses)
CV (v, {hs}ses) — MISE (v, {hy}ses) — 62
MISE(v, {hs}ses)

_1‘

_1‘

+ sup
(v,{hs}ses)ETXHE

| MISE(v, {hs,cv(v)}ses)
MISE (v, {h*(v)}ses)

Hence, Theorem 5.2 and Lemma 7.1 allow to finish the proof.

7.4 Technical lemmas
7.4.1 Formulation and Proof of Lemma 7.1

The main aim of the next lemma is to allow to show the optimality of the CV
procedure with respect to the MISE criterion. For proving this lemma, one needs

to introduce some other quadratic distances such as the average squared error

ASE(v, {hubaes) = 3 (r(X,) = (X)) (7.1

Jj=1

and the following two terms

ASE(v, {he}ses) = — D (r(X)) = 7 D(X;)), and (7.2)

19



CT(v, {hshses) = — D (X)) = r(X))). (7.3)

J=1

2>|'—‘

Lemma 7.1. Under hypotheses of Theorem 5.1,

_ _ A2
sup CV(v,{hs}ses) — MISE(v,{hs}ses) — 62 0 as
(01{he )X HE MISE(v, {hs}ses)
where 67 =n~t Y70 €.
Proof. First of all, note that the CV criterion can be expressed as
1< » 1< i
CV (v, {hs}ses) = — > = (X)) = - D ((r(X5) = (X)) + ;)
=1 j=1

1< (i 2
= EZ(T(XJ)_T G+~
j=1 j

= ASE(v, {hs}ses) — 2CT(v, {hs}aes) + 67

= ASE(v, {hs}ses) — ASE(v, {hs}ses) + ASE(v, {h.}ses) — 2CT (v, {hs}ees) + 6

Therefore, one has

ICV (v, {hs}ses) — MISE(v, {hy}ses) — 62 < |ASE(v, {h;}ses) — ASE(v, {hy}ses)|

+ |ASE(U’ {hS}SES) - MISE(Ua {hS}SES)| + 2|CT(U> {h8}865)|'

20



Taking into account this fact, one gets

CV(U7 {hs}SGS) _ MISE(U7 {hs}SGS) B &52
MISE(U7 {hs}SGS)

sup
(v{hs}ses)ETXHNE

l&\S—E(Uy {hs}ses) - ASE(U7 {h'S}SES)
MISE(v, {hs}ses)

ASE(U7 {hs}s€S) - MISE(Uv {hS}SES)
MISE(v, {hs}ses)

CT(U7 {hs}SGS)
MISE(U7 {hs}SGS)

< sup
(v {hs}ses)ETXHE

+ sup
(vhs}oes)ETX Hp €

+ 2 sup
(vhs}ses)ETX Hp'

Then, the theorem is proven due to Lemma 7.2, Lemma 7.7 and Lemma 7.9. O

7.4.2 Formulation and Proof of Lemma 7.2

Recall that C' will denote a generic positive constant which may take on different

values even in the same formula.

Lemma 7.2. Under hypotheses of Theorem 5.1,

AE/E(U, {hs}ses) — ASE(v, {hs} ses)

MISE(w, {h}ocs) —0 a.s.

sup
(v {hs}ses)ETXHE

where /E/E(v,{hs}ses) and ASE(v,{hs}ses) are defined at (7.2) and (7.1), respec-

tively.

Proof. This proof is analogous to the proof of Lemma 3 by Ait-Saidi et al. (2008).
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By Lemma 7.3, the following expression for ASE(v, {h,}scs) can be obtained

n

ASE(v, {hases) = = S0 () = (X)) = -3 (Z (r2(X;) - f;f(Xj)))

j=1 j=1

-y (Z (7 (X)) (X)) - f:,N<Xj>>) 00 (ASE(v, {h}cs))

7=1 ses

= ASE*(’U, {hs}SES) + Oa.co.(ASE(U> {hS}SES))7

where ASE*(v, {hu}ucs) = 1™ S0, (Faes (P p(X)r0(X,) — 72 (X)))%  Analo-

gously, it can be seen that
1&\8-]/'3(7), {hs}SES) - l&\S-]/E*(U7 {hs}SES) + Oq.co. (1&\8-]/3(1)7 {hS}SGS))7

with ASE (v, {hs}ses) = 7" S0y (Xoes (P57 (X)re (X,) — A3  (XG)% In or-
der to finish the proof of the lemma, the equivalence between ASE*(v, {hs}ses) and
A/VSE*(U, {hs}ses) can be found by means of a similar procedure to that given by
Hérdle and Marron (1985) as follows.

First of all, note that

_ 1 YUK, (X, 1 Y2K(0
) - Ly TR | n K0
’ n— 1 B(Ko(X;) n—17 n = TE(Ko(X5))

(= 1 Koi(X;) no, 1 K(0)
PEIX) = =Y e o (X)) - — - :
n—1B(K,0(X;) n-—1 n— LE(K;0(X;))
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Hence, one has that

ASE' (v, {ho}aes) = (Z (7 P (XG)ry(X;) - f:;]%‘”mj)))

n—1
sES SES

= %f ( M (R () () — 7 (X)) + ) g e r;’(&))

= WASE*(Uv {hs}SGS)
S K O (Z (7 p (X)) (X)) — f:,N<Xj>>)
j=1 seS
VLot 1 a1 (g Y )
| (2 E(K&O(Xj))) O (2; . KS,O(X],))) |
and, consequently,
ASE" (v, {hs}ses) — ASE*(v, {hs}ses)| < %ASE*@ {ha}ees)
n 1 — v V(X ' Y;,js - T;j(Xj)
+ 2(n — 1)2K(0) E ; (; (TS,D(XJ) s (XJ) s,N(XJ>>> (; E(K&O(Xj)) ) ’
1 2 L vy, - (X))
M=l (Z E(Roa(X,) ) |
(7.4)
Using the Cauchy—Schwarz inequality, it can be found that
1 & . ) Vi, — (X))
- (G (X)) = (X, T
23 (Z( (X)X, = P >>) (Z E(KLo(X)) )‘
(7.5)

Y —ri(X;)

9\ 1/2
< (ASE*(U, {hs}SES))1/2 (i Z <Z m) ) .

j=1 \seSs
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In addition, the SLLN ensures that

SEEONY oo\
St (e ) e

whereas Lemma 7.4 states that

ve—rmx)) Y
(Z B(R 30<X>>) “7(2 ¢<hs>) ‘ (#1)

seS

Therefore, (7.4), (7.5), (7.6) and (7.7) ensure that

2n

|ASE (v, {hs}ses) — ASE*(v, {hy}ses)| < (1)

2L ASE (v, {h}ues)

(n—1)

1202 " K(0)(ASE* (v, {hy}ees) 1/2( e

) (14 045.(1))

sesS

1 ) 1
Ok 0) (Z ¢<h5>> (14 00 (1))

By the previous expression and Lemma 7.6, it can be found that

ASE’ — ASE*
sup S (U> {h's}SES) S ('U, {hs}SES) 0 as.
(Uy{hs}seS)ETXHfmvg MISE(Ua {hs}sES)
which leads to Lemma 7.2. O

7.4.3 Formulation and Proof of Lemma 7.3

For the lemma below, it is necessary to introduce the definition of the almost com-
pletely convergence. Let {Z,}.en be a sequence of real random variables, and let
{tn}nen be a deterministic sequence of positive real numbers. Then Z,, = O, o (uy)

if and only if 3¢ > 0 such that Y _P(|Z,| > cu,) < oco. In addition, note that

neN
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Borel-Cantelli Lemma ensures that if Z,, = O, . (uy,) then Z, = Oy (uy).

Lemma 7.3. Under (H.1), (H.10), (H.15) and (H.17), one gets

) He(logn/n)
v -1 :Oaco. ) v 57
st 11=0n ([ PEE) e

and

o He(logn/n)

(=4) c

sup |7 ) — 1 =04 0o —= |, Vse&b.
e lFep ()~ 1 < né(hs)

Proof. Ferraty et al. (2010) studied rates of uniform consistency for a generalized

nonparametric regression context in terms of almost completely convergence. In par-

ticular, the first statement in the lemma corresponds to Lemma 8 in Ferraty et al.

(2010). Furthermore, the result still hold if 7{ ,, is replaced with f:,’l()_j), since the

second statement can be seen as a corollary of the first one.

7.4.4 Formulation and Proof of Lemma 7.4

Recall that C' will denote a generic positive constant which may take on different

values even in the same formula.
Lemma 7.4. Under hypotheses of Theorem 5.1,

(i) forp=1,2,..., there exists cig, > 0 such that
p p
YV —r?(X) 1
E - - <c — | .
(= ) <o (Si)

E(KS,O(X))
(i1) forp=1,2,..., there exists c11, > 0 such that

p 1 p
E ( |Xz) S Cl1p (Z m) a.s.

seS

seS

(V5 — rd (Xa)) K 4(X3)

2 T R R ()

seS
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(111) forp=1,2,..., there exists c1a, > 0 such that for all i # j

Xi P 1 p—1
E ( |Xz> S Ci12.p (Z m) a.s.

seS
(iv) there exists c13 > 0 such that for all i # j

seS

- 2
(Y7 — ri (X)) Ky 5(X5) Lo (xieery
E Sk s~ : |Xz Z C13 -2 qa.s.
((Z B(R.o(X,) 2 oth)
Proof. Proof of item (i). First of all, note that (3.1) ensures that

Yy —ri(X) = Y]I{\i/(X)eé';J} - T(X)H{\I?(X)eé‘g} =Y - T(X))]I{xi/(x)esg} = E]I{\i/(X)eé‘g}'
(7.8)

Using (7.8), and the fact that £ NEY = 0 for all s; # s,, one gets

(s« (-Ede)

B , H{@(X)eﬁs,“}
_E (w 03 (E(Eazs,o(xw»p) |

ses

Yo —ri(X)
SEZS E(Ks0(X))

> Lweoeen
E(KS,O (X>>

seS

Then, by assumption (H.13) and Lemma 7.5,

“

£ 1 1)"
- )Sczwwgc(zms))'

ses ses ses

Yy —ri(X)
Z E<KS,0(X))

seS

Heoeery | _ E(H{@(X)Efs})
) " (Z )‘CZ (oh))"

seS seS

Proof of item (ii). By (3.1), (H.13) and the fact that £, NEY = 0 for all 51 # s,
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one has

)| | = |p H{‘i’(Xi)GE;’}K(O) g .

E( \XZ> _E<Iez\ (; E(Z. o (X) ) |XZ>
Teg(x,

< CE(l&[| Xi) 27

ses

“

Proof of item (ii). If i # j and || X; — Xj|| < hs, then (3.1), (3.3), (7.8) and

X- p 1 1 p
‘XZ) <C2 Gy =€ (Z ¢<h5>> '

SES 85 seS

assumption (H.12) lead to

Y7, = 6] < (Y3 =m0+ () — ()

7,8 s s

(7.9)
= |€ju[{\i/(xj)egg} + [r(X;) — T(Xi)u[{\if(Xj)GE;’} < (|| + Chf)ﬂ{@(xj)esg}-

Using (7.9), (H.13), (H.16) and the fact that £, N &Y = 0 for all s; # sy, it can be
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(V) = r2(X0)) Koy (X0)

2 T R )

shown that
p
\Xz)
ses

g
tixeen Ko (X))
(‘%H‘C (sGZS (Xz)) > ‘Xz>

U (X )eer KSY X ’
<E < (le;] +C)Ix;) (Z : E?)K 0}<X>§ )> 'XZ)

seS
< CE ((Z {W(Xj)égs}KS,](X)>p|X'> <CIE< fff,j(Xi) |Xz>
- o E(Kao(X0) )T\ G EE (X))
E(K?;(X,)|1X;) E(K? (X)) X))

- Z (B(K4 (X)) - Z (B(E(K,0(X:)| X))

seS
Hence, using Lemma 7.5,

“

(Y;,Js - Téi(Xz))ng( X;)
E(K0(Xi))

D

seS

Proof of item (iv). Using the reasonings presented in (7.9), (3.3), the fact that
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L NEY =0 for all s; # so, and (H.14), then

ses 370(
_E (Z (e + (r(X;) — r()fi)))2ﬂ{\i!(Xz)6€S“}K52j( i) \Xz>
ses (E(Ks 0<XZ>))2

IE(f(f’j(X,-)|Xi)]l{xi/(xi)esg}
c . .
20 (E(E(K,0(X:)|X))))2

seS

Therefore, using Lemma 7.5

vy, — (X)) K (x) ) L xpecp)
B <Z E(R.0(X,)) >2)>cz olhy)

ses

7.4.5 Formulation and Proof of Lemma 7.5

Lemma 7.5. Under (H.1), (H.10) and (H.15), for all v > 0 and for all i # j, there

ewist Cia, C15,4 > 0 such that
Cl4,'y¢(h's) S E(K;j(Xz”Xz) S 6157-y¢(h5) a.s., \V/S € S
Proof. Note that (H.15) ensures that there exist ¢, > 0 such that

C]I{te[071}} < K(t) < C/]I{te[071}}, YVt € [O, 1]. (7.10)
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For all v > 0, using (7.10) with ¢ = h;'|| X, — X;||, one gets
Mg,—xif<ny < K750 < () Tgix,-xi<hay-
Therefore, applying the conditional expectation, one has
FP(1X; — Xi|| < ha|X;) < B(KD(X5)]1X0) < ()P X — Xil| < Ayl X),
and, consequently,
ergp(hy) < E(K;Y](XMXZ) < ()2 (hs),

since (H.10) holds. Hence, the proof is finished by taking ¢4, = ¢’c; and c¢15, =

()7 es. O

7.4.6 Formulation and Proof of Lemma 7.6

Recall that C' will denote a generic positive constant which may take on different

values even in the same formula.

Lemma 7.6. Under hypotheses of Theorem 5.1,

1
MISE(w, {h}ees) = 16y ——
s 16; 0

Proof. This proof is analogous to the proof of Lemma 1 by Ait-Saidi et al. (2008).

For each (v, {hs}ses) € T x HN¢, one gets

MISE(v, {hs}ses) = E((r(X) — 7"(X))?) = E(E((r(X) — #(X))*| X))

= E((r(X) — E("(X)[X))*) + E(Var(#"(X)|X)) > E(Var(i*(X)]X)).
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Note that hypotheses of Theorem 5.1 ensure that Corollary 4.1 can be applied. Thus,
Corollary 4.1, assumptions (H.3), (H.10), (H.14) and (H.15) lead to

1 1 -
E(Var >C ) =C P(U(X) €&
1) 2O ol navan) = 80 €2
1
2C2 gty
which completes the proof of Lemma 7.6. O

7.4.7 Formulation and Proof of Lemma 7.7

Lemma 7.7. Under hypotheses of Theorem 5.1,

ASE(v, {hs}ses) — MISE(v, {hs}ses)

MISE(®, {h2Yocs) =0 as.

sup
(v{hs}ses)ET X Hp

where ASE(v,{hs}ses) is defined at (7.1).

Proof. This lemma is analogous to Lemma 2 by Ait-Saidi et al. (2008). Recall that

it was shown in the proof of Lemma 7.2 that

ASE(v, {hs}ses) = ASE™ (v, {hs}ses) + 0a.co.(ASE(v, {hs}ses)),

with ASE*(v, {hu}ses) = 17 S0, (Foes (7 p (X))t (X)) — 72y (X;)))2. Similar cal-
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culations and Lemma 7.3 allow to obtain the following expression for MISE

MISE(v, {hs}ses) = E((r(X) —(X))*) = E ((Z (rg (X) = 7ﬁ;’(X))> )

seS

seS

=k ((Z (7o p(X) (rd (X) = 7(X)) + (1 = 7 (X)) (r{ (X) = f’if(X)))> )

=k ((Z (7o p(X)rd(X) = fif,N(X))> ) + Oa.co.(MISE(v, {5} ses))

seS

= MISE* (U, {hs}seg) + Oa.co.(MISE(Ua {hs}s€S>>7

where MISE* (v, {,},es) = E ((zses (7 (X (X) — f;’,N(X)))z). Therefore, the

s

lemma can be proven by showing the equivalence between ASE*(v,{hs}scs) and

MISE* (v, {hs}ses). Specifically, it is enough to show that

ASE* (v, {hys}ses) — MISE* (v, {hs}ses)

.S. A1
MISE" (0, {hs}scs) -0 as (7.11)

sup
(v,{hs}scs)ETXH E

For that, first of all, assume that sq € S is selected, and v € T and h, € H,, for all
s € S with s # s¢ are fixed. In addition, consider A € A = {1/¢(hy,)+> ., 1/d(hs) :

hs, € H,}. Then, a delta sequence estimator g, : H — R can be defined as follows

. I
g)\(l’) = g Z(Sk(vah}/;)v
i=1

where

o, X, = 7o) =YK HX — )

E(K(f(N)~HXo = =[]))

(ri(2) — Y1) Koo(2)
P T )

$#S0

with f(A) = ¢~ (A = (3,4, 1/0(hs)))™"), being ¢~" the inverse function of ¢ (note
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that (H.10) ensures that ¢ is a bijective function, so there is a unique inverse function

¢! which is also a bijection). Given that f()\) = hy,, in fact, 0\(z, X;,Y;) is

e, ) = 3 D)~ YRoto)

2 B, ZI)) (7.12)

In this situation, ga(x) = > ¢ (7Y p(z)ry(x) — 7 y(2)), and it may be considered
that g, estimates the operator g : H — R defined as g(x) = 0 for all = € H. Besides,
computing the mean integrated squared error and the average squared error for g,

(denoted by MISE;(A) and ASE;()), respectively), one has

MISE;(A) = E((9(X) — 92(X))?) = E((92(X))?) = MISE" (v, {hs}ses),  (7-13)

S (X)) = ASE' (v, {hu}ees). (7.14)

On the other hand, (H.11), (H.18) and Lemma 7.8 indicate that the assumptions
of the theoretical results for delta sequence estimators in Marron and Héardle (1986)

hold. Thus, applying Theorem 2 by Marron and Hérdle (1986), one gets

ASE;(X) — MISE;())
ilelg MISE, (V) —0 a.s. (7.15)

Taking into account (7.13) and (7.14), it can be seen

ASE" (v, {hs}ses) — MISE* (v, {h,}ses)
MISE* (v, {hs}ses)

ASE;()\) — MISE,(\)
MISE, (\)

< su
AEA

Hence, (7.11) is verified due to (7.15), and consequently the proof of the lemma is
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complete. 0

7.4.8 Formulation and Proof of Lemma 7.8

Recall that C' will denote a generic positive constant which may take on different

values even in the same formula.
Lemma 7.8. Under hypotheses of Theorem 5.1,

(i) Vp=1,2,...,¥qg=2,...,2p,

P—q/2
1
= (Z ¢(h8)> |

ses

T

where a;; € {0,...,p}, D1, 23:1 a;; = p, and, for each i € {1,...,q}, there
exists j # i such that either a;; # 0 or a;; # 0,

(7'7') ‘]E'( 5)\ X37X17}q)éA(X37X27}6)‘X17X2 )} S 18 ZSGS @)
(M'Z) “E (6)\(X37Xla}/l)é)\(X?nXQa}/Q)” S C19;
(iv) B ((0n(X1, X2,Y2))%) > 2036 S
(0) Vp=1,2,..., E((E(0x(X1, X2, Y2)| X1))¥) < 2,
; 2p < 1 2
(01) ¥p = 1,2, B ((03(X0, X0, Y))*) < e (Soes 55)
where the operator dy is defined at (7.12).

Proof. This lemma is analogous to Lemma 6 by Ait-Saidi et al. (2008).

Proof of item (1). By Jensen’s inequality, (7.9), the assumption (H.13) and the
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fact that £, N &, = () for all s; # sg, it can be seen that

E(f{f{w X,.17) ) (f[ﬁm (X.X,.7) )
e (X;) — \ng (Xi)
e

(les] +C)H{q/(x egv}ng (X3) ) )
E(K,0(X:)

g, een Kos(X0) ) ™
Z E(Ks o(X.)) ) ) (716)

9 q Kgf; (XZ) 1 q q s |
E (HH (E(Ks,o(Xi)))aij> S CWE (HHKS’j (Xz)> .

Besides, the restrictions on the definition of the pairs (4, j) and a;; imply that there

are q/2 separated pairs (¢, j) with a;; # 0. This fact and Lemma 7.5 allow to deduce

TT (o7 (X5) 1 a2 1
E (HH (E(KS,O(XZ-)))%> < C(¢(hs))p(¢(h5)) = Ci(é(hs))p‘q/z' (7.17)
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Consequently, by (7.16) and (7.17), one has,

p—q/2
1
<C’Z pq/z—0<2m> :

sES ses

q q
E(HH((SAX XJaYJ a”)
i=1 j=1

Proof of item (ii). It can be shown that

|E ((E (6(X5, X1, Y1)0x (X3, Xa, Y2) | X1, X2))?)|
E (E (|5)\<X37 X17 }/1)6)\<X37 X27 }/2)6)\()(47 X17 }/1)5)\<X47 X27 }/Q)HXM X2))

= E (|0x(X3, X1, Y1)0A (X35, X2, Y2)0x (X4, X1, Y1)0x( X4, X, Y2)|).

Hence, due to (7.9), the fact that £ N &L = () for all 51 # s5, and (H.13), it can be

found that

[ ((E (33(Xa, X1, Y1)0a(X3, X2, Y2)| X1, X2))°) |

JE(ZZZZ P2, (Xs) = Y 8, (Xs) = Y3 It (X2) — Y2, |

51€S5 5968 5368 s4€8
By (X) Koy (X) K 1 (X3) R (X) ))
E(Ky, 0(X3))E(K s, 0(X3))E(Koy 0 (X)) (K, 0(X4))

<2323 3 3 (0l + Ol + O sy oy

51€S5 5968 5368 s4€8
2(X4)
84 0 X4))

54,2
JE(
<E ( ((|€1| +C) (|€2| +C) |X1,X2,X3,X4 Z Z ( T(X3)eey, H{\I! (Xa)E€L,}

s1€S s3€8

re, (X)) =Yy,

I Ksll )K (X3) 531(X4)
{qf(x4)esé4}E(K810(X3)) (f( o( X3))E( 530X4

K1 (X) Ky (X0) Koy (X0) Koy (X >>>
(E (Ko, (X)) (B(K o0 (X)?

= CE (Z > (H{@(Xs)es’: Hiacoee: }KSl’l(XE’)KM(X32K53{(X4)KS372(2X4))) '
51E€S s3€S ! ’ (E(K81,0(X3))) (E(KS3,0(X4)))
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Given that K, 2(X4) < C for all s € S (since (H.15) holds), K,,;(X;) = K,,(X,), the

indicator functions are bounded, and Lemma 7.5 can be applied, one gets

I ((E (03 (X3, X, Y1>5A<X3, Xa, Ya)| X1, X2>>2)\

31 1(X3)Ks1 2(X3> 83, 1(X4))
Z Z R, 0(X3)|X3))) (E(E(K., o(X1) [ X2)))?
Ko 1(X3)E(Ky, 2(X3)| X1, X3, X4) Koy 1(X4))
=¢ Z Z COMECTNE
K a1 X3 VE(K 1 (X4)[ X1, X3)) K, 1(X3))
=€) Z (o) (0(hey) =€) Z UNEC
< CZ o

)

Proof of item (ii1). Regarding to this item, Jensen’s inequality, (3.3), (7.9), the

fact that £ NEL = 0 for all s; # 55, and (H.13) imply

6)\ X3aXla}/l)6)\(X3aX2a}/2))| < E(|6)\(X3aXla}/l)(sk(X?nXQ)Y'Q)D

e (X Y 17, (Xs) = Vi, | K, 1 (Xs) Koy 2(X3)
(s;@s;q E(Ks; 0(X3))E (K, 0(X3)) )
< (lex] + C)(lea] + Oy ey Ko (Xa) K, 2(X3)>

ses (E(Kq0(X3)))?

E((Jer] + C)(Jea] + C) X1, Xo, Xa)pg xp) ey Kot (Xs) Koo X))

IA
=

IN
&=

Zg (E(Ks0(X3)))?

E(I o K1 (X3) K o( X))
<C (Lo (xz)eery
SEZS (KS,0<X3)>>
_cy" E (T xy)eery UK 1 (X3) | Xs)E(K 2(X3)| X))
(E(E(K.0(X3)|X3)))? .

seS
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Hence, the application of Lemma 7.5 leads to

[E (6(X3, X1, Y1)0A (X5, X2, Y2))| < €Y P(W(X) € €) < ONe < C.

ses
Proof of item (iv). This item comes from Lemma 7.4 and (H.3) as follows

E ((6)(X1, X5, Y2))?) = E ((Z (TE(X1)< Y2(s)f§) (X1)> )

ses

E(E((Z( 2 Y<)f§) <X>> X))

CZ Xl Eg CZ
seS

ses

Proof of item (v). By Jensen’s inequality and Lemma 7.4,

|E (01 (X1, X2, Y2) | X1)| < E(]0x(X1, X2, Y2)| [ X1)

:IE( re(X1) — Y5

(ry( VK,
Thus, E ((E (6:(X1, X2, Y2)| X1))*) < C.

seSs

Proof of item (vi). This item is a direct consequence of Lemma 7.4 given that

E (02X, X1, 11)") = E ((Z <*<§52‘£§§i§§“”> )

seS

() - v\ AN
=8 ((2; E(R,o(X1) ) ) =€ (2; ¢(hs)> |
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7.4.9 Formulation and Proof of Lemma 7.9

Recall that C' will denote a generic positive constant which may take on different

values even in the same formula.

Lemma 7.9. Under hypotheses of Theorem 5.1,

(7111%'{hs}865)
A[Lgﬂxvv{hs}ses>

sup —0 a.s.

(v.{hs}ses) XX H ®
where CT(v,{hs}ses) is defined at (7.3).

Proof. The proof of this lemma can be obtained following the proof of Lemma 4 in
Ait-Saidi et al. (2008), which in turn is based on the ideas proposed by Hérdle and

Marron (1985), as follows. By the second statement in Lemma 7.3, one can see that

n

CT(w {hs}ues) = = 306 (9(X,) = r(X,)
-3 (Z (7 (X;) - r?;(Xj)))
j=1 seS
= %Z € <Z (7o (X)) (P (XG) — T?(Xj))))
j=1 ses

+237 (Z (1= 75 )X - r:<Xj>>>>

seS

= %Z Z <Z (Fon () fi,’é‘”(Xm:(Xj))) + 00co(CT(V, {hs}ocs))
j=1 seS

::(YT*(U,{hs}ses)'+'0a£o(CYF(U,{hs}ses)%

with CT" (v, {hs}es) = 070 00 6 (Sues (P07 () = 705 7 (X)rU(X,)). This
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fact and Lemma 7.6 allow to deduce that it is enough to show

—1
1
P ——— | CT'(v,{hi}es)| =0 as.
(vv{hs}SES)GTXH,,ILVg <SEZS n¢<hs>>

in order to prove the lemma. In addition, note that if ¢ # j and || X; — Xj|| < hs,
(3.1) and (3.3) imply that

(Y =i (X5)) = (Vi =rd (X)) +(rd (Xo) =i (X)) = (e + (r(X) = 7(X5))) T x)eery-

Therefore,

|CT*(U, {hs}SGS)‘ =\ 26] (Z S” )(Xj) - f;}”l()_j) ) ‘

seS

3107 f( (X,)

- z( Gy e )

seS j=1 i#j
le5]|€:|T B(X;)eey Ksz

<Z< ZI; {(( 5} )
€l (X ( )“I{\I/ eSU}KS i(X5)

+Z< (n—1) ;; E(f(so(X-)) )

where

v :\€j||€3\f<s,i(Xj) and VP :|€j||7“(Xz')jT(Xj)\f(s,i(Xj)
YT E(K (X)) e E(Ks0(X5)),
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fori,j € {1,...,n} such that i # j. Furthermore, note that

] -1 ) 1 -1 .
(2%) CT* (v, {hs}ses) s‘(m) CT*(v, {hs}ses)

<> (| (s )_ Ly,

seS j=1 i#j

1 _
o) sy SX Ve )
no(hy) n(n —1) periewy
Consequently, the lemma will be established as soon as, for each s € S, one states
that
1 -1
sup sl =0 as. 7.18
(7)o BT "9
and
| N R
sup Ve =0 a.s. (7.19)
o) R T

n > 0 and for all p=1,2,..., one has

In order to prove (7.18), note that by (H.18) and Chebyshev’s inequality, given
1 -1
(n¢(hs)) nn—l ZZ b

IP’( sup )
(v,hs)EYT X Hp, G=1 i#j

<y card(Y x H,) sup E ((wghs))_ T ZZ m)

(v,hs)EY X Hy, i1 i

S 77—2pn0‘ sup gfil (Z Z 1,7, s)

(v,hs)ET X Hp FEs iy

Hence, it is enough to show that, for p large enough,

Zn sup (i(fw (ZZ ”S> < 00, (7.20)

s)ETX Hy J=1 i#j
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to prove (7.18) due to Borel-Cantelli Lemma. Analogously, it can be found that

(7.19) can be verified by showing that

Zn sup (n — 1 (Z Z i S) < 0. (7.21)

n—1 (v,hs)EY X Hp, J=1 itj

To obtain (7.20), note that using Lemma 7.5 it can be seen that

o((Sxe) ) - Se (M)

J=1 i#j Iayp

< Colh) S S (H |€w<slul<xwl>),

=2 J, =1

where lgp = {(’il, ... ,igp,jl, . ,jgp) - {1, Ce n}2p, such that il 7é j1> ... ,igp 7é jgp},
J, C Iy, is the subset which contains the elements of I5, with only ¢ different integers,

and >/ a;=4p (o > 1) and Y}, b = 2p. It can be shown that

<H|€n\“lK§’lul ) < <H|€n|“’K§’ul w )| X 1X>>

q q
(H (0 X, Hnguxxw»).
=1

=1

This last quantity vanishes when ¢ > 2p. Using this fact and Lemma 7.5, and taking
into account that there are ¢/2 separated pairs with ¢ different integers, one can

obtain

2p
(ZZ ZJS> < Cop(h 2pznq¢ )92 < Cn*¢(hy)7P

J=1 i#j
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where the last inequality is due to (H.11). Therefore, using (H.11) again, one has

2p 0o
Z n sup & <Z Z e s) <C Z; nOé—VﬂU’

n—1)2
s)EYXHp, ( j=1 itj

o (7.20) holds for p large enough, and consequently (7.18) is proven.
Analogously, it can be checked (7.21) as follows in order to show the convergence

for the term related to V¥ . Firstly, Lemma 7.5 and (H.12) can be used to get

1,7,5"

o((Sxw) ) - s ()

Jj=1 i#j Izp

< Co(h %ZZE<H\%\WK§ZM >>,

q=2 Jq

with I, and J, defined as above, and )}, a; = Y], b = 2p. Then, similar argu-

ments to those used for the case U, ; above lead to

2p 00
Zn sup n— 1 (ZZ ”S> < C;na_l/lp.

‘1 (vhe)E€TxHy i1 i

Consequently, one gets (7.21) for p large enough, and thus (7.19) is shown. O
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